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JleMoHCTpAaNIMOHHBINI BAPUAHT U METOAUYECKNE PEKOMEH AN
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JTEMOHCTPAIIMOHHBIVI BAPAHT

Bpemsa Bouimosienus 3aganusa — 240 MUHYT

I. OBIIAA YACTDb

1. Cxomurest m psif

1. Does the following series converge
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2. Ilycrs G — komeunas rpymma, a « : G — G — apromopdusm rpynnbl (G, Takoi, ITO
a(x) = T TOJIBKO eC/Iu X SIBJISIeTCS eJUHUIHBIM 3JIeMeHTOM. JI0KayKuTe, 4TO BCAKUN TeMEHT
rpyuibl G MOXKeT ObITh IIPEJCTABJIEH B BHUJIE x_loz(x), e v € G.

2. Let G be a finite group, and o : G — G an automorphism of G such that a(x) = z only
if x is the identity. Prove that every element of the group G can be represented in the form
r'a(x), where x € G.

3. B eBK/IMIOBOM IPOCTPAHCTBE R? 3a/1aH SJIHIICONT C TVIABHBIMA noJIyocamu a, b, c. Bokpyr
HEro MPOU3BOJIBLHBIM 00PA30M OIMKMCAH MPIMOYTOJBHBII MapaJiie ennne/n (TaK, qTO SJLIUICOUT,
KacaeTrcsd Kazk/Ja0i u3 rpanei Hapaﬂﬂeﬂenﬂneﬂa). Haiijure juinHy rjiaBHOW juaroHaJiv mnapaJi-
JeJjenuie/fa.

3. In the Euclidean space R3, an ellipsoid with semi-principal axes of lengths a, b, c is given.
A rectangular parallelepiped is circumscribed around it so that the ellipsoid is tangent to all
faces of the parallelepiped. Compute the length of the principle diagonal in the parallelepiped.

4. Pemmure ypapHeHme u; = —u?u, ¢ HadaabHBIM yciaosueM u(x,0) = cosz. Haiiaute mak-
cumasibhoe 3Havenue T, Takoe, 4To HEOCO0OE pemenue cynecrByer Ha muoxecrse ¢ € [0,7T),
x eR.

4. Solve the initial value problem u; = —u?u,, u(x,0) = cosx. Find the maximal value of T'
such that a non-singular solution exists on the set ¢ € [0,7), = € R.



II. CIIELHIUAJIBHAA YACTDb

B coomseemcmeuu co c80uM 8blOOPOM NPO2PAMMBL. MA2UCNMEPCKOU NOJ20MOBKU
svibepume u 8bHINOAHUME MOABbKO 00UH U3 caedyrwuxr b640K08 3adaHul cnevu-
anvbHoU wacmu.

Buok 1. «Maremaruka»

1. Iycrs n — uucyo ynopsiiodeHHbx Tpoek (Aj, As, As), cocrogmux u3 MHOXKecTB Ap, As,
As, TaKuX, 9TO
AfUAUA3={1,2,3,4,5,6,7,8,9, 10},
AiNANA;=0.

Haﬁ,ﬂI/ITe Pa3J0KeHne 4ucja 7 Ha MPOCThIe MHOXKUTEJIN.
1. Let n be the number of ordered triples (A, A, A3) consisting of sets A;, Az, Az such that
AUAUA;=1{1,23,4,5,6,7,8,9, 10},
A NAy; N As = 0.
Find the prime factorization of n.

2. Ilycts V' — KoHneuHOMEpHOE BEKTOPHOE MPOCTPAHCTBO HAJI TOJIEM JIEHCTBUTEIBHBIX YUCE.
Cymmoii A + B muoxkectB A, B C V Ha3bIBaeTcss MHOXKECTBO BCEX BEKTOPOB BHJa @ + b, rje
a € A, be B. [Ina Beakoro XA € R muoKecTBO A\A ompessercs KaK MHOXKECTBO BCeX BEKTOPOB
Buma Aa, rae a € A. JIokaxKuTe, UTO OTKPHITOE MHOKECTBO A yIoBIeTBOpsieT paBeHCTBY
A+ A =2A rorma u TOIBLKO TOrAa, Korma A BBIIYKIIO.

2. Let V be a finite dimensional vector space over the field of real numbers. The sum A + B
of sets A, B C V is defined as the set of all vectors of the form a + b, where a € A, b € B.
For any A € R, the set AA is by definition the set of all vectors of the form Aa, where a € A.
Prove that an open set A satisfies the equality A + A = 2A if and only if A is convex.

Biaok 2. «Maremarnueckas pusukar»

1. I'py3uk mMacchl m Ha JBYX MPYKUHAX YKECTKOCTH Kk TIOJBEINIEH MeYKJy BepPTUKAJIbHBIMU
cTeHKaMd. B mcxomnom mostozkeHnun obe TPy KUHBI OPUEHTHPOBAHBI TOPU30HTATLHO W HE WC-
IBITBIBAIOT HATAZKEHUS, TPY3UK HAXOIUTCH HA paccTogauuu ¢ or Kaxkaoi u3 crer. CUabl Ts-
JKecTn HeT. B HadanbHBIIT MOMEHT BpeMeHH T'PY3UKY MPUIAeTCs CKOPOCTD Uy B BEPTUKAJIHHOM
HanpasgeHnu. OnpeaeanTe 3aBUCUMOCTb CKOPOCTH TPY3UKA OT €r0 TOJIOXKEHUS .

1. A point mass m is attached to two springs of spring constant k that are connected to two
vertical walls. Initially, both springs are horizontal and relaxed, the mass is on distance ¢ from
each of the walls. There is no gravity. At the initial moment, the mass has a vertical velocity
of absolute value vy. Determine the dependence of the velocity of the mass on its position.

2. Bapsi (Q paBHOMEPHO PACIpPe/Ie/IeH BJI0JIb TOHKOIO KoJiblla pajuyca R. Ha npsivoii, npo-
XoJd1ieil yepes3 MeHTp KOJIbIA HEPIeH/IMKY/ISIPHO ero IJIOCKOCTH, Ha PACCTOSHUY 7" OT IEHTPA
KOJIBIIA PACIIOJIOZKEeHA MaTepuaJibHas TOYKAa MAaCChl 1M, UMeIOIIas 3aps/j] ¢ TOro ¥Ke 3HaKa, 9To
u (). Kakyro MUHIMAIBHYIO CKOPOCTH HEOOXOMMO COOOIINTH MaTepPHAIbHON TOUKe B HAIPAB-
JIEHUHW KOJIbIIA, YTOOBI OHA IMPOTIJIa Yepe3 MeHTP KoJibia?

2. A charge @ is homogeneously distributed along a thin ring of radius R. A material point
of mass m is located on a straight line passing through the center of the ring perpendicular
to the ring’s plane. The material point possesses a charge ¢ of the same sign as ). The initial
distance of the point from the center of the ring is 7. What is the minimal initial speed of the
point in the direction of the ring, with which it can reach the center of the ring?
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METOINYECKNE PEKOMEHIAIINN

Bajaun HA MaTeMATHYECKONH OJIMMINAJE, KAK MPABUJIO, HEMHOIO CJIOKHee, 4eM Ha IK3a-
MeHe B MarucTparypy. Pemenue sTux 3a1a4 Tpebyer He TOJBKO OLpe/IeJeHHON TeOpeTudecKoii
IO/IFOTOBKH, HO M OPUTHHAJILHON CTpaTerun perrenus. Teopernueckas MOJATOTOBKA JOJIZKHA
BKJTIOUATH CJIEJIYONHe TeMbl (B PAMKAX CTAHIAPTHON MPOrpaMMBI MATeMATHIECKUX (haKyITb-
TETOB):

obmast anrebpa (BKJIIOYAst TEOPUIO TPYII W 3J€MEHThl KOMOMHATOPHUKH)
JIMHeitHast ajaredopa

MaTeMaTHIeCKHii aHaan3 (BKJIOYast MHOTOMEDHbIIl aHAJN3 W TEOPHIO MepHhI)
KOMILJICKCHBIII aHaJIn3

0ObIKHOBeHHBIE U depeHInaibuble YpaBHEeHUs

® IIpOCTEeHIIe MeTOIbl TEOPUU YPaBHEHU ¢ YaCTHBIMU TPOU3BOIHBIMUI

s pentenust HEKOTOPBIX 3a/ia4d Osioka «Maremarnkay HEOOXOJMMO 3HAKOMCTBO C TOIOJIO-
rueit (obmast Tonosorusi, dbyH/IaMeHaIbHbIe TPYIIbI). B BapuaHTe OJUMINAIHOIO 3a/aHus,
KOHEYHO, MOTYT ObITh HPEJCTABJIEHBl HE BCE U3 MEPEYUCTEHHBIX TEM.

B 3anagax 6sioka «Maremarnueckasi (pu3nukay HMCIOJIB3YIOTCS OCHOBHbBIE MOHSTHS KJIACCH-
9eCKOIl MeXaHUKH U 3JIEKTPOINHAMUKH.

Cogepzkanue CaeyommuX KHAT U y9eOHbIX MTOCODUI MOJTHOCTHIO HOKPBIBAET HEOOXOUMBbI
TeopeTuveCcKuil marepuadl.
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