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ITpoduan:
«MaremaTuka» xoa — 120
«Maremarndeckas pusuka» kom — 121

Bpemsg Boimonienus 3amanus — 240 MUHYT

I. OBIIAA YACTDb

1. Ilyctb BexkTOpHOE HpocTpancTBO V' Has nojem R npejcraBieHo B Buje 00beIUHEHUS 110~
cJiejioBaTesibHOCTH 1o tpocrpacts V,,, n € N (He 06s13aTe/IbHO BJIOKEHHBIX JADPYT B JIPyTra).
Jlokarkure, 9TO BCAKOE KOHEYHOMEPHOE MOANPOCTPaHcTBO V' cojepxkurcs B V,, Jijisd HEKOTO-
poro n.

1. Assume that a vector space V over the field R is a union of a sequence of subspaces V,,,
n € N (not necessarily included into each other). Show that any finite-dimensional subspace
of V' is contained in V,, for some n.

2. Hamomuuwm, 4To [y1s8 BEKTOPHOTO 10Jist v = (v, Vg, v3) B R3 ero dusepeenyus onpeensercs
kak dyukuus div(v) = vy /0xy + Ovy/Oxg + Jvs/Ox3.

[Tycts B R® nansr riagkoe BeKTOpHOE Toje v U riaajaxas gynkmus f. JlokaxknTe, 9To 114
KazK 10t Toukn R3, B KOTOpOif v He obpammaeTcs B HOMb, HAMIETCS TaKas CHCTEMa KOOPIMHAT
B HEKOTOpO# eé okpectroctu U, uro div(v) = f B U.

2. Recall that for a vector field v = (vy, v9, v3) in R? its divergence is defined by div(v) =
8@1/83;1 + 8U2/8$2 + 8v3/8w3.

Suppose we are given a smooth vector filed v and a smooth function f in R3. Show that
for any point in R3, where v does not vanish, there exists a coordinate system in some
neighbourhood of it such that div(v) = f in U.

3. Joxkazxkure, 4To g Bcakoro R > 0 Haiiaérca takoe n € N, 4T0 MHOTOYJIEH

2 2N

z
I+z+5+ =
2 n!

He obpamaeTcs B HOMb B Jaucke |z| < R, z € C.

3. Show that for any R > 0 there exists n € N such that the polynomial
22 2"
l+2+4S++ =
2 n!

has no zeroes in the disc |z| < R, z € C.

4. JlokaxkuTe, 9TO s JIOOBIX BeIECTBEHHLIX £,0 > 0 Hainérca takoe N € N, uro misa
n > N BepOSTHOCTb TOrO, YTO CKAJIAPHOE MPOU3BEIeHNe IBYX PABHOMEPHO PACIIPEIeTEHHBIX
HEe3aBHCHMBIX CJIVUYAHBIX BEKTOPOB Ha eIMHUYIHOI cdepe B R"” GosbIne €, MeHbIIE 0.

4. Show that for any real numbers £,0 > 0 there exists N € N such that for n > N the
probability, that the scalar product of two uniformly distributed independent random vectors
on a unit sphere in R" is greater than ¢, is less than §.
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II. CIIEHINAJIbBHAA YACTDb

B coomseemcmeuu co c8oum 86.60pOM NPO2PAMMDBL MA2UCTEPCKOU NOJ20MOBKU
svibepume U 8vINOAHUME MOABKO 00UH U3 caedyrwuxr b6.40K08 3adaHul cneuu-
aavHol wacmu.

Buok 1. «Maremaruka»

1. IlocTpoiite xaycaopdoBo Tomosorudeckoe npoctpaucTso X, He romeomopdnoe R, g Ko-
TOPOT'O CYIIECTBYET HEIpepbIBHOE OMeKTHBHOE oToOpakenne R — X,

1. Give an example of a Hausdorff topological space X not homeomorphic to R such that
there exists a continuous bijective map R — X.

2. Haiinure
a) JBY3HATHOE N,
b) Tpéxznaunoe n,
¢) pekyppeHTHYI0 (hbOpMYJIy Jisi HAXOKIeHusI Beex n € N,
JTsI KOTOPBIX Hafigérces Takoe m € N, 1 < m < n, aro 142+ - -+m = (m+1)+(m+2)+- - -+n.

2. Find a
a) two-digit integer n,
b) three-digit integer n,
¢) a recurrence formula for finding all n € N
such that there exists m € Nwith 1 <m <nand 14+2+---+m = (m+1)+(m+2)+---+n.

Baok 2. «Marematuuyeckas pusuka»

1. Ha ryrajkoii ropu3oHTaILHON MOBEPXHOCTHU PACIIOJIOKEH KJIUH Macchl M, HaK/JIOHHAs TPaHb
KOTOpPOro obpasyeT yroja « ¢ ropu3oHToM. Ha moBepXHOCTM HAaKJIOHHOW I'DaHM HA BbICOTE
h or ocHOBaHUWS KJIMHA HAXOJIUTCHA HEOOJIBIIOE TeJO Macchl m. B HavalbHBIE MOMEHT BCd
CUCTeMa HAXOJIUTCA B TIOKOE. 3aTeM TeJI0 1M HAYMHAeT CKOJIb3UTh BHU3 110 HAKOJOHHON T'paHu
KJIMHA TOJT AefiCTBUEM CUJIBI TaxKeCcTu. TpeHne MeKIy TeJTOM W KJIWHOM U MeXKJIy KJIUHOM U
TOPU30HTATBHON MOBEPXHOCTBHIO MpeHeOpe:kuMo Maso. OupeaennTe:

a) MakcuMasbHYI0 BBICOTY OTHOCHTEIHHO IOPH30HTAIBHON TOBEPXHOCTH, HA KOTOPYIO
HOJIHUMETCS T€JIO 1M TOCJIe YIPYTroro yaapa 00 3Ty MOBEePXHOCTb.

6) Paccrosiame, KOTOpOe MPOJIETUT TEJIO M MeXKY IBYMs TTOCTIeA0BATETLHBIMU yIapaMu
0 TOPU30HTAJILHY IO TTOBEPXHOCTD.

2. IlpoBoggiieit cdepe ¢ BHENTHUM PajuycoM @ ¥ BHYTPEHHHM PaJMyCcOM 7" COODIIEH 3JIeK-
TpI/I‘{eCKI/Iﬁ 3apdana q. chepa pa3pe3daHa ABYyMA B3aMMHO HEPHEHAUKYJIAPHBIMUA IIJIOCKOCTAMU,
MMPpOXOJAINIUMHA Yepe3 €€ HEeHTP, Ha YeThIpe paBHbIEC YaCTH. OHpeﬂeJ’[I/ITei
a) BesimauHy 37€KTPOCTATHYECKON CHJIBI, KOTOpas JEfCTBYeT Ha KaXkKIyI0 U3 YeThIpex
qacTei.
6) Bo3MOKHO Jii yaepkKaTh 9acTh ¢Bepbl 0T pasjera, HOMECTHB B €e MEeHTP TOUeUHbIit
saekTpudeckuit 3apsia? OrBer He0OX0AUMO 0O0CHOBATDH U, B CJIyYae MOJIOKUTEIHHOTO
OTBeTA, HAWTU BEJUIUHY TPEOYIOIIerocsi TOY€9IHOTO 3apsi/ia.
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