Omumnuana HY BIIID nnas cTyeHTOB U BBITyCKHUKOB — 2016 1.
o HanpasJyieHnio 01.04.02 «IIpukiagHasa maTeMaTuka u MHOpMaTUKa»

ITpoduns 020 «IIpuknagnass maremaTuka u nHOPMaTUKA»

Bpewms BbimosiHenusi 3aganusi — 240 MuH.

Pertenust omuMnuaHbIX 3a0aHuii JOIKHBI O6ITH Solutions should be written in English or Russian
language. Each problem costs 10 points, maximal

3anMCcaHbl O-PYCCKU WJIA To-aHTyiniicku. Kaxk-
Jas 3aaadva oneHnBaercda n3 10 6aioB, Makcu-
MajibHasi cymMmma — 100 6as11oB.

1. Oupenenure, Ipyu KaKUX 3HAYEHUAX «, 3 CXOIUTCH
CJeAYIOINNA UHTEerpaJl:

o0

Time to complete the task is 240 min.

sum is equal to

100 points.

1. Determine for which «, 8 does the following integral
converge:

/ z%(Inxz)’dx.

1

2. Beruuciure npousBonuyio f,(x) permenus F,(x)
(hDYHKIIMOHAIBLHOTO PEKYPPEHTHOTO COOTHOIIECHUST

Fo(z) = Fo_1(z) + 2F,—2(x) + 2" (3nz — x — 3/2),

3. s muddepeHImabHOrO ypaBHEHUS

2. Compute the derivative f,(z) of the function F,(z)
given by the recurrence relations

Fo(ZE) = 1,F1(JU) =+ 3
3. For the differential equation

42y’ + Tx = by

Haiijure Bce pemtenus Y(r), SABJIAIONMECS OIPAHU-
YEHHBIMU IPpU T — +00.

4. Jlokaxkure, 9TO HE CYNIECTBYET CaMOIBOWCTBEH-
HBIX (DYHKITHI:

n
f( )(.Z‘ Tyesey
CYIIECTBEHHO 3aBUCAIIMMNX B TOYHOCTH OT JABYX IIepe-
MEHHBbIX.

5. Jlokazkute opMyry cBepTKu BamaepMomnia:

k=—o0

npn ycsosuu, uto (1) =0 qis k<0 wm k> n.

6. O6o3HAYMM KOJIMIECTBA BEpINUH, pebep u rpaneit
(uacreil, Ha KoTOpble pebpa PaszbuBAIOT IIJIOCKOCTD,
BKJIFOUasl BHEIITHIOKO YaCTh) CBA3HOTO INIAHAPHOTO TPa-
da gepes V', E u F coOTBETCTBEHHO.

JlokaxkuTe, 9TO JjIsd CBS3HOTO ILIAHAPHOTO rpada
2E>3F upu E > 1.

HokazkuTe, ITO CBA3HBIN Tpad 6e3 meTesab u KpaT-
HBIX pebep Ha 10 BepmmHaX, CTEIIEHb KaXKI0H M3 KO-
TOPBIX PaBHA 5, HE MOXKET ObITH U300pakeH Ha IJIOC-
KoCTH 0e3 caMonepeceveHuii.

Tn) =

> (),

find all solutions y(z) bounded as z — +o0.

4. Prove that there is no self-dual functions:

f(n)(ﬂ7 R 7@)7
that is essentially dependent exactly on two variables.

5. Prove the Vandermonde convolution formula:

ik) B <ﬂi>

with (Z)EO for k<0 or k>n.

6. For a connected planar graph denote the quantities
of vertices, edges and faces (parts into which the plane
is divided by the edges, including the outer part) by
V', E and F correspondingly.

Prove the inequality 2E > 3F for a connected
planar graph with £ > 1.

Prove that the connected graph without loops and
multiple edges that consists of 10 vertices of degree 5
cannot be drawn on the plane without self-intersections.
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Cpenu chaenymoomux 3a4ad peliuTe HE MeHee
yeThIpeXx. B 3adyer BaM moiigyT dYeTbIpe Jyd-
OINX pellleHusd.

7. HaﬁﬂHTe BC€ BEIICCTBCHHDBIC DECHICHNST YDABHECHU A

Solve at least four of the following problems.
Up to four best solutions will be graded.

7. Find all real solutions of the equation

y'V — 8y 4+ 16y = €2* + 6z sinz.

8. Hokazxkure ipu 1 > 1 TOXKIECTBO

x
1
” 0

(—1)”6% d e_% =
dx™ 0
0

9. auw! x4, ..., T, . Haiiqure cocToaTeIbHYIO TOUEY-
HYIO OIIEHKY mapamerpa 6 Jijisi TUIIOTE3bI O PABHO-
MEPHOM DACIIpe/ieJieHnn JTaHHbIX B uHTepBase [0.0].
dBastercst i OHA HECMEIIEHHO!?

10. Broisicaure mMaTeMaTHIecKOe OXKHIAHUE CJIydaii-
HOIl BeJIMYMHBI, UMEIOIIeil (DYHKIUIO IIJIOTHOCTH:
L(arctanz)’.

s

11. Cronpkumu crocobaMy MOYKHO 3aMOCTUTD Ips-
MOYTOJIbHUK BBICOTBI lu JJIMHBI 1, UCIIOJIb3Yy4 ILJIAT-
KU BBICOTHI 1 CJIEAYIOINUX BUIOB:

12. INmeercsa mupamMusia ¢ N KOJBIIAMU BO3PACTalO-
MAX Pa3MePOB, HACAyKEHHBIMHU Ha CTEPKEeHb, U eIle
JIBa IIyCTBIX CTEPXKHS TOU Ke BBICOTHI. Pa3pernraercs
MIEPEKJIAJIBIBATD BEPXHEE KOJIBIIO C OJHOTO CTEPIKHS
Ha JIDYTOil, HO PN STOM 3alPEIaeTCs KJIACTh 00JIb-
Iree KOJIBIIO Ha MeHbIee. J{okazKuTe, 9T0 MOXKHO TIe-
PEJIOKUTDH BCE KOJBIIA C IEPBOTO CTEPXKHS HA OJIMH
U3 IyCTHIX CTeprKHel 3a 27! mepexiaIbIBaHMIL.

13. Iy mabopa C = {(X(4),Y(¢)): 1 <i < N} ro-
Y€K Ha IJIOCKOCTH IIPUBEJUTE IICEBIOKO AArOPUTMA,
BBIYUCIIAIONIEro napy Touek u3 C', paccrosiHue Mex-
JIy KOTOPBIMU MUHUMAJIBHO.

14. Ina wadopa C = {(X(4),Y(¢)): 1 <i < N} ro-
YeK Ha IJIOCKOCTH IPUBEIUTE IICEBIOKO AArOPUTMA,
BBIYUC/IAIOIErO BBIIYKIYIo 060s104ky C'.

n—1 0 0 ... 0
T n—2 0 0
1 T n—3 0
0 1 T 0
0 0 0 1 =z

8. Prove the identity for n > 1

9. For a given data z1,...,z, find a consistent point
estimation of the parameter 6 for the hypothesis of
a uniform data distribution in the range [0,6]. Is it
unbiased?

10. Find the mean value of random variable with the
following density function:

1 (arctanz)’.

11. How many coverings of the rectangle with height
1 and length n exist, if we use only tiles with height
1 of the following types:

12. There is a pyramid of n rings of increasing sizes
stacked on a bar such that the largest ring is at bottom,
and two empty bars of the same height. The allowed
moves consist in moving the top ring from any bar to
another, provided that a bigger ring is never put on
top of a smaller one. Prove that the full stack of rings
can be moved to a different bar in 2"~ moves.

13. For a collection C' = {(X(7),Y()): 1 < i <
N} of points in the plane give a pseudocode of an
algorithm that calculates a pair of points in C' that
have the smallest distance from each other.

14. For a collection C' = {(X(7),Y(9): 1 < i <
N} of points in the plane give a pseudocode of an
algorithm that calculates the convex hull of C'.
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