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I. ÎÁÙÀß ×ÀÑÒÜ

1. Ïóñòü âåêòîðíîå ïðîñòðàíñòâî V íàä ïîëåì R ïðåäñòàâëåíî â âèäå îáúåäèíåíèÿ ïî-
ñëåäîâàòåëüíîñòè ïîäïðîñòðàíñòâ Vn, n ∈ N (íå îáÿçàòåëüíî âëîæåííûõ äðóã â äðóãà).
Äîêàæèòå, ÷òî âñÿêîå êîíå÷íîìåðíîå ïîäïðîñòðàíñòâî V ñîäåðæèòñÿ â Vn äëÿ íåêîòî-
ðîãî n.
1. Assume that a vector space V over the �eld R is a union of a sequence of subspaces Vn,
n ∈ N (not necessarily included into each other). Show that any �nite-dimensional subspace
of V is contained in Vn for some n.

2. Íàïîìíèì, ÷òî äëÿ âåêòîðíîãî ïîëÿ v = (v1, v2, v3) â R3 åãî äèâåðãåíöèÿ îïðåäåëÿåòñÿ
êàê ôóíêöèÿ div(v) = ∂v1/∂x1 + ∂v2/∂x2 + ∂v3/∂x3.

Ïóñòü â R3 äàíû ãëàäêîå âåêòîðíîå ïîëå v è ãëàäêàÿ ôóíêöèÿ f . Äîêàæèòå, ÷òî äëÿ
êàæäîé òî÷êè R3, â êîòîðîé v íå îáðàùàåòñÿ â íîëü, íàéä¼òñÿ òàêàÿ ñèñòåìà êîîðäèíàò
â íåêîòîðîé å¼ îêðåñòíîñòè U , ÷òî div(v) = f â U .
2. Recall that for a vector �eld v = (v1, v2, v3) in R3 its divergence is de�ned by div(v) =
∂v1/∂x1 + ∂v2/∂x2 + ∂v3/∂x3.

Suppose we are given a smooth vector �led v and a smooth function f in R3. Show that
for any point in R3, where v does not vanish, there exists a coordinate system in some
neighbourhood of it such that div(v) = f in U .

3. Äîêàæèòå, ÷òî äëÿ âñÿêîãî R > 0 íàéä¼òñÿ òàêîå n ∈ N, ÷òî ìíîãî÷ëåí
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n!
íå îáðàùàåòñÿ â íîëü â äèñêå |z| < R, z ∈ C.
3. Show that for any R > 0 there exists n ∈ N such that the polynomial
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n!
has no zeroes in the disc |z| < R, z ∈ C.

4. Äîêàæèòå, ÷òî äëÿ ëþáûõ âåùåñòâåííûõ ε, δ > 0 íàéä¼òñÿ òàêîå N ∈ N, ÷òî äëÿ
n > N âåðîÿòíîñòü òîãî, ÷òî ñêàëÿðíîå ïðîèçâåäåíèå äâóõ ðàâíîìåðíî ðàñïðåäåë¼ííûõ
íåçàâèñèìûõ ñëó÷àéíûõ âåêòîðîâ íà åäèíè÷íîé ñôåðå â Rn áîëüøå ε, ìåíüøå δ.
4. Show that for any real numbers ε, δ > 0 there exists N ∈ N such that for n > N the
probability, that the scalar product of two uniformly distributed independent random vectors
on a unit sphere in Rn is greater than ε, is less than δ.
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II. ÑÏÅÖÈÀËÜÍÀß ×ÀÑÒÜ

Â ñîîòâåòñòâèè ñî ñâîèì âûáîðîì ïðîãðàììû ìàãèñòåðñêîé ïîäãîòîâêè
âûáåðèòå è âûïîëíèòå òîëüêî îäèí èç ñëåäóþùèõ áëîêîâ çàäàíèé ñïåöè-
àëüíîé ÷àñòè.

Áëîê 1. ¾Ìàòåìàòèêà¿

1. Ïîñòðîéòå õàóñäîðôîâî òîïîëîãè÷åñêîå ïðîñòðàíñòâî X, íå ãîìåîìîðôíîå R, äëÿ êî-
òîðîãî ñóùåñòâóåò íåïðåðûâíîå áèåêòèâíîå îòîáðàæåíèå R→ X.
1. Give an example of a Hausdor� topological space X not homeomorphic to R such that
there exists a continuous bijective map R→ X.

2. Íàéäèòå
a) äâóçíà÷íîå n,
b) òð¼õçíà÷íîå n,
c) ðåêóððåíòíóþ ôîðìóëó äëÿ íàõîæäåíèÿ âñåõ n ∈ N,

äëÿ êîòîðûõ íàéä¼òñÿ òàêîå m ∈ N, 1 < m < n, ÷òî 1+2+· · ·+m = (m+1)+(m+2)+· · ·+n.
2. Find a

a) two-digit integer n,
b) three-digit integer n,
c) a recurrence formula for �nding all n ∈ N

such that there exists m ∈ N with 1 < m < n and 1+2+ · · ·+m = (m+1)+(m+2)+ · · ·+n.

Áëîê 2. ¾Ìàòåìàòè÷åñêàÿ ôèçèêà¿

1. Íà ãëàäêîé ãîðèçîíòàëüíîé ïîâåðõíîñòè ðàñïîëîæåí êëèí ìàññû M , íàêëîííàÿ ãðàíü
êîòîðîãî îáðàçóåò óãîë α ñ ãîðèçîíòîì. Íà ïîâåðõíîñòè íàêëîííîé ãðàíè íà âûñîòå
h îò îñíîâàíèÿ êëèíà íàõîäèòñÿ íåáîëüøîå òåëî ìàññû m. Â íà÷àëüíûé ìîìåíò âñÿ
ñèñòåìà íàõîäèòñÿ â ïîêîå. Çàòåì òåëî m íà÷èíàåò ñêîëüçèòü âíèç ïî íàêîëîííîé ãðàíè
êëèíà ïîä äåéñòâèåì ñèëû òÿæåñòè. Òðåíèå ìåæäó òåëîì è êëèíîì è ìåæäó êëèíîì è
ãîðèçîíòàëüíîé ïîâåðõíîñòüþ ïðåíåáðåæèìî ìàëî. Îïðåäåëèòå:

à) Ìàêñèìàëüíóþ âûñîòó îòíîñèòåëüíî ãîðèçîíòàëüíîé ïîâåðõíîñòè, íà êîòîðóþ
ïîäíèìåòñÿ òåëî m ïîñëå óïðóãîãî óäàðà îá ýòó ïîâåðõíîñòü.

á) Ðàññòîÿíèå, êîòîðîå ïðîëåòèò òåëî m ìåæäó äâóìÿ ïîñëåäîâàòåëüíûìè óäàðàìè
î ãîðèçîíòàëüíóþ ïîâåðõíîñòü.

2. Ïðîâîäÿùåé ñôåðå ñ âíåøíèì ðàäèóñîì R è âíóòðåííèì ðàäèóñîì r ñîîáùåí ýëåê-
òðè÷åñêèé çàðÿä q. Ñôåðà ðàçðåçàíà äâóìÿ âçàèìíî ïåðïåíäèêóëÿðíûìè ïëîñêîñòÿìè,
ïðîõîäÿùèìè ÷åðåç åå öåíòð, íà ÷åòûðå ðàâíûå ÷àñòè. Îïðåäåëèòå:

à) Âåëè÷èíó ýëåêòðîñòàòè÷åñêîé ñèëû, êîòîðàÿ äåéñòâóåò íà êàæäóþ èç ÷åòûðåõ
÷àñòåé.

á) Âîçìîæíî ëè óäåðæàòü ÷àñòè ñôåðû îò ðàçëåòà, ïîìåñòèâ â åå öåíòð òî÷å÷íûé
ýëåêòðè÷åñêèé çàðÿä? Îòâåò íåîáõîäèìî îáîñíîâàòü è, â ñëó÷àå ïîëîæèòåëüíîãî
îòâåòà, íàéòè âåëè÷èíó òðåáóþùåãîñÿ òî÷å÷íîãî çàðÿäà.
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