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Êðèòåðèè îöåíîê è ðåøåíèÿ

Êðèòåðèè îöåíîê ïî âñåì çàäà÷àì

Êàæäàÿ çàäà÷à îöåíèâàëàñü èç 20 áàëëîâ. Ñòàâèëèñü ñëåäóþùèå îöåíêè.
+ (20 áàëëîâ) � ïðàâèëüíîå ðåøåíèå ñ ïîëíûì è ñòðîãèì îáîñíîâàíèåì.
+· (18 áàëëîâ) � ïðàâèëüíîå ðåøåíèå ñ ìåëêîé àðèôìåòè÷åñêîé îøèáêîé â îòâåòå èëè

ñ ìåëêèì íåäî÷åòîì, íå âëèÿþùèì íà äàëüíåéøèé õîä ðåøåíèÿ.
± (15 áàëëîâ) � ïðàâèëüíîå ðåøåíèå ñ îáîñíîâàíèåì, ñîäåðæàùèì ëåãêî óñòðàíèìûå

íåäî÷åòû.
+/2 (10 áàëëîâ) � íàéäåíî ñóùåñòâåííîå ïðîäâèæåíèå â ðåøåíèè, íî ïîëó÷åí íåâåð-

íûé îòâåò èëè ðåøåíèå íå äîâåäåíî äî îòâåòà, ïîñêîëüêó ÷àñòü ðàññóæäåíèé îñíîâûâà-
åòñÿ íà òåõíè÷åñêîé îøèáêå.

∓ (7 áàëëîâ) � ïðîäâèæåíèå â ðåøåíèè çàäà÷è, íå äîâåäåííîå äî êîíöà.
−· (2 áàëëà) � íåò ñóùåñòâåííîãî ïðîäâèæåíèÿ â ðåøåíèè, íî ðàáîòà äåìîíñòðèðó-

åò ïîíèìàíèå ïðåäìåòíîé îáëàñòè, íåîáõîäèìûõ äëÿ ïðàâèëüíîãî ðåøåíèÿ ïîíÿòèé è
ìåòîäîâ.

− (0 áàëëîâ) � çàïèñàííûå ðàññóæäåíèÿ íå ïîìîãàþò â ðåøåíèè çàäà÷è.
0 (0 áàëëîâ) � çàäà÷à íå çàïèñàíà â ÷èñòîâèêå, è íåò ðàçáîð÷èâûõ ðàññóæäåíèé â

÷åðíîâèêå.

I. ÎÁÙÀß ×ÀÑÒÜ

1. Íàïîìíèì, ÷òî èíâåðñèåé ïåðåñòàíîâêè σ ∈ Sn íàçûâàåòñÿ ïàðà (i, j), i, j ∈ {1, . . . , n},
òàêàÿ, ÷òî i < j, íî σ(i) > σ(j). Íàéäèòå ñóììàðíîå ÷èñëî èíâåðñèé ó âñåõ ïåðåñòàíîâîê
èç Sn, ò.å. ñóììó ∑

σ∈Sn

i(σ),

ãäå i(σ) � ÷èñëî èíâåðñèé ïåðåñòàíîâêè σ.

1. Recall that an inversion of a permutation σ ∈ Sn is by de�nition a pair (i, j), i,
j ∈ {1, . . . , n} such that i < j but σ(i) > σ(j). Find the total number of inversions of
all permutations in Sn, i.e. the sum ∑

σ∈Sn

i(σ),

where i(σ) is the number of inversions in the permutation σ.

Solution 1. We need to compute the number of triplies (i, j, σ), where σ ∈ Sn and (i, j) is an
inversion of σ. The numbers i and j can be chosen in

(
n
2

)
ways. Having i and j �xed, we can

choose the values σ(i) and σ(j) in
(
n
2

)
ways. Finally, if i, j, σ(i), σ(j) are �xed, then there

are (n− 2)! ways to asign the values σ(k) to all k ̸= i, j. Thus we have∑
σ∈Sn

i(σ) =

(
n

2

)2

(n− 2)!.
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2. Ïóñòü A � ëèíåéíûé îïåðàòîð íà êîíå÷íîìåðíîì êîìïëåêñíîì âåêòîðíîì ïðîñòðàí-
ñòâå V , òàêîé, ÷òî A2013 = E, ãäå E � åäèíè÷íûé îïåðàòîð. Äîêàæèòå, ÷òî îïåðàòîð A
äèàãîíàëèçóåì.

2. Let A be a linear operator on a �nite dimensional complex vector space V such that
A2013 = E, where E is the identity operator. Prove that the operator A is diagonalizable.

Solution 2. By the Jordan decomposition theorem, there exists a basis of the space V , in which
the matrix of A has the Jordan form D+N , where D is the diagonal part, and N = A−D is
the nilpotent part. Note that DN = ND and that Nn = 0, where n is the dimension of V . We
have Am = Dm +mDm−1N + . . . . For arbitrarily large m, the matrix Am remains bounded.
Therefore, Dm−1N = 0. Since all eigenvalues of D have modulus one, D is invertible, hence
N = 0.

3. Ïóñòü Q � ìíîæåñòâî âñåõ ðàöèîíàëüíûõ ÷èñåë. Âåðíî ëè, ÷òî ïðîñòðàíñòâî Q \ {0}
ãîìåîìîðôíî ïðîñòðàíñòâó Q? Ñòðîãî îáîñíóéòå îòâåò.

3. Let Q be the set of all rational numbers. Is it true that the space Q \ {0} is homeomorphic
to the space Q? Rigorously justify your answer.

Solution 3. Note that, since open intervals form a basis of topology in Q, every order-
preserving bijection between subsets of Q is a homeomorphism. We can de�ne an order-
preserving bijection f between Q\{0} and Q as follows. Let pn, n ≥ 1, be a strictly increasing
sequence of rational numbers converging to

√
2, and qn, n ≥ 1 be a strictly decreasing sequence

of rational numbers converging to
√
2. Set p0 = −∞ and q0 = ∞. On [−1/n,−1/(n + 1)],

n ≥ 0, we set f to be the unique a�ne map taking −1/n to pn and −1/(n + 1) to pn+1.
Clearly, this a�ne map takes rational points to rational points. Similarly, on [1/(n+1), 1/n],
n ≥ 0, we set f to be the unique a�ne map taking 1/(n+ 1) to qn+1 and 1/n to qn.

4. Äîêàæèòå ñëåäóþùåå íåðàâåíñòâî∫ 2π

0

exp(2
√
t cosϕ) dϕ < 2πet

äëÿ âñåõ t > 0.

4. Prove the following inequality:∫ 2π

0

exp(2
√
t cosϕ) dϕ < 2πet

for all t > 0.

Solution 4. The integral I in the left-hand side can be expressed as a series. Although this
can be done without referring to complex numbers, it is easier to note that if z = eiϕ, then
2 cosϕ = z + z−1, and dϕ = −idz/z. Thus 1

2π
I is equal to the residue of exp(t(z + z−1))dz/z

at 0, i.e. to the free term in the Laurent expansion of exp(t(z + z−1)). The latter is equal to
∞∑
n=0

tn

(n!)2
<

∞∑
n=0

tn

n!
.

Íàöèîíàëüíûé èññëåäîâàòåëüñêèé óíèâåðñèòåò ¾Âûñøàÿ øêîëà ýêîíîìèêè¿



II. ÑÏÅÖÈÀËÜÍÀß ×ÀÑÒÜ

Â ñîîòâåòñòâèè ñî ñâîèì âûáîðîì ïðîãðàììû ìàãèñòåðñêîé ïîäãîòîâêè

âûáåðèòå è âûïîëíèòå òîëüêî îäèí èç ñëåäóþùèõ áëîêîâ çàäàíèé ñïåöè-

àëüíîé ÷àñòè.

Áëîê 1. ¾Ìàòåìàòèêà¿

1. Ïóñòü yt(x) � ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ y′ = y(1 + ye−x2−y2), óäîâëå-
òâîðÿþùåå íà÷àëüíîìó óñëîâèþ yt(0) = t. Äîêàæèòå, ÷òî yt(1) îïðåäåëåíî ïðè âñåõ t, è
íàéäèòå d

dt
yt(1) ïðè t = 0.

1. Let yt(x) be the solution of the di�erential equation y′ = y(1 + ye−x2−y2) satisfying the
initial condition yt(0) = t. Prove that yt(1) is de�ned for all t, and �nd d

dt
yt(1) at t = 0.

Solution 5. Let us �rst prove that yt(x) is de�ned for all x > 0. By the Extension Theorem,
the only possible obstruction is a solution yt(x) de�ned in [0, x0) such that yt(x0 − 0) = ∞
for some x0. It follows that y

′
t/|yt| is unbounded near x0, a contradiction.

Note that y0(x) = 0. Set z(x) = d
dt
yt(x) at t = 0. Di�erentiating the equation on y by t at

t = 0, we obtain that z′ = z. Di�erentiating the initial condition, we obtain that z(0) = 1. It
follows that z(x) = ex and that z(1) = e.

2. Íàéäèòå ÷èñëî âñåõ íîðìàëüíûõ ïîäãðóïï â ãðóïïå âñåõ ñèììåòðèé ïðàâèëüíîãî âîñü-
ìèóãîëüíèêà (âêëþ÷àÿ ñàìó ãðóïïó è òðèâèàëüíóþ ïîäãðóïïó). Ñòðîãî îáîñíóéòå îòâåò.

2. Find the number of all normal subgroups in the group of all symmetries of a regular 8-gon
(including the group itself and its trivial subgroup). Rigorously justify your answer.

Solution 6. Let D8 denote the group under consideration, and H a normal subgroup of D8

that is di�erent from D8 and from {id}. Let C8 ⊂ D8 be the subgroup of all rotations in D8.
Suppose �rst that H is not contained in C8. Then H contains some re�ection. There are two
conjugacy classes of re�ections, hence H must contain at least one of these conjugacy classes
(one conjugacy class consists of re�ections in lines connecting opposite vertices, and the other
conjugacy class consists of re�ections in lines connecting midpoints of opposite edges). Each
conjugacy class of re�ections generates a subgroup of D8 isomorphic to D4 (the symmetry
group of a square). Hence H must contain at least one of these two D4-subgroups. Since these
two subgroups have index 2, the group H must coincide with one of them. Suppose now that
H ⊂ C8. Then H = C8 or C4 or C2 = {±id}. All these subgroups are normal. Thus there are
7 normal subgroups of D8.

Áëîê 2. ¾Ìàòåìàòè÷åñêàÿ ôèçèêà¿

1. Èç òî÷êè A áðîñàþò êàìåíü â ñòîðîíó öåëè, êîòîðàÿ íàõîäèòñÿ íà ðàññòîÿíèè S ïî
ãîðèçîíòàëè è h ïî âåðòèêàëè îò òî÷êè A. Íàéäèòå ìèíèìàëüíóþ âåëè÷èíó íà÷àëüíîé
ñêîðîñòè êàìíÿ, ïðè êîòîðîé ìîæíî ïîïàñòü â öåëü. Ñèëà òÿæåñòè íàïðàâëåíà âåðòè-
êàëüíî âíèç.

1. A stone is shot from a point A towards a target that is at horizontal distance S and vertical
distance h from the point A. Find the minimal value of the initial speed of the stone, with
which the stone can hit the target. The force of gravity is directed vertically downwards.
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A S

h

Ðåøåíèå:

Äîïóñòèì âíà÷àëå, ÷òî íà÷àëüíàÿ ñêîðîñòü êàìíÿ v0 äîñòàòî÷íà äëÿ ïîïàäàíèÿ â öåëü
è íàéäåì, ïîä êàêèì óãëîì α ñëåäóåò åãî áðîñàòü. Äëÿ ýòîãî çàïèøåì óðàâíåíèå, âû-
ðàæàþùåå ôàêò ïðîõîæäåíèÿ òðàåêòîðèè ÷åðåç öåëü (âûñîòà òðàåêòîðèè h â ìîìåíò,
êîãäà ãîðèçîíòàëüíàÿ êîîðäèíàòà ðàâíà s):

h = s tgα− gs2

2v20
(1 + tg2α).

Ýòî âûðàæåíèå ìîæíî ïåðåïèñàòü â âèäå êâàäðàòíîãî óðàâíåíèÿ íà òàíãåíñ óãëà áðîñà-
íèÿ α

tg2α− 2v20
gs

tgα + 1 +
2hv20
gs2

= 0,

äèñêèðìèíàíò D êîòîðîãî äîëæåí áûòü íåîòðèöàòåëüíûì, ÷òîáû íóæíàÿ òðàåêòîðèÿ
ñóùåñòâîâàëà:

D =
4v40
g2s2

− 4

(
1 +

2hv20
gs2

)
≥ 0.

Åñëè D > 0, òî åñòü 2 ðåøåíèÿ (2 òðàåêòîðèè äîñòèæåíèÿ öåëè), ýòè òðàåêòîðèè ñëèâà-
þòñÿ â îäíó ïðè D = 0, à ïðè D < 0 â öåëü ñ äàííîé íà÷àëüíîé ñêîðîñòüþ v0 ïîïàñòü
íåâîçìîæíî. Ñëåäîâàòåëüíî, ìèíèìàëüíàÿ äîïóñòèìàÿ íà÷àëüíàÿ ñêîðîñòü v0 íàõîäèòñÿ
èç óñëîâèÿ D = 0:

v40 − 2gh v20 − g2s2 = 0.

Ýòî óðàâíåíèå èìååò åäèíñòâåííîå ïîëîæèòåëüíîå ðåøåíèå

v20 = g(h+
√
h2 + s2 ),

êîòîðîå è ÿâëÿåòñÿ îòâåòîì ê çàäà÷å.

2. Â ïëîñêîñòè xOy ìîæåò áåç òðåíèÿ äâèãàòüñÿ ìàòåðèàëüíàÿ òî÷êà ìàññû m è çàðÿ-
äà q. Íà ìàòåðèàëüíóþ òî÷êó äåéñòâóåò ïîòåíöèàëüíàÿ ñèëà ñ ïîòåíöèàëüíîé ýíåðãèåé
U(x, y) = mω2

0(x
2 + y2)/2 (äâóìåðíûé ãàðìîíè÷åñêèé îñöèëëÿòîð). Íàéäèòå îáùåå ðå-

øåíèå óðàâíåíèé äâèæåíèÿ îñöèëëÿòîðà â ñëó÷àå, êîãäà îí ïîìåùåí â ïîñòîÿííîå è
îäíîðîäíîå ìàãíèòíîå ïîëå, íàïðàâëåííîå âäîëü îñè Oz: H⃗ = (0, 0, H).

2. A material point of mass m and of electric charge q can move in the plane xOy without
friction. The point m is under the action of a potential force with the potential energy
U(x, y) = mω2

0(x
2 + y2)/2 (a two dimensional harmonic oscillator). Solve the equations of

motion for the oscillator in the case when there is a constant homogeneous magnetic �eld
directed along the Oz axis: H⃗ = (0, 0, H).

Ðåøåíèå:

Ìàòåðèàëüíàÿ òî÷êà áóäåò äâèãàòüñÿ â ïëîñêîñòè xOy ïîä äåéñòâèåì öåíòðàëüíîé
ñèëû (ñèëû óïðóãîñòè) F⃗1 = −gradU è ñèëû Ëîðåíöà F⃗2 = q(v⃗ × H⃗)/c (c � ñêîðîñòü

ñâåòà), ïåðïåíäèêóëÿðíîé ñêîðîñòè ìàòåðèàëüíîé òî÷êè v⃗ = dr⃗/dt è ìàãíèòíîìó ïîëþ H⃗.
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Â äåêàðòîâûõ êîîðäèíàòàõ x è y ñèñòåìà äèíàìè÷åñêèõ óðàâíåíèé òî÷êèm çàïèñûâàåòñÿ
â âèäå:

m
d2x

dt2
= −mω2

0 x+
qH

c

dy

dt

m
d2y

dt2
= −mω2

0 y −
qH

c

dx

dt
.

Ââåäåì îáîçíà÷åíèå Ω = qH
mc

è îáðàçóåì ëèíåéíóþ êîìáèíàöèþ ξ = x + iy. Òîãäà äëÿ ξ
ïîëó÷àåì ñëåäóþùåå ëèíåéíîå óðàâíåíèå ñ ïîñòîÿííûìè êîýôôèöèåíàòàìè:

d2ξ

dt2
+ iΩ

dξ

dt
+ ω2

0ξ = 0.

Ïîäñòàíîâêîé ξ = Ce−iωt íàõîäèì ñîáñòâåííûå ÷àñòîòû:

ω± =
1

2

(
Ω±

√
Ω2 + 4ω2

0

)
.

Îáùåå ðåøåíèå äëÿ ξ åñòü ëèíåéíàÿ êîìáèíàöèÿ äâóõ ôóíäàìåíòàëüíûõ ðåøåíèé ñ ω+

è ω−, à x è y âûðàæàþòñÿ ÷åðåç âåùåñòâåííóþ è ìíèìóþ ÷àñòè ξ. Îáùåå ðåøåíèå ìîæåò
áûòü çàïèñàíî, íàïðèìåð, â òàêîì âèäå:

x(t) = A cos(ω+t+ ϕ+) +B sin(ω−t+ ϕ−), y(t) = −A sin(ω+t+ ϕ+)−B cos(ω−t+ ϕ−).

×åòûðå ïðîèçâîëüíûõ âåùåñòâåííûõ êîíñòàíòû A,B è ϕ± ôèêñèðóþòñÿ íà÷àëüíûìè
óñëîâèÿìè (ïîëîæåíèå è ñêîðîñòü ìàòåðèàëüíîé òî÷êè â ìîìåíò t = 0).
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