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Kpurepuu o1eHok u pemnieHus

KPUTEPUUM OLIEHOK TTO BCEM 3AJTAYAM

Kaxkas 3ama4da onenuBasiach u3 20 6amoB. CTaBUIMCH CJI€IYIONINE OIMEHKH.
+ (20 Ga/I0B) — MpaBUJIBHOE PElIeHHe ¢ MOJHBIM U CTPOTHM OOOCHOBAHUEM.

i (18 GasIoB) — MpaBHJILHOE pereHre ¢ MeIKoi apudMeTnveckoii onmmoKoii B oTBeTe Wi
C MeJIKHUM HeJ04YeTOM, He BJIUAIONINM Ha JIAJIbHENRIINI X0/1 peleHns.

+ (15 6a10B) — HpaBUIBHOE pelieHne ¢ OOOCHOBAHUEM, COIEPIKAIINM JIETKO YCTPAHUMbIE
HeI09YeTHI.

+/2 (10 6an10B) — Haii/IeHO CYNIECTBEHHOE MPOJBUKEHNE B PEIICHUH, HO MOJIyYeH HeBep-
HbIil OTBeT WJIM pellleHue He JI0BEJIEHO JI0 OTBeTa, IIOCKOJIbKY YacTh PACCyzK/I€HUil OCHOBbIBa-
eTcsl Ha, TeXHUYIeCKOil ommoke.

F (7 6a10B) — MpOJBUIKEHNE B PEIEHNH 33/a9i, He J[OBEJIeHHOe JI0 KOHIIA.

(2 Gas1a) — HET CYMIECTBEHHOIO IPOJBUZKEHHs B DENIeHUH, HO paboTa JIeMOHCTPUDPY-
eT MOHUMaHue IPeJIMeTHON 00/1acTH, HEOOXOIUMbBIX JIJIsI IPABUJIBHOIO PEIIeHUs MOHATHI U
METOJIOB.
— (0 6atoB) — 3amMCcaHHBIE PACCYZKIEHHs He TIOMOTAIOT B PEIEHUH 3aa9H.
0 (0 6ammoB) — 3a7a4a He 3alMUCcaHa B YUCTOBUKE, W HET PasbOPUYMBBIX PACCYKIEHWH B
YepHOBUKe.

I. OBIITAYA YACTDb

1. Hamomuuwm, 910 uneepcued nepectanoBku o € S, Ha3biBaeTcs napa (i,7), 4, j € {1,...,n},
Takast, 9To i < j, HO 0 (i) > o(j). Haiiure cymMMapHOe YHCIO HHBEPCHUil Y BCEX MEPECTAHOBOK

u3 S, T.e. CYMMy
> ilo),

oceSh
rae i(0) — umco uaBepcuii MePeCcTaHOBKY 0.

1. Recall that an inversion of a permutation o € S, is by definition a pair (i,j), 1,
j € {1,...,n} such that i« < j but o(i) > o(j). Find the total number of inversions of
all permutations in .S, i.e. the sum

> ilo),

ocESy
where i(o) is the number of inversions in the permutation o.

Solution 1. We need to compute the number of triplies (i, j, ), where o € S,, and (7, j) is an
inversion of ¢. The numbers 7 and j can be chosen in (g) ways. Having ¢ and j fixed, we can
choose the values o (i) and o(j) in (3) ways. Finally, if ¢, j, o(i), o(j) are fixed, then there
are (n — 2)! ways to asign the values o(k) to all k # 4, j. Thus we have

Y (o) = (Z)Q(n_w.

oESy
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2. Ilycrb A — JmHERHbIH onlepaTop HA KOHEYHOMEPHOM KOMILIEKCHOM BEKTOPHOM HPOCTPAH-
cree V, Takoif, uto A3 = E, tne E — exunnunniii oneparop. Jokaxkure, uro oneparop A
JIMaTOHAJIA3YEM.

2. Let A be a linear operator on a finite dimensional complex vector space V such that
A3 = B where E is the identity operator. Prove that the operator A is diagonalizable.

Solution 2. By the Jordan decomposition theorem, there exists a basis of the space V', in which
the matrix of A has the Jordan form D+ N, where D is the diagonal part, and N = A— D is
the nilpotent part. Note that DN = N D and that N™ = 0, where n is the dimension of V. We
have A™ = D™ +mD™ N + .... For arbitrarily large m, the matrix A™ remains bounded.
Therefore, D™ 1N = 0. Since all eigenvalues of D have modulus one, D is invertible, hence
N =0.

3. Tlycrs Q — MHOXKeCTBO BCeX pallMoOHAJIBHBIX unces. Bepuo jin, uro npocrpancrso Q \ {0}
romeomopduo npocrpanctBy Q7 Crporo obocHyiiTe OTBeT.

3. Let Q be the set of all rational numbers. Is it true that the space Q\ {0} is homeomorphic
to the space Q7 Rigorously justify your answer.

Solution 3. Note that, since open intervals form a basis of topology in Q, every order-
preserving bijection between subsets of @@ is a homeomorphism. We can define an order-
preserving bijection f between Q\ {0} and Q as follows. Let p,, n > 1, be a strictly increasing
sequence of rational numbers converging to v/2, and ¢,, n > 1 be a strictly decreasing sequence
of rational numbers converging to v/2. Set py = —o0o and gy = oo. On [~1/n, —1/(n + 1)],
n > 0, we set f to be the unique affine map taking —1/n to p, and —1/(n + 1) to pui1-
Clearly, this affine map takes rational points to rational points. Similarly, on [1/(n+1),1/n],
n > 0, we set f to be the unique affine map taking 1/(n + 1) to ¢,+1 and 1/n to g,.

4. JlokaxkuTe caeayroliee HepaBeHCTBO

2
/ exp(2V/t cos ¢) dp < 2met
0

nuist Becex t > 0.

4. Prove the following inequality:

2
/ exp(2V/t cos ¢) dp < 2me!
0

for all t > 0.

Solution 4. The integral I in the left-hand side can be expressed as a series. Although this
can be done without referring to complex numbers, it is easier to note that if z = €', then
2cos¢p =z + 27!, and dp = —idz/z. Thus -1 is equal to the residue of exp(t(z + z71))dz/z
at 0, i.e. to the free term in the Laurent expansion of exp(t(z + 271)). The latter is equal to

tm > ¢

H .
n=0
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II. CIIELHIUAJIBHAA YACTDb

B coomseemcmeuu co c80uM 8bl60POM NPO2PAMMBL MA2UCNEPCKOU NOJ20MOBKU
svibepume u 8vINOAHUME MOABbKO 00UH U3 caedyrwuxr b6.40K08 3adaHul cneuu-
aavHol wacmu.

Buaok 1. «Maremaruka»

1. Tlycrb y () — pemenne audpdepennumaninbaoro ypasaenus y = y(1 + yefxz’yQ), yJOBJIE-
TBOpsoIIee HadaabHoMy yeaoBuio y,(0) = t. Jlokaxwure, uro y,(1) onpegeneno npu Beex t, u
naitanre £y,(1) mpu ¢t = 0.

1. Let y(x) be the solution of the differential equation 3" = y(1 + ye‘xQ_yg) satisfying the
initial condition y,(0) = ¢. Prove that y;(1) is defined for all ¢, and find Ly,(1) at ¢ = 0.

Solution 5. Let us first prove that y,(z) is defined for all x > 0. By the Extension Theorem,
the only possible obstruction is a solution y:(z) defined in [0, () such that y;(zo — 0) = oo
for some x. It follows that y;/|y;| is unbounded near z,, a contradiction.

Note that yo(z) = 0. Set z(z) = Ly,(x) at ¢ = 0. Differentiating the equation on y by ¢ at
t =0, we obtain that 2z’ = z. Differentiating the initial condition, we obtain that z(0) = 1. It
follows that z(x) = e” and that z(1) = e.

2. Haiiaure uncio BceX HOPMaJIbHBIX MOATPYII B IPYIIE BCeX CUMMeTpUil IPaBUIBHOI'O BOCh-
MHYTOJTBHUKA (BKJIIOYAsi caMy IPYIILY ¥ TPUBHAIBHYO noarpymiy). CTporo o6ocHyiiTe 0OTBeT.

2. Find the number of all normal subgroups in the group of all symmetries of a regular 8-gon
(including the group itself and its trivial subgroup). Rigorously justify your answer.

Solution 6. Let Dg denote the group under consideration, and H a normal subgroup of Dg
that is different from Dg and from {id}. Let Cs C Dg be the subgroup of all rotations in Ds.
Suppose first that H is not contained in Cs. Then H contains some reflection. There are two
conjugacy classes of reflections, hence H must contain at least one of these conjugacy classes
(one conjugacy class consists of reflections in lines connecting opposite vertices, and the other
conjugacy class consists of reflections in lines connecting midpoints of opposite edges). Each
conjugacy class of reflections generates a subgroup of Dg isomorphic to Dy (the symmetry
group of a square). Hence H must contain at least one of these two Ds-subgroups. Since these
two subgroups have index 2, the group H must coincide with one of them. Suppose now that
H C Cs. Then H = Cg or Cy or Cy = {%id}. All these subgroups are normal. Thus there are
7 normal subgroups of Ds.

Biaok 2. «MaremaTtudeckasa pusuka»

1. U3 Toukn A 6GpocaioT KaMeHb B CTOPOHY I€JIH, KOTOpas HAXOMUTCA Ha pacCTOSHUU S 110
ropu3oHTaIN U h Mo BepTukaau or Touku A. Haiimure MUHHMATLHYIO BETHUNHY HAYATHHON
CKOPOCTH KaMHSsI, IIPH KOTOPOH MOXKHO IONACTh B HeJib. Cuiia TSKeCTH HallpaBJIeHA BEPTH-
KaJIbHO BHU3.

1. A stone is shot from a point A towards a target that is at horizontal distance S and vertical
distance h from the point A. Find the minimal value of the initial speed of the stone, with
which the stone can hit the target. The force of gravity is directed vertically downwards.
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A S

Pemenne:

,ZLOHyCTI/IM BHa4daJie, 9TO HavdaJibHad CKOPOCTh KaMH{ Uy AOCTATOYHAQ AJId HOIIaJaHudA B IEJIb
U HaiijieM, MoJ KakKuM YTJIOM & cjiejyeT ero o6pocars. [ljst 9Toro 3amuiiemM ypaBHEHUE, Bbi-
pazkaioniee (baKT IPOXOKIEHHS TPACKTOPHU Uepe3 Ieb (BBICOTA TPACKTOPHU N B MOMEHT,
KOTJIa TOPH30HTAIbHAS KOODJAUHATA DABHA S):
2
gs
h = stga — = (1 + tg’a).
2vug
DT0 BBIpaskeHne MOKHO IEPecaTh B BUJIe KBAIPATHOTO YPABHEHHs Ha TaHTeHC yria Gpoca-

HUA

2
hvg

202 2
to?a — 20 toq 41 4 > =0,
gs gs

JUCKUPMUHAHT [) KOTOPOIo J0J2KeH ObITh HEOTPUIATEJbHBIM, YTOObI HYKHAS TPACKTOPHUS

CyH_[eCTBOBaJIa,:
4 2
p— 2 _ <1+2h”°) > 0.

9252 gs2
Ecin D > 0, o ecTb 2 pentenns (2 TpaeKTOPUH JOCTHKEHHS IIEJIH), STH TPACKTOPUH CJIHBA-
forcst B onHy npu D = 0, a mpu D < 0 B mep ¢ JaHHOH HaYaabHONU CKOPOCTBIO Uy HOIACTH
HeBo3MozKHO. Cre10BaTe/IbHO, MUHIMAJIbHAA JOMYCTHMAas HadalbHasd CKOPOCTD Uy HAXOAUTCS
u3 ycjoBus D = 0:
4 2 2.2 _
vy — 2ghvg — g“s* = 0.
9T0 ypaBHeHHe MMeeT eINHCTBEHHOEe MOJIOKUTETHHOe PellleHne

vg = g(h +Vh2 + s2),

KOTOpOE " ABJIdETCA OTBETOM K 3a/adve.

2. B mwiockoctu Oy MoxKer 6e3 TpeHUs JBUIaThCs MATEPUAIbHAST TOUYKA MACCHL 1 U 3apsi-
na q. Ha MaTepuasbHyo TOUKY JeHCTBYeT MOTEeHIMATbHAS CUIa ¢ MOTEHIUATbHO SHeprueil
U(z,y) = mwi(z* + y?)/2 (nBymepnbIii rapMonndeckuii ocmutiarop). Hafiaure obmiee pe-
nregume ypaBHeHI/Iﬁ ABUZKEHUA OCHUJLIIATOPa B Clly4dae, KOI'/la OH IIOMelE€H B IIOCTOAHHOE U
OZIHOPOIHOE MATHHTHOE TIOJTe, HATIPABIeHHOe Bomb ocn Oz: H = (0,0, H).

2. A material point of mass m and of electric charge ¢ can move in the plane xOy without
friction. The point m is under the action of a potential force with the potential energy
Uz,y) = mwi(z* + y*)/2 (a two dimensional harmonic oscillator). Solve the equations of
motion for the oscillator in the case when there is a constant homogeneous magnetic field

—

directed along the Oz axis: H = (0,0, H).

Pemenne:

MarepuaibHag TOUKa OyaeT ABAraThbed B IIockocTu Oy moj AeidcTBHeM HeHTpaIbHOI
cunbl (cwbt ynpyroctu) Fy = —grad U u cunst Jlopenna Fyo = q(U x H)/c (¢ — ckopocTh
CBeTa), NEePIEeHIMKY/ISAPHOIT CKOPOCTH MaTepuasbHol Toukn U = di/dt u maraurHOMY moJti0 H.
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B AEKaPTOBbIX KOOpAUHaATaX T U Y CUCTEMA JUHAMUYCCKHUX ypaBHEHI/IfI TOYKH 1M 3allUCbIBaE€TCA

B BUJIEC:
d*x N qH dy

m ﬁ = —Twy T + T %

dt? oY T

H - .
Bsenem obosnauenne 2 = = u obpasyem smneiinyio kombunamuio { = x + 1y. Torpa us §
HoJIydaeM CJeaykolnee JUHEHOe YpaBHEeHUe ¢ TOCTOSTHHBIMU KO3 DuImenaramu:

d? L dE 9
ﬁ—FZQ%—FwOf:O.

[Toncranoskoit & = Ce™ ™! maxoamM coOGCTBEHHBIE YACTOTHI:

wi:% (Qj:\/§22+4w8)

Oo1ee pemenne jyist £ ecTh JinHEHHAsS KOMOUHAIMS JBYX (DYHIAMEHTAIbHBIX PEIeHnii ¢ W
U W_, a X U Y BRIPAKAIOTCS Yepe3 BelleCTBeHHY0 u MHUMYI0 dactu £. OOIee pereHne MOXKeT
OBITH 3AIMCAHO, HAIPUMEDP, B TAKOM BUJIE:

x(t) = Acos(wit + ¢4) + Bsin(w_t + ¢_), y(t) = —Asin(wyt + ¢y) — Beos(w_t + ¢_).

Yerbipe MPOU3BOJIBLHBIX BEHIECTBEHHBIX KOHCTAHTH A, B u ¢4 (uKcupyrorcs HadaJIbHBIMI
ycsoBusiMi (TIOJIOYKeHNe W CKOPOCTh MaTephaibHOl TOYKN B MOMeHT t = 0).
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