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I. ÎÁÙÀß ×ÀÑÒÜ
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2. Ïóñòü G � êîíå÷íàÿ ãðóïïà, à α : G → G � àâòîìîðôèçì ãðóïïû G, òàêîé, ÷òî
α(x) = x òîëüêî åñëè x ÿâëÿåòñÿ åäèíè÷íûì ýëåìåíòîì. Äîêàæèòå, ÷òî âñÿêèé ýëåìåíò
ãðóïïû G ìîæåò áûòü ïðåäñòàâëåí â âèäå x−1α(x), ãäå x ∈ G.

2. Let G be a �nite group, and α : G → G an automorphism of G such that α(x) = x only
if x is the identity. Prove that every element of the group G can be represented in the form
x−1α(x), where x ∈ G.

3. Â åâêëèäîâîì ïðîñòðàíñòâå R3 çàäàí ýëëèïñîèä ñ ãëàâíûìè ïîëóîñÿìè a, b, c. Âîêðóã
íåãî ïðîèçâîëüíûì îáðàçîì îïèñàí ïðÿìîóãîëüíûé ïàðàëëåëåïèïåä (òàê, ÷òî ýëëèïñîèä
êàñàåòñÿ êàæäîé èç ãðàíåé ïàðàëëåëåïèïåäà). Íàéäèòå äëèíó ãëàâíîé äèàãîíàëè ïàðàë-
ëåëåïèïåäà.

3. In the Euclidean space R3, an ellipsoid with semi-principal axes of lengths a, b, c is given.
A rectangular parallelepiped is circumscribed around it so that the ellipsoid is tangent to all
faces of the parallelepiped. Compute the length of the principle diagonal in the parallelepiped.

4. Ðåøèòå óðàâíåíèå ut = −u2ux ñ íà÷àëüíûì óñëîâèåì u(x, 0) = cosx. Íàéäèòå ìàê-
ñèìàëüíîå çíà÷åíèå T , òàêîå, ÷òî íåîñîáîå ðåøåíèå ñóùåñòâóåò íà ìíîæåñòâå t ∈ [0, T ),
x ∈ R.

4. Solve the initial value problem ut = −u2ux, u(x, 0) = cosx. Find the maximal value of T
such that a non-singular solution exists on the set t ∈ [0, T ), x ∈ R.



II. ÑÏÅÖÈÀËÜÍÀß ×ÀÑÒÜ

Â ñîîòâåòñòâèè ñî ñâîèì âûáîðîì ïðîãðàììû ìàãèñòåðñêîé ïîäãîòîâêè

âûáåðèòå è âûïîëíèòå òîëüêî îäèí èç ñëåäóþùèõ áëîêîâ çàäàíèé ñïåöè-

àëüíîé ÷àñòè.

Áëîê 1. ¾Ìàòåìàòèêà¿

1. Ïóñòü n � ÷èñëî óïîðÿäî÷åííûõ òðîåê (A1, A2, A3), ñîñòîÿùèõ èç ìíîæåñòâ A1, A2,
A3, òàêèõ, ÷òî

A1 ∪ A2 ∪ A3 = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10},
A1 ∩ A2 ∩ A3 = ∅.

Íàéäèòå ðàçëîæåíèå ÷èñëà n íà ïðîñòûå ìíîæèòåëè.

1. Let n be the number of ordered triples (A1, A2, A3) consisting of sets A1, A2, A3 such that

A1 ∪ A2 ∪ A3 = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10},
A1 ∩ A2 ∩ A3 = ∅.

Find the prime factorization of n.

2. Ïóñòü V � êîíå÷íîìåðíîå âåêòîðíîå ïðîñòðàíñòâî íàä ïîëåì äåéñòâèòåëüíûõ ÷èñåë.
Ñóììîé A+ B ìíîæåñòâ A,B ⊂ V íàçûâàåòñÿ ìíîæåñòâî âñåõ âåêòîðîâ âèäà a+ b, ãäå
a ∈ A, b ∈ B. Äëÿ âñÿêîãî λ ∈ R ìíîæåñòâî λA îïðåëÿåòñÿ êàê ìíîæåñòâî âñåõ âåêòîðîâ
âèäà λa, ãäå a ∈ A. Äîêàæèòå, ÷òî îòêðûòîå ìíîæåñòâî A óäîâëåòâîðÿåò ðàâåíñòâó
A+ A = 2A òîãäà è òîëüêî òîãäà, êîãäà A âûïóêëî.

2. Let V be a �nite dimensional vector space over the �eld of real numbers. The sum A+B
of sets A,B ⊂ V is de�ned as the set of all vectors of the form a + b, where a ∈ A, b ∈ B.
For any λ ∈ R, the set λA is by de�nition the set of all vectors of the form λa, where a ∈ A.
Prove that an open set A satis�es the equality A+ A = 2A if and only if A is convex.

Áëîê 2. ¾Ìàòåìàòè÷åñêàÿ ôèçèêà¿

1. Ãðóçèê ìàññû m íà äâóõ ïðóæèíàõ æåñòêîñòè k ïîäâåøåí ìåæäó âåðòèêàëüíûìè
ñòåíêàìè. Â èñõîäíîì ïîëîæåíèè îáå ïðóæèíû îðèåíòèðîâàíû ãîðèçîíòàëüíî è íå èñ-
ïûòûâàþò íàòÿæåíèÿ, ãðóçèê íàõîäèòñÿ íà ðàññòîÿíèè ` îò êàæäîé èç ñòåí. Ñèëû òÿ-
æåñòè íåò. Â íà÷àëüíûé ìîìåíò âðåìåíè ãðóçèêó ïðèäàåòñÿ ñêîðîñòü v0 â âåðòèêàëüíîì
íàïðàâëåíèè. Îïðåäåëèòå çàâèñèìîñòü ñêîðîñòè ãðóçèêà îò åãî ïîëîæåíèÿ.

1. A point mass m is attached to two springs of spring constant k that are connected to two
vertical walls. Initially, both springs are horizontal and relaxed, the mass is on distance ` from
each of the walls. There is no gravity. At the initial moment, the mass has a vertical velocity
of absolute value v0. Determine the dependence of the velocity of the mass on its position.

2. Çàðÿä Q ðàâíîìåðíî ðàñïðåäåëåí âäîëü òîíêîãî êîëüöà ðàäèóñà R. Íà ïðÿìîé, ïðî-
õîäÿùåé ÷åðåç öåíòð êîëüöà ïåðïåíäèêóëÿðíî åãî ïëîñêîñòè, íà ðàññòîÿíèè r îò öåíòðà
êîëüöà ðàñïîëîæåíà ìàòåðèàëüíàÿ òî÷êà ìàññû m, èìåþùàÿ çàðÿä q òîãî æå çíàêà, ÷òî
è Q. Êàêóþ ìèíèìàëüíóþ ñêîðîñòü íåîáõîäèìî ñîîáùèòü ìàòåðèàëüíîé òî÷êå â íàïðàâ-
ëåíèè êîëüöà, ÷òîáû îíà ïðîøëà ÷åðåç öåíòð êîëüöà?

2. A charge Q is homogeneously distributed along a thin ring of radius R. A material point
of mass m is located on a straight line passing through the center of the ring perpendicular
to the ring's plane. The material point possesses a charge q of the same sign as Q. The initial
distance of the point from the center of the ring is r. What is the minimal initial speed of the
point in the direction of the ring, with which it can reach the center of the ring?
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ÌÅÒÎÄÈ×ÅÑÊÈÅ ÐÅÊÎÌÅÍÄÀÖÈÈ

Çàäà÷è íà ìàòåìàòè÷åñêîé îëèìïèàäå, êàê ïðàâèëî, íåìíîãî ñëîæíåå, ÷åì íà ýêçà-
ìåíå â ìàãèñòðàòóðó. Ðåøåíèå ýòèõ çàäà÷ òðåáóåò íå òîëüêî îïðåäåëåííîé òåîðåòè÷åñêîé
ïîäãîòîâêè, íî è îðèãèíàëüíîé ñòðàòåãèè ðåøåíèÿ. Òåîðåòè÷åñêàÿ ïîäãîòîâêà äîëæíà
âêëþ÷àòü ñëåäóþùèå òåìû (â ðàìêàõ ñòàíäàðòíîé ïðîãðàììû ìàòåìàòè÷åñêèõ ôàêóëü-
òåòîâ):

• îáùàÿ àëãåáðà (âêëþ÷àÿ òåîðèþ ãðóïï è ýëåìåíòû êîìáèíàòîðèêè)
• ëèíåéíàÿ àëãåáðà
• ìàòåìàòè÷åñêèé àíàëèç (âêëþ÷àÿ ìíîãîìåðíûé àíàëèç è òåîðèþ ìåðû)
• êîìïëåêñíûé àíàëèç
• îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ
• ïðîñòåéøèå ìåòîäû òåîðèè óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè

Äëÿ ðåøåíèÿ íåêîòîðûõ çàäà÷ áëîêà ¾Ìàòåìàòèêà¿ íåîáõîäèìî çíàêîìñòâî ñ òîïîëî-
ãèåé (îáùàÿ òîïîëîãèÿ, ôóíäàìåíàëüíûå ãðóïïû). Â âàðèàíòå îëèìïèàäíîãî çàäàíèÿ,
êîíå÷íî, ìîãóò áûòü ïðåäñòàâëåíû íå âñå èç ïåðå÷èñëåííûõ òåì.
Â çàäà÷àõ áëîêà ¾Ìàòåìàòè÷åñêàÿ ôèçèêà¿ èñïîëüçóþòñÿ îñíîâíûå ïîíÿòèÿ êëàññè-

÷åñêîé ìåõàíèêè è ýëåêòðîäèíàìèêè.

Ñîäåðæàíèå ñëåäóþùèõ êíèã è ó÷åáíûõ ïîñîáèé ïîëíîñòüþ ïîêðûâàåò íåîáõîäèìûé
òåîðåòè÷åñêèé ìàòåðèàë.

• Ý.Á. Âèíáåðã, Êóðñ àëãåáðû, Ì: Ôàêòîðèàë 1999
• À.Ë. Ãîðîäåíöåâ, Âûøêèíñêàÿ àëãåáðà, ìîäóëü I, çàïèñêè ëåêöèé
http://vyshka.math.ru/pspdf/f08/algebra-1/m1_total.pdf

• È.Ð. Øàôàðåâè÷, Îñíîâíûå ïîíÿòèÿ àëãåáðû, Èæåâñê: ÐÕÄ 1999
• È.Ì. Ãåëüôàíä, Ëåêöèè ïî ëèíåéíîé àëãåáðå, Ì: Íàóêà 1971
• Â.À. Çîðè÷, Ìàòåìàòè÷åñêèé àíàëèç, Ì: ÌÖÍÌÎ 2007
• À.Í. Êîëìîãîðîâ, Ñ.Â. Ôîìèí, Ýëåìåíòû òåîðèè ôóíêöèé è ôóíêöèîíàëüíîãî
àíàëèçà, Ì: Íàóêà 1976

• Â.Â. Ïðàñîëîâ, Â.Ì. Òèõîìèðîâ, Ãåîìåòðèÿ, Ì: ÌÖÍÌÎ 1997
• Á.Â. Øàáàò, Ââåäåíèå â êîìïëåêñíûé àíàëèç, Ëàíü 2004
• Â.È. Àðíîëüä, Îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ, Èæåâñê: ÐÕÄ 2000
• Â.È. Àðíîëüä, Ëåêöèè îá óðàâíåíèÿõ ñ ÷àñòíûìè ïðîèçâîäíûìè, Ì: Ôàçèñ 1999
• Â.È. Àðíîëüä, Ìàòåìàòè÷åñêèå ìåòîäû êëàññè÷åñêîé ìåõàíèêè, Ìîñêâà: Íàóêà
1979

• Ë.Ä. Ëàíäàó, Å.Ì. Ëèôøèö, Êóðñ òåîðåòè÷åñêîé ôèçèêè, ò.1, Ìåõàíèêà, Ìîñêâà:
Ôèçìàòëèò, 2004

• Ë.Ä. Ëàíäàó, Å.Ì. Ëèôøèö, Êóðñ òåîðåòè÷åñêîé ôèçèêè, ò.2, Òåîðèÿ ïîëÿ,
Ìîñêâà: Ôèçìàòëèò, 1988

• Î.ß. Âèðî, Î.À. Èâàíîâ, Â.Ì. Õàðëàìîâ è Í.Þ. Íåöâåòàåâ, Ýëåìåíòàðíàÿ òîïî-
ëîãèÿ, http://www.pdmi.ras.ru/~olegviro/topoman/rus-book.pdf

3


