OsumMmnmaga AJisi CTYy/I€eHTOB U BBIMIYCKHUKOB IO HAIIPABJIEHUIO
«MareMaTuka»

IIpodunnu:
«Mathematics»
«MaremaTtudeckasi pusuka»

Bpemsa Bbinmosienus 3amanusga — 240 MUHYT

Kaotcdas u3 3adaw ouenusaemces u3 20 6aa108, ecau CYymma npesuviusaem
100, umoz npupasrusaemcs x 100 bassram.

FEach problem costs 20 points, if the sum exceeds 100, the result is equal
to 100 points.

. Obwasn vwactb / COMMON PART

Pewenus 3adaw 6 amoti 4acmu MOHCHO 3ANUCHIBAMD NO-DYCCKU UAU NO-GH2AUTCKU.

Solutions of the problems in this section should be written in Russian or English.

1. B urpy urpaer ogun urpok. Ou 6pocaer urpajibHyt0 KOCTb (KyOuK ¢ gucjiamu or 1
710 6 Ha rpaHsaX) naTh pa3. IrpoK BBIMTPHIBAET, €CJIM BCE BBIMABIINE YUCIa HE MEHbIIe
4, a ux cymMma He MeHbIe 25. HaiinnTe BepOATHOCTH BBIUTPBINIA, €CJIU BBITTAJIEHUE
KaxKJIOl U3 rpaHeil KyOuka IMpOUCXO/UT ¢ BEPOATHOCTHIO 1/6.

1. Consider the following dice game with one player. The player throws a die (a
cube with numbers from 1 to 6) five times. He wins if all values are at least 4 and
their sum is at least 25. Find the probability of the event “player wins” if all faces of
the die have probability 1/6.

2. OO0o3HAYUM CHUMBOJIAMHA Ty, T, ... , Ty KOPHH IOJIMHOMA

F(x) =25+ 223 + pz? + qv + 7,
rae p, q u r — 3aJaHHblEe BEIIECTBEHHLIC 9HCJIA.

a) Jlokaxkure, 94T0 NpU JIIOOBIX BEIIECTBEHHBIX P, ¢ U I MHOrOYIeH F umeeT KOM-
MIJIEKCHBIE HEBENECTBEHHBIE KOPHU.

b) Haiiure 3HavueHe BBIpasKeHUs
x} + x5+ xd + ot + 2l
2. Let xy,z,,...,z5 be the roots of the polynomial
F(z) = 2° + 22° + pa® + qv +r,

where p, ¢ and r are given real numbers



a) Prove that for any p, ¢ and r the polynomial F' has a complex non-real root.

b) Find the value of
x} + x5+ xd + xf + 28,

3. Bbruucimre KpUBOJIUHENHBIN HHTETPAJI

/P(-r, y)dz + Q(x,y)dy,

~

e dyuaknun P u () UMerT B

2 x2

4 Q(z,y) = wlog(x +y) —

x—i—y’

P(z,y) = ylog(xz +y) — o

a KOHTYP 7 C R? mpescrasisier coboil OTPE30K IapaMeTpHYecKy 33 JaHHON KPUBOit
z(t)=e'—1, y(t)=1—sin(t)

MeXK/JIy TOYKaMu, orBedatomumu t, = 0 u t, = 7/2.
3. Compute the integral

/P(r, y)dz + Q(z,y)dy,

¥
where P and (@) are given by

y? 2
, x,y) = xlog(x +vy) — ,
oy Q(z,y) g(z +y) o

P(z,y) = ylog(z +y) —
and v is the segment of the curve
x(t)=e"—1, y(t)=1-—sin(t)

between the points corresponding to t; = 0 and ¢, = 7/2.
4. Cymectpytor jiu Marpuiibl A u B pasmepa 2016 x 2016, Takue 9T0 MHOIOYJIEHbI
orT A u B mopoxKIaiT MOAIPOCTPAHCTBO PA3MEPHOCTH

a) 2042;
b) 20162,

4. Do there exist matrices A and B of size 2016 x 2016 such that the set of
polynomials of A and B generates a subspace of dimension

a) 2042;

b) 20162.



Il. CNEUUANBbHAA HACTb / SPECIAL PART

B coomeemcmeuu co c80um 8blOOPOM MPOZPAMMBL Ma2ucmepcroli nodzo-
MoBKU 68blbepume U 8bINOAHUME MOALKO 00UH U3 caedyrouwur b6.a0k08 3a-
daHutl cneuuasvbHot 4acmu.

Since you are applying for the “Mathematics” progam, solve only the
problems from the first block.

Block 1 «Mathematics»

Solutions of the problems in this section should be written in English.

1. Let f be the 10th iteration of the map 2z  2z?+2. Find the number of connected
components of the set f~1(D), where D = {2 ||z] <10}.

2. Let F, be the free group with two generators. Prove that the commutator
subgroup of F, is not finitely generated.

Bnok 2. « MatemaTtunuyeckas punsnka»

Pewenusa 3adaw 6 amoti wacmu caedyem 3anucvi8ams no-pyccru.

1. OgHOpPOIHBII TOHKMIA KECTKUIT cTep:KeHb JAIuHbI £ 1 Maccbl M MoxkeT 6e3 TpeHus
CBOOOJTHO JIBUTATHCA B TOPU3OHTAJBLHON T1ockocTh. Ha KOHIax cTepKHs 3aKperieHbl
TOYEYHbIE MaCChL M.

a Ompenenure 9UCIO CTeneHeil cBOOOIBI JAHHON CHCTEMbBI, BBEIUTE COOTBETCTBYIO-
e 00ODIEeHHbIE KOOPANHATHI M COCTABHTE JIArPDAHKUAH CUCTEMBI.

b Hamumure jarpankeBbl ypaBHEHUs JIBU2KEHUsI B TEPMUHAX BBIOPAHHBIX 0000-
IIEHHBIX KOOPJIUHAT.

¢ Hamummnre Boipakennst 171 HHTEIPAJIOB JBHKEHS JAHHON CUCTEMBI (€CIIN TaKie
MMEIOTCS).

2. Toueunsblil JIEKTPUYECKHIT 3apsi]] ¢ IIOKOUTCs Ha ocu Oz JeKapTOBOi IPIMOYTOJIb-
HO¥ CUCTEMBI KOODJMHAT HA PACCTOSHUE ¢ OT IIOCKOCTU £y, KOTOpasl IPEJICTABIISIET
c000i1 OECKOHEYHYIO ITPOBOALANIYIO IJIACTUHY .

1. Haiigure MOIy/b 3/I€EKTPOCTATUYECKON CHUJIBI, JEUCTBYIOIIENH HA 3aps] .
2. Haiimure moTeHIMAIBHYIO SHEPTHUIO B3aMMOJENCTBUS 3aps/ia U IJIACTUHBL.

3. Haiiure BhIpazkeHue OBEPXHOCTHOI IIJIOTHOCTH 3apsifioB o (T, Y ), WHILY IIMPOBaH-
HBIX HA [POBOJIAINEH IJIACTUHE B TOYKE ¢ KOOpAUHATAMU (T, ).



