Oaumnuana aJs CTyJIeHTOB U BbINYCKHUKOB 2017 r.

JleMOHCTPAMOHHBIH BAPHAHT U MeTOANYECKHE PEKOMEH AN
o HampasJieHuo «MaremaTukay

IIpodnan:
«Mathematics»
«MaremaTnyeckasa pusnKa»
JEMOHCTPAIIMOHHBINT BAPUAHT
Bpemsa BbinoJsienud 3aganusg — 240 MUHYT
Kaotcdas u3 3aday oueHnusaemcs u3 20 6a4108, ecau cCymma npeswviusaem

100, umoe npupasrusaemcsa £ 100 basram.
Each problem costs 20 points, if the sum exceeds 100, the result is equal

to 100 points.

. Obwasn vacte / COMMON PART

Pewenus 3a0ay 6 9moti 4acmu MOHCHO 3GNUCHIEAMD NO-PYCCKU UAU NO-AH2AUTCKU.
Solutions of the problems in this section should be written in Russian or in English.
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Pewenue. Ilockonbky n < 3", umeeM n» < 3, a 3HAYUT,

1 S 1
n »n 371.

Kak n3BecTHO, rapMOHUYECKUH DT Y | % PACXOIUTCS. 3HATUT, IO MPU3HAKY CPABHEHUS
HaIll pdaj TOXKE PACXOIUATCA. [



Solution. Since n < 3", we have nw < 3, hence

1 - 1
Recall that the the harmonic series Z% diverges. Therefore, the above inequality
implies that our series diverges as well. ]

2. Ilycts G — komeunas rpynna, a « : G — G — aBromopdusm rpytibsl G, TaKoi
9T0 (¢(T) = T TOJIBKO €CJIU T SIBJISIETCS €MHUIHBIM 3j1eMeHTOM. JloKkazkure, 4To BCIKUit
3J1eMeHT Tpynibl G MOXkKeT ObITh IMpeJICTaByeH B Buje T a(x), rae z € G.

2. Let G be a finite group, and o : G — G an automorphism of G such that a(z) = x
only if = is the identity. Prove that every element of the group G can be represented
in the form x 'a(z), where x € G.

Pewenue. dokaxkewm, uaro orobpaxkenune [ : G — G, 3amanHoe dhopmyioit f(x) =
x ta(x), Guektusno. s 3TOrO JOCTATOYHO MOKA3aTh, YTO OHO MHbLEKTUBHO. JloImy-

crum, B(z) = [(y). Torma
OTKy1a

[Tockonbky o — aBTOMOP(MU3M, UMEEM

1\ 1
a(zy ™) =ayh
CrenosaTesbHO, Ty 1 = €, TO €CTh T = .

Wrak, orobpazkenue 3 MHBHEKTUBHO, a 3HAYUT, OMEKTUBHO. O

Solution. Consider the map 8 : G — G given by B(z) = z 'a(z). We need to prove
that (§ is surjective. Since G is finite, it is enough to prove that f is injective. Suppose
that f(x) = B(y). Then

hence

Since « is an automorphism,
a(zy ) =ay .
Thus zy ! = e, therefore z = v.
Finally, 3 is injective, hence it is surjective. ]

3. B esximmoBoMm npocrpaHcTBe R 3a1aH 3JLIUIICOM ¢ TVIABHBIME IIOJIYOCAMU d,
b, c. Bokpyr Hero mpou3BOJIbHBIM 00Pa30M OIHMCAH MPAMOYTOJIBHbBIN TapaJIIeIeITnuIIe/
(Tak, 9TO IJLIMIICOUT KACALTCSI KayKJION 13 IpaHeil mapaJsuienenumesa). Haiiaure quny
TJIABHOU JIMATOHAJIN MapaJIIeIENnIIe Ia.



3. In the Euclidean space R?, an ellipsoid with semi-principal axes of lengths a, b, ¢
is given. A rectangular parallelepiped is circumscribed around it so that the ellipsoid is
tangent to all faces of the parallelepiped. Compute the length of the principle diagonal
in the parallelepiped.

4. Pemnre ypaBHeHUE U, = —u”u, ¢ HAYaJIbHBIM ycaoBueM u(x,0) = cos z. Haitaure
MaKCUMaJIbHOe 3HadeHue 1, Takoe, 9TO HeOCODOe pelleHne CyIIeCTByeT Ha MHOXKECTBE
te0,T), z€R.

4. Solve the initial value problem u, = —u?u,, u(z,0) = cosz. Find the maximal
value of T' such that a non-singular solution exists on the set t € [0,T), x € R.

2

Pewenue. Pacemorpum rpacduk I' = { (z,t,u) | u=u(zr,t)} C R® dbynkuun u. Uz
ypaBHeHus u, = —u?u, caejyer, 94To i1 Kax,oi Touku (z,t,u) € I Bekrop (u?,1,0) —
kacareabHblil K I'. JleificrBurenbHo, mponssoaHas MyHKuu u—u(x,t) BIOIb 3TOr0 BEK-
topa pasaa —u?u, — u, = 0. CienoBaresbHo, I' COCTOUT M3 OTPE3KOB TPSAMBIX BHUJIA
(g + udt, ty +t,ug). [losromy u(x + tcos? x,t) = cos .

Pemenne saBiisierca meocoboit pyHkImeit aid ¢, Takux 4To orobpaxkenue h : r > x +
t cos? x — nuddepmopdusm Bemectsennoit npamoii. Ilpoussonnas h'(z) = 1 —tsin 2z
CTPOTO MOJIOXKUTEJIbHA JIJIsl BCEX T TOTJA M TOJIBKO Tora, Korja |t < 1. CiemoBaresib-
Ho, I' = 1.

Answer: u(x + tcos?x,t) = cosxz, T = 1. O

Solution. Consider the graph T' = { (z,t,u) | u = u(z,t) } of u in R3. The equation
u, = —u?u, implies that for each point (z,¢,u) € T, the vector (u?,1,0) is tangent
to I'. Indeed, the derivative of u — u(x,t) along this vector is equal to —u?u, — u, =
0. Therefore, T’ consists of segments of lines of the form (x, + ut,t, + t,u,). Thus
u(x + tcos? x,t) = cosx.

The solution is non-singular for ¢ such that the map h : x +— x + tcos’z is a
diffeomorphism of the real line. The derivative h'(z) = 1 — tsin 2z is strictly positive
for all z if and only if |t| < 1.

Answer: u(z + tcos® z,t) = cosz, T = 1. O

Il. CNEUUANBbHAA HACTb / SPECIAL PART

B coomeemcmeuu co c80um 8blOOPOM NPOZPAMMBL Ma2ucmepcroli nodzo-
MoBKU 6blbepume U 8biNOAHUME MOALKO 00UH U3 caedyrouwur b6.a0K08 3a-
daHutl cneuuasbHot 4acmu.

Block 1 «Mathematics»

Solutions of the problems in this section should be written in English.



1. Let n be the number of ordered triples (A;, A,, A;) consisting of sets A, Ay, A,
such that

AJUA,UA; =1{1,2,3,4,56,7,8,9, 10},
ATNA,NA; =10,

Find the prime factorization of n.

Solution. It is easy to see that each number from 1 to 10 may belong either to exactly
one of A, or to exacly two of A,. Hence, we have 6 choices for each number from 1 to
10, 6'° choices in total. O

2. Let V be a finite dimensional vector space over the field of real numbers. The
sum A+ B of sets A, B C V is defined as the set of all vectors of the form a + b, where
a € A, b € B. For any \ € R, the set AA is by definition the set of all vectors of the
form Aa, where a € A. Prove that an open set A satisfies the equality A + A = 24 if
and only if A is convex.

Solution. Note that A+ A D 2A for any A C V. Therefore, A + A = 2A is equivalent
to

VxeAVyeAx—;yeA. (1)
Recall that A is convex if and only if
VA€ [0,1]Vz,y e Adx+ (1 — Ny € A. (2)

Note that (1) is exactly (2) for X = 3. Therefore, for a convex A we have A+ A = 2A.
Consider an open set A such that A+ A = 2A. Let us prove (2). Denote by B_(p)
the open ball { g € V' | |¢ —p| < e}. It is easy to see that

5 (B.p) + B.(po)) = B. (5 22) ®)

Fix z,y € A. Since A is open, there exists € > 0 such that A includes both B, (x) and
B_(y). Thus (1) and (3) imply that A includes B, (%3%). Proceeding by induction, we
can easily prove that A includes B_(Ax+ (1 —\)y) for all rational A € [0, 1] of the form

5w Clearly, the union of all these balls includes the segment [z, y]. O

Bnok 2. « MatemaTtunyeckas cpunsnka»

Pewenus 3adaw 6 amoti wacmu caedyem 3anucveams no-pyccril.

1. I'pysuk maccel m Ha JBYX NPYKUHAX KECTKOCTH Kk TIOJIBEIIEH MEXK/Ty BEPTUKAIIb-
HBIMHU CTEHKaMHU. B MCXOTHOM ITOJI02KeHnH 00€e IIPYKUHBI OPUEHTHPOBAHBI TOPU30HTAIIb-
HO U HE WCIBITBIBAIOT HATSKEHUs, I'PY3UK HAXOJIUTCS HA PACCTOAHUU ¢ OT KarxKJIOW U3
cren. Cuyibl TszkecTu HeT. B Ha4va/IbHBIE MOMEHT BPEMEHH I'DY3UKY IPUJIAETCS CKO-
POCTB U, B BEPTUKAJIbHOM HampasjieHnu. Onpesennre 3aBUCEMOCTb CKOPOCTH I'DY3UKa
OT €ro IOJIOZKCHUA.



Pewenue. B cuny cumMMmerpum cUCTEMbl MPYXKUH W HaYaJbHBIX JaHHBIX $CHO, YUTO
rpy3uK OyJeT cOBepIIaTh KoJieOATe/bHbIE JIBUKEHUsS BIOJIb BEPTUKAJIBHON MPAMOIt
OTHOCHUTEJIbHO WCXOJIHOTO TIOJIOXKEHWSI paBHOBecusi. BBejem koopaumHaTHyO och OX,
HaIIPABJIEHHYIO0 BEPTHKAJIHLHO BBEPX M HAYAJO OTCUYETa KOODJMHAT BbIOEpPEM B TOYKE
WCXOJIHOTO TIOJIOXKEHUSI TPY3UKa. 3aBUCUMOCTH CKOPOCTU T'PY3UKa OT €0 IOJIOXKEHUsI
(KOOpIMHATHI ) JIETKO HAXOJUTCS U3 3aKOHA COXPAHEHUs] MEXAHUYIECKOI SHErpuu, KO-
TOPBIN CIIPABEJIUB B CUJIy OTCYTCTBHUS TPEHUS. B MCXOHOM IOJIOXKEHUU TIPY2KUHBI HE
J1ecpbOpMUPOBaHBI, CJIEJIOBATEIHHO MOTEHITNAIbHAS SHEPTUA JedopMaIlii paBHA HYJIIO
¥ TIOJTHAs MexXaHudeckas dHeprud cucreMbl W coBmajiaeT ¢ HaYaJIbHOW KUHETHIECKON

SHerpueit rpy3uka:
2
mu
_ 0

W) =5

[Ipu cMmernernu rpy3uka B TOYKY ¢ KOOPAMHATON = yiuHerne Af KarxK0i MpyKUHbBI

COCTaBUT
Al=0(z)— =22+ 22,

"W, B COOTBETCTBUU C 3aKOHOM ['yka, MOTeHIMabHAasA dHEPrus JedopMaliiu KaxK 1ok
MIPY2KUHBI Oy/IeT paBHA

1 2
5 k(202

Takum obpazoMm, moTHAS MeXaHUYeCKas SHEPrus CUCTEMbI IIPU HAXOXKICHUM T'PY3UKa
B TOYKE T paBHA

2
mulax
wia) = " kAo
rae v(z) — MOJyJIb MCKOMON CKODOCTH TDy3UKa. 3aKOH COXPAHEHUsI MEXaHUIECKOM

sueprun W (0) = W(z) naer orser 3a1a4n:

2
v(r)? = v3 — Ek (Va2 + 02— 1),

opudeM CMeIeHne T IPy3WKa [0 BEepTUKAJIA OlPaHWYeHO HepaBeHCTBOM: |z| < .. .
Tak Kak Bequanna v(x)? Beerja HeoTpunaTeaba. Kpaitnee nojoxkenue x,,,, HaXOJUT-

sl U3 YCJIOBHA VU(T,,,,) = 0:

2 2
mug mug
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[

2. 3apsa () paBHOMEPHO pacrpejiesieH BJI0JIb TOHKOIO KoJiblla pajauyca . Ha mps-
MOIi, TTPOXOSINEil depe3 MEeHTP KOJbIa MePIeHIUKYASIPHO €ro IJIOCKOCTH, Ha PacCTO-
SIHUU 7 OT IEeHTPa KOJIbIIA PACIOJIOXKEHa MaTepuajbHas TOYKa MAacChl 171, WMEOIIast
3apsJ1 ¢ TOTO Ke 3Haka, 910 u (). Kakyo MUHUMAJBHYIO CKOPOCTH HEOOXOIMMO COO0-
IIIATH MaTEePUAJbLHON TOYKe B HAITPABJIEHUN KOJIbIIA, YTOOBI OHA ITPOILIa Yepe3 IEHTP
KOJIbIIA!



Pewenue. Ha 3apsizkeHHYI0 MaTepHUAJbHYIO TOUKY Oy/eT JIeficTBOBATh MOTEHIINAIbHAST
CUJIa JIEKTPOCTATUYECKOrO B3amMojeiicTBug — cuia Kynona. g pemrenus 3aia4yum
OPUMEHNM 3aKOH COXPAaHEHUS ITOJHON IHEPrUM CUCTEMBI 3apsAKEHHOE KOJIBIIO U Ma-
TepuasbHas TOYKA. JTa SHEPTHs paBHA CyMMe KMHETHIECKON dHEPrUuu MaTepUaIbHO
TOYKU U JIEKTPOCTATUYIECKOU SJHEPTUU B3aAUMOJIEHCTBUS 3aPAKEHHOIO KOJIbIIA C TOYEeU-
HBIM 3apsjioM q. B cuiy cumMmeTpun pacupeaesieHus 3apsijia 1Mo KOJIbIly MaTepuaibHasd
TOYKa OYyJIET JIBUTATHCS BJIOJIb IIPAMO#l, IPOXOISAIIE Yepe3 IMEeHTP KoJiblia. [y Bbramc-
JIEHUSI 3JIEKTPOCTATHIECKO# dHeprun B3auMoieiicteust W Bocnosib3yemcs (popmyJioit

W(z) = ¢q(2)g,

rie ¢q () — 2JIeKTPOCTATUIECKUI TIOTEHINAJ, CO3/IaBAEMbIil 3aPSZKEHHBIM KOJIBIIOM
Ha €ro OCU CUMMETPUU Ha PACCTOSHUU X OT IeHTpa KoJjbla. IIocKobKy paccmarpu-
BaeMagd OCb CUMMETPUU IIEPIEHAUKYJIAPHA IIJIOCKOCTU KOJIbIIa, TO BCE JJIEMEHTapHLIE
3apgaabl KOJIbIIA PABHOYAAJICHBI OT 9TOM OCHA U CO3/IaBAEMbIA MU JIEKTPOCTATAICCKUT
NOTEHIUAJ JIETKO HAXOAUTCA M3 HPUHIIUIIA CYIEPIO3UIAN:

po(r) = “%7
T+ R

rie KoO3@UIIMEHT K 3aBUCUAT OT BbIOPAHHOW CUCTEMbI eIuHUIL u3Mepenusi. Hanpumep,
B cucreme CI'CD k =1, B cucreme CU k = 1/47e, n T.11.

BamnuireMm Tenepb 3aKOH COXPAHEHUS IOJHON SHEPIuu, CYUTasl, 9TO MaTepUabHasI
TOYKA MTOJIy4YaeT HAadaJIbHYIO0 CKOPOCTD Uy U IPOXOAUT Yepe3 HEHTP KOIbIa C HEKOTOPOit

CKOPOCTBIO Uu:

mu3 mu?

5 +Wi(r)= 5

[MockosbKy u? > 0, TO HA BEJIMYUHY HAYAILHON CKOPOCTH v, TIOJTyYaeTCs OTPAHUICHUE
CHU3Y:

+W(0).

@ > 2kQq B R
mR V2 + R?
Ecnu 310 HEpaBeHCTBO HE BBIMOJHEHO, MAaTEPHAJILHAS TOYKA HE JOCTUTHET IEHTPA
KOJIbIIA (KYJIOHOBCKAsI CUJIA OTTAJKUBAHUS OCTAHOBUT YACTUILY TJIE-TO MEXKY HAYAJb-
HBIM [OJIOYKEHUEM U [EHTPOM KOJIbIA). PABEHCTBO B IIPUBEJIEHHOM BBIIIE BHIPAYKEHUN
JIaeT MUHAMAJIbHYIO HAYaJIbHYIO0 CKOPOCTD, IPU KOTOPOI 3apsizKeHHAs YaCTHUIA TOCTHUT-

HeT IIeHTPa KOJIbIIA. L]




METOONWYHECKUE PEKOMEHOALUUN

Saaun Ha MATEMATUYECKON OJMMINaJIe, KaK IMPABUJIO, HEMHOTO CJIOXKHEee, 9eM Ha
9K3aMeHe B Marucrparypy. Perenne stmx 3a7a4d TpeOyeT He TOJBKO OIpeJIeIeHHOM
TEOPEeTUYECKO! TIOJI'OTOBKH, HO ¥ OPUTHHAJIBHOM cTpaTeruu pemntenus. TeopeTnyeckas
MOJI'OTOBKA JIOJIZKHA BKJIIOUATD CJIEJYIOIIIE TEMbI (B PAMKAX CTAHIAPTHON IIPOTPAMMBI
MaTeMaTHIeCKUX (haKyJIbTeTOB):

e 00mas ajrebpa (BKJIIOYas TEOPHUIO TPYII U JIEMEHTHI KOMOUHATOPUKN )
JIMHelHas ajaredpa
MaTeMaTHIeCKUil aHaIu3 (BKJIIOYas MHOTOMEPHBI aHAIM3 U TEOPUIO Mephl)
KOMILJICKCHBIN aHaJIu3
O0ObIKHOBeHHBIE T depeHInaabHble yPaBHEHUS

® IIPOCTEMIIE METO/IbI TEOPUN YPABHEHUN ¢ YACTHBIMU TPOU3BOIHBIMI
i perteHus HEKOTOPBIX 3a/1a4 OJoka «MaremaTrukay HEOOXOIUMO 3HAKOMCTBO C TO-
nosorueii (obmuast ronosiorust, GpyHIaMeHaIbHbIe TPYIIbL). B BapuaHnTe 0JmMInaHoro
3a/aHns, KOHEYHO, MOT'YT OBbITH ITPEJICTABJIEHbI HE BCE U3 IIEPEUYUCTEHHBIX TEM.

B zagauax 6sioka «Maremarudeckas buzuka» HUCHOIB3YIOTCA OCHOBHbBIE TTOHATHUS

KJIACCUYECKON MEXaHUKU U AJIEKTPOJANHAMUKU.

ConepxKaHue CIeIyOMUX KHAT U yIeOHbIX ITOCOOMIT TOJTHOCTHIO ITIOKPHIBAET HEODXO-

JUMBIA TEOPETUYCCKUl MaTepuadl.

e O.B. Bunbepr, Kypc aarebpsr, M: @akropuaa 1999
o AJL. Toponenres, Boimkunckas ajarebpa, Moaysab I, 3amncku JIeKIuit

http://vyshka.math.ru/pspdf/f08/algebra-1/ml_total.pdf

N.P. llTadapesuy, OcuoBubie nmousTus aaredbpsr, Vxesck: PX /] 1999

N.M. T'esnndany, Jlekuu o auneitnoit aarebpe, M: Hayka 1971

B.A. 3Bopuu, Maremarnueckuit anaaus3, M: MITHMO 2007

A H. Konmoropos, C.B. @omun, DteMeHTHl Teopur (DYHKINA U (DYHKIIMOHAb-

Horo ananmsa, M: Hayka 1976

e B.B. Ilpacosios, B.M. Tuxomupos, I'eomerpus, M: MITHMO 1997

e b.B. [Ilabar, BBenenue B komiutekcuorit anayms, Jlans 2004

e B.U. Apnosna, Ob6bikHOBeHHBIE mudbdepennnaababie ypapHerus, Mxxesck: PX /]
2000

e B.1. Apnosb, Jlekiuu 06 ypaBHEHUSIX ¢ 9acTHbIMEA Tpou3BoaHbIMU, M: Dazuc
1999

e B.U. Apuosipa, MaTemaTudeckue MeTo/bl Kitaccuiaeckoin mexaunnku, Mocksa: Ha-
yka 1979

o JLI. Jlannay, E.M. JIudmwun, Kypc Teoperndeckoit dpusuku, 1.1, Mexanuka,
Mocksa: @uzmatiut, 2004

o JLJI. Jlannay, E.M. JIudmmi, Kypc Teopernyeckoit busuku, 1.2, Teopus mos,
Mocksa: @uzmatiuT, 1988

e O.4. Bupo, O.A. Usanos, B.M. Xapnaamor u H.}O. Henperaer, Dementapuast
toroyiorus, http://www.pdmi.ras.ru/~olegviro/topoman/rus-book.pdf



