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Variant A

1. (10%) Evaluate the following limit:
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Paznoxxum B psag Makiioperna yHKIIAIO O JTOTapudpMOM:

2
siny+cosy=1+4+y— L + o(y?).

2
Torua
In (siny + cosy) = y + o(y).
CienoBare/ibHO,
1
lim — In (siny + cosy) = lim y+oly) =1
y—=0y y—0 Yy
U [TO3TOMY
1 .
exp [ lim —In (siny + cosy) | =e.
y—=0y
PaszbastoBka

e B OOJILIIIMHCTBE CJIy49aeB NH/IUBUAYaJIbHA

e mrpad 3a apudmMerndeckyio onmbky — 1 6ast

2. (10%) Find and classify the discontinuity points of the following function:

SuamMeHaTe M 00paIamTcd B HOJIb B Toukax -1, 0, 1, ciemoBaresibHO, B 9TUX TOYKAX (DYHKIUS HMEET
paspeiBbl (3 G6amwia). Yrobbl KiaaccuduUupoBaTh ITU TOUYKH, PACCMOTPUM COOTBETCTBYIOIIUE IIPEJIEJIbL:

1
r(x . - 1
lim f(z) = lim ( 1+1) = lim x(aril)w €{-1,0,1}.

— — —

o=y =Y sy eova(@+1)

DroT npesesn konedeH B Toukax y = 0 u y = 1 u Oeckoneden B Touke y = —1. CaenoBarenbuo, 0 u 1 ectsb
TOYKM yCTPAHMMOIO paspbiBa (HepBoro poza), -1 ecrb Touka GeckoHeuyHOro paspbiBa (Broporo poma) (7

6aJLI0B).

3. Let S be the n x n «shipbuilding timbers matrix, i.e. the square matrix with all elements equal to 1 and I be
the n X n identity matrix. Let A = al + bS where a and b are scalar parameters.



(a) (7%) Find the inverse of A if it is known that it exists and can be represented as a linear combination of
I and S

Iomyctum obparnas Kk A marpuna nveer sug A~! = ¢l + dS.
(al +bS)(cI 4 dS) = acl + (ad + bc + bdn)S

Yrobsl 3TOT pe3y/IbTaT PpaBHAJICA I mam HY2>KHO YTOOL:

ac=1
ad + bc+ bdn =0

Bripaxkaem ¢ u d gepe3 a u b:

c=1/a

d= —b/(a®+ abn)
Uroro,
b

At=q¢g '] - —~
“ a? + abn

(b) (3%) Using your result in previous part or otherwise find the inverse of

-1 1 1 1
1 -1 1 1
1 1 -1 1
1 1 1 -1

Bnecy A = —21 + S. 3nagur

—-0.25 0.25 0.25 0.25

1 025 —025 025 025
-1 _ ot e
AT =051 = =S = (or 025 —025 0.25

0.25 025 025 —-0.25

Kcratn, A=1 = A/4 ;)

Pasbasmoska:

e Apudmerndeckas omubKa MpU HAXOXKJICHUNA OOPATHON MaTpuIsl — mrpad B 1 6asmn

e Yuomunanue Kakoro jmbo crocoba (6e3 mosejennst 10 KoHi@a) — 1 6awn

4. Matrices A, B and M are n X n real matrices, A’ denotes the transpose of A, I is n x n identity matrix.

(a) (5%) Solve the matrix equation for Y and simplify the answer
AN tA2-B=M.

You may assume that all necessary inverse matrices exist.

A (Y)Y 'A2=B+M
(V)" A2 = () (B + M)

(Y/)—l _ (A/)—l (B + M) (Az)*l




v = ()7 (B + M) (A?)*l)*1
Y' = A2 (B+ M) " A
Y =AB + M) (42)
Pazbasioska:

e 3a MOJIHOCTHIO KOPPEKTHOE perlenrne — H OasLioB
e 3a KOppPEeKTHOe, HO He IMOJTHOCTHIO YIIPOIIEHHOE ypaBHeHne — 3 Oasuia

° HeKOppeKTHbIe penieHnsi OEeHNBAOTCA MHANBUIYAJIbHO

(b) (5%) The matrix H is m X n real matrix of full rank with m > n. The matrices X and Y are defined by
X=H(H'H)'H and Z =1— X. Prove that X = X' = X? and Z = 7' = Z°.

Ioxkazkem, ato X = X'

/ /
X' = (H (H’H)_lH’) — (" ((H’H)_l) H =0 ((H’H)’) H =H(HH) "H =X
Jokaxem, ato X = X2
X=X - X=HHH) 'H -HHH) 'H=HHH "H=X
Hoxazxxem, uro Z = Z'
/ / -1\ / /
Z' = (I—H(HH) H) ' - X'=1-X

JokaxkeM, uto Z = Z2

22=2-2=(I-X)U-X)=T-T-1-X-XI+X X=I-X-X+X=1I-X=2Z
Paszbasuoska

e 3a mokazarenabcTso Z' = Z — 2 Gajuia

e 3a J0Ka3aTeIbcTBO Z = Z2 — 1 Gasun

e 3a sokazarennbcTtso X = X' — 1 6asn

e 3a moxazarenpcrBo X = X2 — 1 6amt

5. (10%) For all values of a find and classify the conditional extremum of

—6a%y + 12azy — 9ay? + 2ax + 18zy? — a
G(z,y;a) = S ia

subject tox +y =1

IIpezx e Beero, ormernm, uto y dbyukimn G (v, y; a) ecTh 0COOEHHOCT Ha MPAMOIT i = §.




IIyTem HeCIOXKHBIX Pe0OPA30BAHMI YNCANTENA JAHHON (DYHKIMY ee MOXKHO IIPUBECTU K BUILY

(2z —a) 3y + a)2

G (v,y;a) = By+a)

a
=Q2r—a)(3y+a), y# 3
Hasee, mesraeM 3aMeHy MEPEMEHHBIX U = 2T — @, U = 3y + @ U MEPEXOANM K MPOCTOI 3aajde Ha yCJIOB-
HBIl 9KCTPEMYM — IPOAHAJIM3UPOBATH HAJIMYME M THII YCJIOBHBIX 9KCTpeMyMoB y dbyukiuu G (z,y; ; a) upu
ycioBud, 910 3u + 2v = 6 — a. Perntenne MOYXXHO Oy YUTD JIIOOBIM IIyTEM — IIOJICTAHOBKOM MJIU C IIOMOIIBIO

Merona MHOXKUTesel Jlarpamxka. OtBer © = 6;25‘17 Yy = 6;;’“ — rouka Makcumyma. Onnaxo, y # 5. 910
ycaoBue OyleT HapyIIaThCs, eCJIn 6;5’“ = §. PaBeHcTBo BbINOJIHAETCS TIPU @ = % = % . Takum obpaszom,

GbYHKIMS UMEEeT YCIOBHBII MAKCHUMYM DA BCEX 3HAUEHUSIX ITapaMeTpa KpOoMe IByX Tpereil.

Paszbasoska:

e OrcyTrcrBHe yKasaHUs Ha HAJUIHE OCOOEHHOCTH Y MCCAeIyeMoi (DYyHKIMM — OIEHKA 3a[add He IIpe-
BLIIIACT IATU OAJLIIOB

e Pemenne 6e3 mpeBapuTeIbHOIO TPEOOPA30BAHUS IUCIUTEIS — CHIUXKEHUE Ha JiBa Oajia

6. (10%) Solve the nonhomogeneous differential equation of the fourth order:

"

Yy —3y" + 4y’ = 4cos2x

Cravajia 3aIuIineM perreHue oJJHOPOIHOro i epeHITNAIBHOTO yPaBHEHMSI:

1

y" =3y + 4y = 0.

CocraBuM K HEeMY XapaKTEepUCTUYIECKOe YpaBHEHUE:

M 3314 =0.

OueBnHO, 910 A1 = 0 SABJISIETCS KOPHEM.
Torna moyunM ypasrenue \> — 3\2 +4 = 0.

MeTo10M 110100pa MOXKHO YBUIETDH, YTO KOPHEM ITOIO YPABHEHUS ABJISETCA -1. 3HAYUT [10/Ie/IUB BBIPAKEHIE
A3 — 302 + 4 ma A + 1 nomyunm Berpazkerne A2 — 4\ + 4.

Torma xopusMu OyayT Ay = —1, A3 = 2, A3 = 2

To ectb 0bITIee pemenne AuddEPEHIINATBFHONO YPABHEHIS MOXKET OBITh 3aIllUCAHO KaK

y = C1 + Che 1% 4 C3e** + Cyze®®,
rme C1, Co, C3, Cy — TpOU3BOJbHBIE JEHCTBUTEILHBIE KOHCTAHTHI.

Haitnem wactHoe pemrenne 3toro auddepeHnnaabHOro ypaBHeHus. B mannoit 3a1ade — Hepe30HAHCHBIHT
cJIydaii, IIOCKOJIBKY BCE KOPHH SIBJIAIOTCS JefCTBUTEbHBIMU. 10 ecTh OyJieM HCKATh YACTHOE PEIIeHHue B
BHUAE Y = a - sin 2z + ¢ - cos 2x. Torma:

Yy = 2acos 2z — 2csin 2x

Yy’ = —4asin 2z — 4ccos 2z

y"" = —8acos 2z + 8csin 2z




y""" = 16asin 2z + 16¢ cos 2x

CrenoBaresibHO,

16a sin 2x + 16¢ cos 2z — 3(—8a cos 2z + 8c¢sin 2x) + 4(2a cos 2x — 2¢sin 2z) = 4 cos 2x

(16a — 32A) sin 2z + (32a + 16¢) cos 2z = 4 cos 2x

Orciona:
16a —32¢c =0
32a + 16¢c = 4
a=2c
2a+c:%
1
(s
C:%

TlosTomy pernerre HEOIHOPOTHOTO AudpHEPEHINATLHOTO YPaBHEHUS:

1 1
y = Cy + Coe 1% + C3%® + Cyze®® + 10 sin 2x + 20 cos 2z,

rie Cp, Cy, C3, Cy — nNpou3BoJIbHBIE JIECTBUTEIbHBIE KOHCTAHTHI.
Pasbamoskas:
e 3a cocraBjieHHE XapaKTEePUCTUIECKOIO yPaBHEHUs JIJIsl OJJHOPOJHOIO ypaBHeHUsT — 2 GaJuia
e 3a pacder KOpHeli XapaKTepUCTUYECKOTO ypaBHEHUsT — 1 GaJut
e 3a zammch ob1ero penteHust audGEepeHIMaJIbHON0 ypaBHeHHsT — 2 0aslia
e 3a rojiyueHne 4acTHOro pelnenust — 4 6aJiia
e 3a 3ammch UTOINOBOIO pelleHns — 1 GaJul

e Apudmernyeckas omubka — mrpad 1 Gaswn

7. (10%) Solve the differential equation

y' +zy = 2zy
PasesuM ypapHeHue Ha i>
vy 4+ ay =22
CremaeM 3ameny z =y~ !, Torma 2’ = —y'y 2 u

—2 4z =2

Samena OblLIa ONACHOMW, IIPOBEpsieM u yoexkmaeMcs, 9To y = 0 — 3T0 perieHue.
Pemum ogropoanoe ypasnenue 2z’ = xz:
Paznensem nmepemenubie:

z
— = xdx
z




2
Perternem oHOPOIHOrO sABJsteTCs DYHKIMS Zhom () = ce® /2,

Janee MOXKHO MO0 pelIaTh ¢ MOMONILIO BapUAIMK IIOCTOSHHOM, HO IPOIIE yraJaTh YacTHOE PEHIeHue B
BHJe KOHCTAHTEL: Zp; () = 2.

Orciona, z(z) =2 + ce”’ /2

y(z) = 1
2+ce“"'2/2

Ecau perrenune ciemyer ykazanHoil cxeme, TO pa3daJIIOBKa TaKast:
e 3aMeHa — 3 OasLia
e ocoboe pemrenne y = 0 — 1 6asn
® pellleHne OJHOPOJIHOTO ypaBHeHusT — 4 GaJuia
e yacTHOe pernrenne — 1 Gasur

e KOMOUWHHMPOBAHME BCETO B OTBET — 1 OaJit

Ecmu pemrenne unér mo apyroit cxeme, To0 pasdasioBKa WHINBHUAyaJbHA. B jiloboM cirydae, mMOTHBIN Oast
MOKHO TIOJIYYUTh BHE 3aBUCHMOCTH OT CXE€MBI DEIeHUSI.

8. The great wizard Theodore of N-sk knows that aliens spy on him! There are two alien satellites (the red one
and the blue one) and one alien battleship flying around the Earth. Aliens can attack Theodore and try to
steal his magical power: the red satellite will succeed in stealing with probability 0.1, the blue with probability
0.2, the battleship with probability 0.9. If there is more than one spacecraft, they attack him independently
and simultaneously. It is possible that more than one spacecraft succeed in stealing his power. Aliens have one
problem: satellites can attack only when they are flying above Theodore (it happens with probabilities 0.7 and
0.4 for red and blue satellites, respectively), and battleship can attack if both satellites are above Theodore and
can not attack in other cases.

(a) (1%) What is the probability that the battleship can attack Theodore?

On MOKeT aTakoBaTh, Korja oba ciryTHHKa IIpoJieraloT Haj Teomopom. Beposraocts: P(two satellites) =
P(red) - P(blue) = 0.7-0.4 = 0.28.

(b) (2%) What is the probability that aliens will steal the power of Theodore, if there are two satellites above
him?

P(will steal) = P(at least one succeeded) =1 — P(no one succeeded) =1 —0.9-0.8-0.1 = 0.928

(¢) (2%) What is the probability that exactly one satellite is flying above Theodore?

P(one) = P(blue) - P(no red) + P(red) - P(no blue) =0.4-0.3+0.7-0.6 =0.12 + 0.42 = 0.54

(d) (2%) Theodore knows that there is at least one satellite above him. What is the probability that the
battleship can attack him?

DTO BEPOSATHOCTH TOTO, UYTO HAJ, HUM JIBA CIIyTHUKA IIPHU YCJOBHUH, 9TO €CTh XOTd Obl omma. Torma 1o

dopMmyste yCIOBHONW BEPOCTHOCTHU:

. _ P(2 satellites N at least 1 satellite) _ P(2 satellites) __ 0.7-0.4 _ 0.28 __
P(2 satellites|at least 1) = P(at least 1) = Platleast1) — 054+0.704 — 082
0.341

[o]

(e) (3%) Someone has stolen the power of Theodore. What is the probability that only the red satellite
succeeded?




BepositHOCTB TOrO, 9TO ¥ HEr'O YKPAJLYT CHILY:

P(S) = P(no satellites) - P(S|no satellites) + P(only red) - P(S|red) + P(only blue) - P(S|blue) +
P(both) - P(S|both)

B gucnax:

P(S)=0.3-06-0+0.7-0.6-0.14+0.3-04-0.2+0.7-0.4-0.928 = 0.326

TobKO KpacHbIi cMOT — JIUO0 KOTJIa OBLT TOJBKO KPACHBIH, JTuO0 Koraa ObLIn 00a, HO CHHUIT 1 KOpadJIb
ue cmorutu. Torma:

P(only red succeeded) = 0.7-0.6-0.14+0.7-0.4-0.1-0.8-0.1 = 0.04424

Toryia nckoMasi BEpOSITHOCTb:

P(only red|S) = %2224 = 0.1357

9. Manager desires to estimate the expected value m of the demand for apples. The firm operates n points of sale.
Let’s denote the demand in the points of sale by X7, Xo, ..., X,,, the average demand by X and the sample
variance by S2.

From the previous experience it’s known that the distribution of Z = \/ﬁ)f/;%l is not normal but is well
approximated by the density function:

0, z< —a
1241, —a<z2<0
—%z +1,0<z2z<a

0, 2>a

(a) (7%) Find the length of the shortest 90% confidence interval for m in terms of a

f2) =3

, for some a > 0.

W3 ycnoBus 3a/1a4u CcjieayeT, 9YTO B JAHHOM CJIydae JIIs IIOCTPOEHUs JTOBEPUTEIHHOIO UHTEPBAJIA, CJIe-
JIyeT UCIOJIb30BaTh METO/T IEHTPAJIbHON cTaTUCTUKU. B KavyecTBe MeHTpaIbHON CTATUCTUKH, OYUEBHTHO,
— o Y_m [y

cJIeJIyeT UCIOoIb30BaTh GyHKIHIO G (X ,m) = \/HW, r7e N — BO3MOXKHOE KOJIMYeCTBO n3MepeHuii. B
JIAHHOM CJIy4ae 7 — KOJIUIECTBO ToUeK Ipojaxk. OHa 3aBUCUT OT HEU3BECTHOIO IIAPAMETPA 1M, IIPH KaK-
JIoM 3HadeHnn X 9TO MOHOTOHHAsi (DYHKIUs OT JIAHHOTO MapaMeTpa U ee pacipejiesienne abCcoTI0THO
HEIIPEPBIBHO U HE 3aBUCUT OT M.

Ilar 1. O6muit Bua Kpardyailmero JOBEPUTEILHOrO NHTEPBAJIA (BO3MOYXKHO, U3BECTHBIA (akT

)
B cooTBeTcTBHE € BHIOPAHHBIM METOIOM TTOCTPOEHHUS JOBEPUTETHHOTO HHTEPBAJIA OH YPOBHS JTOBEPUS (X

nMeeT BuI: A\, (Y) = (Y — @gl, X+ %gg), rie g1, go — pemienus ypasaenus F (go) — F (g1) =

n
fg912 f(z)de =a, F(.), f(.)— dysruusa u mwiorHocts pacupesenenus G (Km) [LroTHOCTD pacmpe-
JleJIeHWsl yKa3aHa B OCTAHOBKe 3ajaqu. JIJIMHA J0BepUTEIHbHOrO NHTEpBaia uMmeer BuL:l, (91, g2) =

vs?

2 (Y [y .
(92 —91) NI Takum 06pa3oM, JJIst TOTO ITOOBI HAWTH UHTEPBAJ C HANMEHBIIEH JTMHHON, HeOOX0INMO

permuth 3a189y: Iy (g1, g2) — min, upu ycaosuu, uro F (g2) — F (g1) = a. IlockosbKy pacnpeieserne
HEHTPAJbHON CTATUCTUKA CUMMETPHYHO OTHOCUTEILHO HYJIs, UCIIONL3Ys METO MHOKHUTeNel JlarpaH-
1+a

Ka, HECJIO?KHO HOKA3aTh, UTO g1 = —@2 U g2 — KBAHTUIb IOPAJIKA —* pacupegenenus F (.).

[Tar 2. Beraucnenne rpanuil J0BEPUTETHFHOTO HHTEPBAJIA

Ucnonszyst dopMysty Jjist IJIOTHOCTH PACIIPE/IEIEHNS U3 IIOCTAHOBKHU 3312491, HECJIOYKHO ITOJIY YU Th B
bYHKIINU pacipeie/IeHnsT:

0, z< —a
%(§+1)2, —a<2z<0

F(z) = 2
1
1-3(2-1)",0<z2<a
1, z>a
2 2
U3 onpejesieHns: KBAHTUIM CJejyer, 4To 1 — %(%2 — 1) = 1+20'9, T.€. (%“ — 1) =01wu g, =

a(14v0.1).
Takum O6pa3OM, JJIMHa KpaT‘{afILHeFO JOBEPUTEJIbHOT'O UHTEPBaJIa JJIgd 71 TOYEK IIPpOJazK MMeeT BUJI:

Io (g1, 92) = a (14 V0.1) \/ﬁ




(b) (3%) Describe what happens with the length with the increase of a

C Bo3pacranmeM a JjIMHA WHTEPBAJA OY/IET BO3PACTATD.

10. Random variable Y is uniformly distributed on [a, b].

You have 5 observations on Y: y1 =yo =y3 =ys = 4,y5 = 9.

(a) (4%) Calculate first and second raw sample moments and sample estimate of population variance

[epsrrit MomenT: Y = 25/5 = 5 (1 6amn)
Bropoit moment: Y2 = (64 + 81)/5 = 29 (1 6amn)
Bribopounag onenka guctepcun (2 6asia):

&Q_Z(yi—g)2_1+l+1—|-l+16_
= - - 5 -

4

(b) (6%) Using sample mean and sample variance calculate method of moments estimates of parameters a

and b.

HaXO,D;I/IM NCTUHHBIC 3HAYCHUA MOMEHTOB!

Maremaruueckoe OXKHNJJaHUeE:

Hucnepcus:

ITomygaeMm cucremy:

Pemras eé, momyaaem:

May the Force be with You!




