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Exam demo-version

1. (10%) Evaluate the following limit:

lim {/cos+/z

z—0

L . 1/z ) In(cos v/x . In(cos v/x
lim {/cosv/z = lim (cos \/JE) /w lim exp M =exp | lim M ,
x—0 x—0 x—0 X x—0 X
e ITOoCJIe/IHee PABEHCTBO UCIIOJIb3YET TEOPEMY O IIPeIe/IbHOM IIepexoie Jjisl HelpephIBHbIX MyHKImii. [lasee
HCIIOJIb3YeM pa3joxkeHne B psai Makiaopena.

In(cos vz) In(1—2 4% 4o(z?) -2 +o0(x)

x x x
CemoBaTeNIBHO,
1 1
lim n(cos+/r) _ L
z—0 xT 2
HO3TOMY
o 1 1
al}ll}I(l) cos\/T = exp (2> =7

2. (10%) Find and classify the discontinuity points of the following function:

f(x) =sgn (sin (g)) .

Touku, B KOTOPBIX jaHHas (PYHKIUS MOXKET UMETh paspbiB: & = 0, IOCKOJIbKY B HEll paBeH HYyJIIO 3HAME-
Haresb aprymenTa dbyHkmun, u Touku = 1/k, k € Z, IOCKOIbKY B HUX Sin (g) MeHsIeT 3HaK. B Todkax
x = 1/k,k € Z dyukuua umeer paspbIBbl IIEPBONO POJA, TaK KAK CYMIECTBYIOT HE DABHBIE MEXKIY CO-
6oit omrocToporHue npenesbl. Hampumep, paccmorpuMm k = 1. CyriecTByeT mpaBOCTOPOHHSIST OKPECTHOCTH
TOUYKH * = 1, B KOTOpO# yHKIMsA Sin (g) nosiokuTeabHa. B camom gede, mig x € (1,2) mMeer mecto
5 < T < m. Jljna Touek u3 3TOl OKPECTHOCTU MMeeM f(z) = 1, caenosarensro, lim, 140 f(z) = 1. C
JIDYTOil CTOPOHBI, CYIIECTBYET JIEBOCTOPOHHSAS OKPECTHOCTb TOUYKUA & = 1, B KOTOPO#l (byHKIMs Sin (g) oT-
puratenpia. B camom sere, ars o € (1/2,1) mveer mecto m < 7 < 27. JIjIsT TOWEK M3 9TOM OKPECTHOCTH
umeeM f(z) = —1, caenosaresnbno, lim,_,1_¢ f(z) = —1. AHajoruyable OKPeCTHOCTU MOT'YT OBbITH HAIEHBL

JJId BCEX pacCMaTPUBa€MbIX TOYEK.

B Touke x = 0 byuKIMsa nMeeT pa3pbiB BTOPOrO POJIA, ITOCKOIBKY HE CYIIECTBYET OJITHOCTOPOHHUX IIPEJIEIIOB.

HeicTBUTEIHHO, PACCMOTPUM TIOCTIEIOBATEIHLHOCTH Gy = H-%’ neNnb, = ﬁ, n € N, crpemsmuecs K

)) = sgn (sin (g+27m)) =1wu f(by) =sgn (sin( us )) —

3+4n
sgn (sin (37” + 27m)) = —1. Tem caMbIM OKA3aHO, YTO IIPABOCTOPOHHErO Ipeiea f(x) upu & crpeMsIneM-
¢ K HYJIIO He CYIIECTBYeT. AHAJIOTMYHO MOYKHO MOKA3aTh, YTO HE CYIIECTBYET JIEBOCTOPOHHErO TpeJiesia,
HaIIPUMEDP, PACCMOTPEB IIOCJIEI0BATEIBHOCTH —Gy U —by,.

Hyso cnpasa. Torma f(a,) = sgn (sin ( z
1

+4n

3. Let A, B and C be square matrix of size n X n. Prove the following statements or provide counterexample:
(a) (2%) If B = C~1AC, then det(A) = det(B)
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det(B) = det(C~1AC) = det(C~1) det(C) det(A) = det(C~1C) det(A) = det(A)

(b) (3%) det((A+ B)?) = det(A? + 2AB + B?)

=(on)r=(o1)

B stom ciiyuae det((A + B)?) = —2, no det(A? + 2AB + B?) = —3.

Hesepno, kourpmnpumep:

(c) (3%) det((A+ B)?) = det(A% + B?)

Hegsepno, kourpupumep: A = I, B = I. Toraa det((A + B)?) = 16, det(A4% + B?) = 4.

(d) (2%) If A is invertible, then (I + A=Y "1 = A(A+ 1)~}

1

(I+ A1) = (A4 4 A D) = (A+ DA = A(A+ 1)

4. Let S be the n x n «shipbuilding timber» matrix, i.e. the square matrix with all elements equal to 1.
(a) (2%) Express S? in terms of S

IlepemuoxkaeMm B J106:

n n
S-5= c | =nS
n n
(b) (3%) Find the eigenvalues of S
Homyctum, aro Sv = Av
Iomuozkum obe cropons! Ha S. IToxyuanm:
Sy = ASw
C npyroit croponsl S2v = nSv. 3uaunt:
nSv = ASv

Orcroma, mbo A = n, mubo Sv = 0, aro o3nagaet, 9To A = 0.

(¢) (3%) For each eigenvalue of S find at least on eigenvector

Pazbepémcst ¢ cobCcTBeHHBIME BEeKTOpaMu Jjist MaTpuibl S. Wmem cobcrBeHHbIl BeKTOp st A = 0.
ITomywaem, gaTo
(1,1,1,...,1)-v=0

SHaunT MOX0UT JIOOOH HEHYJIEBOI BEKTOD € CyMMON KOMIIOHEHT, paBHOIl Hyst0. Harpumep, momoiigér
v=(1,-1,0,0,...,0)

WNiem cobcTBeHHBIN BEKTOP st A = n. Bee cTpoku mMaTpunipl S OIMHAKOBBI, II0O9TOMY BCE JIEMEHTHI
BEKTOpa SV ONMHAKOBBI. SHAYNUT B ¥ JIOJKHBI OBITH OJUHAKOBBIE 9JIeMEeHThI. Hampumep, momoiaér

v=(1,1,1,1,...,1)
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(d) (2%) Find all the eigenvalues of the matrix A = al + bS, where I is the identity matrix.

Koryma mMbr gomHOX)Kaem MaTpuily S Ha 4mucjio b cOOCTBEHHBbIE YMCJIA JIOMHOXKAIOTC Ha b. Ecim mbr
npubaBJisieM KOHCTAHTY @ 10 JINarOHAJIM, TO COOCTBEHHBIE YHC/IA YBEJUYUBAIOTCS HA (. 3SHAYUT COO-
CTBEHHbBIE YUC/a MaTpulbl A pasHbl a + bn u a.

Kcraru, npu joMHOXKEeHUN MATPUILI S Ha KOHCTAHTY COOCTBEHHBIE BEKTODBI HE M3MEHSIIOTCs, PABHO
KaK ¥ P NPUOABIEHUN KOHCTAHTEI @ IO JIUATOHAJIM.

5. Solve the differential equation:

y/// _4y//+y/ _ 2.%‘2 4 1.

CHauaJia 3aIuIlleM pelleHre OJHOPOIHOro aud PepeHnnaabHOTO YPaBHEHNUS:

y/// _ 4y// + y/ —0.

CocTaBuM K HEMY XapaKTEPUCTUIECKOE YpPABHEHNUE:

A — AN+ N =0.

A =0, =2+V3X3=2—3.

To ectb 0bItIee permenne AuddEPEHIINATBLHOIO YPABHEHUST MOXKET OBITh 3aIlUCAHO KaK

y = C) + Cae™® + C3e™7, C1,05,C3 € R
Haitnem gactHOe pemrenne 3toro auddepeHnnaabHOro ypasHeHus. B qannoit 3a1a4ue — pe30HAHCHBIH CJTy-

4aii, nockosbKy (222 4 1) €” = 222+ 1. To ectb Gyiem nCKaTh YacTHOE peienne B Buge y = (az’+bx+c)w.
Torua,

y' = 3ax?® 4 2bz + ¢
Yy’ = 6ax +2b

yll/ — 6a

CrenoBaTesibHO,

6a — 4(6ax + 2b) + 3az® 4 2bx + ¢ = 222 + 1

3ax? + 2bx — 24ax + 6a — 8b + ¢ = 22% + 1.

Orcrona

6a—8+c=1
2b—24a =0
3a =2

I
—

Q OO
I
wolts 00 O
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ITosTomy obmee perenne auddepeHIIaILHOTO YPABHEHUST:

2
y = C) + Ce™2% 4 C3e™% + gxg +8z% + 61z, C1,C,,C5 € R

6. (10%) Solve the differential equation

20yy —y'Iny+y°>+Inx =0

HomuoxkuMm Ha dx
(v* +Inx)dx + (2zy — Iny)dy =0
Vo6exmaeMcs, 9TO 3TO YpaBHEHUE B TOJHBIX auddepeHIimaliax:

0, 5 0
8—y(y +1nx)—%(2xy Iny)

U permaem ero mo craHgapTHON CxeMme.

Haxomum naTErpan GyHKimn npu dr 1mo
F(z,y) = /y2 +Inzdr =2y® +z(lnz — 1) + C(y)
Tenepnr npupasusaenm dynxmmo npu dy u Fy (z,y):

2zy + C'(y) = 2zy — Iny

Orciona Haxomum C(y):
Cly) = /—lnydy =y(l—Iny)+C, te C € R
Nroro:

zy? +a(lnz —1)+y(1—Iny) =C, tae C € R

7. (10%) Find the points of maximum of the function

F (u,0) = Vi (Vi = 2) = Vi (i - 2).
given that /u <2, /v <2

1. BoimonngeM 3aMeHy IEPEMEHHBIX T = /U, ¥ = /v. Jlajiee myTeM HECTIOKHBIX aIrebpanvecKnx mpeod-
pa3OBANMI BHIPAZKEHHS 11 e 1eBoii dyHKIm mpusoauM ee K suay:G (z,y) = (z — 1)° —(y — 1)*+3.
IIpm sTOM orpanmvenus npuanMmaioT sug x € [0,2], y € [0, 2]

2. OmpejesisieM HaIUYME SKCTPEMYMOB BHYTPU ODJIACTH MTOUCKA, OMPEIEJIEHHON OrPAHNIEHUSIMHU.

9G (z,y) _ 9G (z,y) _ ?G(zy) (2 0
Toe 2Tl T =2l e, = o 2
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Ucnonbsyst kpurepuii CusbBecTpa, JErko nposeputhb, uro B Touke (1,1) y dyukuuun G(z,y) Her
9KCTPEMYMOB.
3. TlpoananmmsupyeM HAJINYIHE SKCTPEMYMOB Ha IPAHHUIAX OOJIACTH TIOMCKA.

Ipanuna{z =0, y € [0,2]}, G(0,y) =1—(y — 1)%. B rouxe (0, 1) 10cTHraeTCS MAKCUMYM pAaBHbIi
1, B KoHeUHBIX TOUKaX dyHKIUs pasHa 0.

Ipanuna {y =0, = € [0,2]}, G(2,0) = (z — 1)2 — 1. B rouxke (1, 0) mocTuraercst MUHUMYM DaBHBIH
— 1, B KOHEYHBIX TOYKaX (DYHKIHUsA pasHa (.

Ppanmna {z = 2, y € [0,2]}, G(0,y) = 1—(y — 1)°. B touke (2, 1) gocTHraeTCS! MAKCHMYM DaBHbI
1, B KOHEeUHBIX TOUKaxX DyHKIMsa paBHa (.

Ppammna {y = 2, z € [0,2]}, G(,2) = (z —1)° — 1. B rouke (1, 2) J0CTUrACTCAMUHIMYM PABHBIH —
1, B KoHeuHBIX TOUYKaX byHKIusA pasaa 0.

4. BossparaemMmcss K HATaJIbHOMY ITPE0OPa30BAHUIO.

Otser: Toukn makcumyma: (0, 1) u (4, 1)

Hemnonnas nonbiTka penmuTh 3a/1a4y He BBINOJIHSAS Ipeobpa3oBanne — He Oosiee 8 OAJIOB 33 BEPHBII OTBET.

8. Consider a function

1
f(x){xg, ifep <x<en

0, otherwise

(a) (5%) Find all ¢; and ¢z such that the function f is a density function for some random variable X

Yrobbr dyuKIN O6bLTa PYHKIHEH MTI0OTHOCTH:

2 Lde=1

C1

(b) (5%) Calculate the expected value and variance of the random variable X for co =9

Maremaruaeckoe O2KHJIaHHUe:

1 21
E(X) = / —zdr = / —dz =1n(9) — 1n(0.9)
0.9 % 0.9 %
Hucniepcust:
Var(X) = E(X?) — E(X)?
E(X?) = [}, Ha?de =9 0.9 =8.1
Var(X) = 8.1 — (In(9) — In(0.9))?
9. You have height measurements of a random sample of 100 persons, y1, - . -, Y100- It is known that Zzlg(i y; = 15800

and 312 y2 = 2530060.

(a) (3%) Calculate unbiased estimate of population mean and population variance of the height

Ouenka cpegaero: § = 15800/100 = 158.
Hecmeménnas oleHKa JUCIIepCHi

2 2 _ 2
52 Wi =B Dy —nym g
n—1 n—1
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(b) (3%) At 4% significance test the null-hypothesis that the population mean is equal to 155 cm, against

two-sided alternative.

Hab6smonaemoe 3uadenne Z-CTaTUCTHKI
158 — 155

Zo s — T/,
** 7 /340/+/100

=1.63

Kpuruaeckoe 3uatenne Z..;; = 2.05.
BriBos: runioresa Hy He oTBepraercs.

(c) (2%) Find the p-value

Haxomum o tabsune, 9To miomaab cupasa ot 1.63 npumepno pasua 5%. 3uaunt P-3sHavenune pasHO

10%.

(d) (2%) Find the 96% confidence interval for the population mean

WurepBan nmeer B

[158 — 2.05 - 1/340/100; 158 + 2.05 - 1/340,/100]

HUroro: [154.2;161.8]

10. Density function of a random variable Y is given by

o) = Hye v/ ify >0
¥I= 0, otherwise

You have 3 observations on Y: y; = 48,y2 = 50, y3 = 52.
(a) (4%) Using maximum likelihood, find the estimate of 6

HaXO)K,ZLeHI/Ie OIICHKM:

In(L) = S0, (~ In(6?) + In(y;) — %)

In(L) = ~2n1n(0) + 31, In(y;) — =5
ol _ _on , XEiu
99 n_ 0 _ 62 -
é\: 2 Vi _ 7
2n 2

IToxcrabiisist Hau JgaHHbIE, OydaeM § = 25.

(b) (3%) Is the estimator § unbiased?

HecmemennocTs:

Haiirém maTemMaTudeckKoe OXKuIaHUE Y;:
E(y;) —f+°°i 20-y/04
Yi) = Jo 92¥°€ Y
WaTerpupys 1mo 9acTaM, oIy daeM:

E(yi) = fo " e v/%dy
E(y:) = [, 2e7v/%dy
E(yz) =20
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Torna ]E(é) = % = §. Ouenka HecMeITeHHASI.

(3%) Calculate the variance of 0

Jlnst pacuéra mucnepenn Buraucaum E(y?):

I ( 2) — +Ooi 3e=u/0g
Yi) = 92y e Y

AHaJIOrnIHO TPEBIIYINEMY CJIydalo, HHTerpupyeM o dactsam. [loryaaem:

Torna

0

E(y;) = 66°

Var(y;) = 66% — 46% = 26>

W nucnepcust ornenku

~

Y
Var(6) = Var(i)

1
= n Var(y;) =

02

2n

Good luck!

T

xT

X

0.050
0.100
0.150
0.200
0.250
0.300
0.350
0.400
0.450
0.500
0.550
0.600
0.650

F(z)

x 0.700

0.520
0.540
0.560
0.579
0.599
0.618
0.637
0.655
0.674
0.691
0.709
0.726
0.742
0.758

0.750
0.800
0.850
0.900
0.950
1.000
1.050
1.100
1.150
1.200
1.250
1.300
1.350
1.400

0.773
0.788
0.802
0.816
0.829
0.841
0.853
0.864
0.875
0.885
0.894
0.903
0.911
0.919

1.450
1.500
1.550
1.600
1.650
1.700
1.750
1.800
1.850
1.900
1.950
2.000
2.050
2.100

0.926
0.933
0.939
0.945
0.951
0.955
0.960
0.964
0.968
0.971
0.974
0.977
0.980
0.982

2.150
2.200
2.250
2.300
2.350
2.400
2.450
2.500
2.550
2.600
2.650
2.700
2.750
2.800

0.984
0.986
0.988
0.989
0.991
0.992
0.993
0.994
0.995
0.995
0.996
0.997
0.997
0.997

Puc. 1: Distribution function of a standard normal random variable




