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Exam demo-version

1. (10%) Evaluate the following limit:

lim {/cos+/z

z—0

L . 1/z ) In(cos v/x . In(cos v/x
lim {/cosv/z = lim (cos \/JE) /w lim exp M =exp | lim M ,
x—0 x—0 x—0 X x—0 X
e ITOoCJIe/IHee PABEHCTBO UCIIOJIb3YET TEOPEMY O IIPeIe/IbHOM IIepexoie Jjisl HelpephIBHbIX MyHKImii. [lasee
HCIIOJIb3YeM pa3joxkeHne B psai Makiaopena.

In(cos vz) In(1—2 4% 4o(z?) -2 +o0(x)

x x x
CemoBaTeNIBHO,
1 1
lim n(cos+/r) _ L
z—0 xT 2
HO3TOMY
o 1 1
al}ll}I(l) cos\/T = exp (2> =7

2. (10%) Find and classify the discontinuity points of the following function:

f(x) =sgn (sin (g)) .

Touku, B KOTOPBIX jaHHas (PYHKIUS MOXKET UMETh paspbiB: & = 0, IOCKOJIbKY B HEll paBeH HYyJIIO 3HAME-
Haresb aprymenTa dbyHkmun, u Touku = 1/k, k € Z, IOCKOIbKY B HUX Sin (g) MeHsIeT 3HaK. B Todkax
x = 1/k,k € Z dyukuua umeer paspbIBbl IIEPBONO POJA, TaK KAK CYMIECTBYIOT HE DABHBIE MEXKIY CO-
6oit omrocToporHue npenesbl. Hampumep, paccmorpuMm k = 1. CyriecTByeT mpaBOCTOPOHHSIST OKPECTHOCTH
TOUYKH * = 1, B KOTOpO# yHKIMsA Sin (g) nosiokuTeabHa. B camom gede, mig x € (1,2) mMeer mecto
5 < T < m. Jljna Touek u3 3TOl OKPECTHOCTU MMeeM f(z) = 1, caenosarensro, lim, 140 f(z) = 1. C
JIDYTOil CTOPOHBI, CYIIECTBYET JIEBOCTOPOHHSAS OKPECTHOCTb TOUYKUA & = 1, B KOTOPO#l (byHKIMs Sin (g) oT-
puratenpia. B camom sere, ars o € (1/2,1) mveer mecto m < 7 < 27. JIjIsT TOWEK M3 9TOM OKPECTHOCTH
umeeM f(z) = —1, caenosaresnbno, lim,_,1_¢ f(z) = —1. AHajoruyable OKPeCTHOCTU MOT'YT OBbITH HAIEHBL

JJId BCEX pacCMaTPUBa€MbIX TOYEK.

B Touke x = 0 byuKIMsa nMeeT pa3pbiB BTOPOrO POJIA, ITOCKOIBKY HE CYIIECTBYET OJITHOCTOPOHHUX IIPEJIEIIOB.

HeicTBUTEIHHO, PACCMOTPUM TIOCTIEIOBATEIHLHOCTH Gy = H-%’ neNnb, = ﬁ, n € N, crpemsmuecs K

)) = sgn (sin (g+27m)) =1wu f(by) =sgn (sin( us )) —

3+4n
sgn (sin (37” + 27m)) = —1. Tem caMbIM OKA3aHO, YTO IIPABOCTOPOHHErO Ipeiea f(x) upu & crpeMsIneM-
¢ K HYJIIO He CYIIECTBYeT. AHAJIOTMYHO MOYKHO MOKA3aTh, YTO HE CYIIECTBYET JIEBOCTOPOHHErO TpeJiesia,
HaIIPUMEDP, PACCMOTPEB IIOCJIEI0BATEIBHOCTH —Gy U —by,.

Hyso cnpasa. Torma f(a,) = sgn (sin ( z
1

+4n

3. It is known, that the 2x 2 matrix A has tr(A) = —7 (matrix trace, the sum of diagonal elements) and det(A) = 0.
(a) (5%) Find the eigenvalues of A
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Let A1, Ay be the eigenvalues of A. Then tr(A) = A1 + Ao, det(A) = Ay - Ao. Hence, Ay = =7, A0 =0

(b) (5%) Find B?°'7 for B = (; :é)

The matrix B has eigenvalues \; = —7 and A2 = 0 and corresponding eigenvectors (1 2) and (4 1).

-1
1 4\ /=7 0\ /1 4
Then B can be represented as B = <2 1> ( 0 O) (2 1) .

14\ (=727 o\ (/1 4\
2017 __
Hence, B —<2 1>( 0 o) 2 1

4. It is known that A is a square matrix and

18 0 2
ATxAa=10 0 3],
2 3 10

(a) (3%) Find rank(X)

Hence, det(X) # 0 and rank(X)

det(ATX A) = det(A) - det(X) - det(A) = 18- (=3 - 3) = —162 # 0 (since det(AB) = det(A) det(B)).
=3.

3 2 0
(b) (2%) For given matrix A= |0 3 0] find the determinant det(X)
0 5 1

det(A) = 9, det(A)? - det(X) = —162, hence, det(X) = —2.

3 2 0
(¢) (5%) For given matrix A= [0 3 0| find the matrix X and test it for positive and negative definiteness.
0 5 1

2 —22/9  2/3
It is not hard to find that X = | —22/9 724/27 —145/9
2/3 —145/9 10

that X is indefinite.

Check the principal minors signs: A; > 0,As > 0, Az < 0. Using Sylvester’s criterion, we conclude

5. (10%) Solve the differential equation:

y"’f4y”+y’ :2$2+1.

y/// _ 4,7/, + y/ —0.

CocraBuM K HEMY XapaKTePpUCTHUYIECKOE yYpaBHEHHE:

A4+ a=0.

M =0d=2+V3Xx3=2—3.

Cravajia 3amuIneM perreHue oJHOPOTHOro i epeHITIATLHOTO yPABHEHWS:
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To ectn ob1miee pemenne auddepeHITnaIbHON0 YPABHEHNS MOYXKET OBITH 3aINCAHO KaK

y = C1 + Cae™* + C3e™”, 01,C2,C3 € R
Haiinem uacTHOE pemenue 3roro muddepeHnuanbLHoro ypapHenus. B nanHoil 3a1a49e — pe30HAHCHBIH CIIy-

4ait, mockonbKy (222 + 1) € = 2224 1. To ectb GyaeM HCKaThb YacTHOE pemenue B use y = (az?+bx+c)z.
Torua

y' = 3ax® 4+ 2bx + ¢
Yy’ = 6ax +2b

y//l — 6a

CiietoBaTeIBLHO,

6a — 4(6ax + 2b) + 3az”® 4 2bx + ¢ = 222 + 1

3ax? + 2bx — 24ax + 6a — 8b + ¢ = 22% + 1.

Orcrona

6a—8+c=1
2b—24a =0
3a=2

Q 0
I
wio 00 O

—

TTosTromy obrmee perenne auddepeHaIbHOrO ypaBHEHUS:

2
y = C + Cae™® + Cye™3™ + gxg + 822 4+ 61z, C1,Co,C5 € R

6. (10%) Find the points of maximum of the function
F () = Vi (Vii—2) ~ Vi (Vi - 2),
given that /u <2, /v <2

1. BoImonHsgeM 3aMeHy IEPEMEHHBIX T = /U, Y = /v. Jlajiee myTeM HECTIOKHBIX aare0panvecKnx mpeod-
pA3OBANMI BHIPAZKEHHS 151 e 1eBoii dbyHKIm mpusotuM ee K suay:G (z,y) = (z — 1)° —(y — 1)>+3.
IIpm sToM orparmvenust npuarMaoT Bug x € [0,2], y € [0, 2]

2. OmpejesisieM HaIUYHE SKCTPEMYMOB BHYTPH ODJIACTH MOUCKA, OMPEJIEJIEHHON OrPaHNIEHUSIMHU.
0G (z, 0G (z, 092G (x,
(‘“/):2(;5_1), (xy):_2(y_1)7 (zy) _(2 0
Ox Oy 0z0y 0 -2

Ucnonbsyss kpurepuii CusbBecTpa, JErko nposeputhb, uro B Touke (1,1) y dyukuuun G(z,y) Her
SKCTPEMYMOB.
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3. Ilpoananmusupyem HaIMYINE IKCTPEMYMOB Ha I'DAHHUIAX 0OJIACTU IIOUCKA.

Ppamma{z = 0, y € [0,2]}, G (0,y) = 1—(y — 1)*. B 1ouke (0, 1) mocTuraercss MAKCHMYM DaBHDI
1, B KoHeUHBIX TOUKaX dyHKIMs pasHa 0.

Ipanuna {y =0, z € [0,2]}, G(2,0) = (x — 1)2 — 1. B rouxke (1, 0) gocruraercst MUHUMYM DaBHBIH
— 1, B KOHEYHBIX TOYKaX (DYHKIHUA paBHa (.

[pannua {z = 2, y €[0,2]}, G(0,y) = 1—(y — 1)>. B Touxe (2, 1) K0cTHrAETCS MAKCHMYM DABHbI
1, B KoHEYHBIX TouKax (pyHKIUs pasHa 0.

Ppammna {y = 2, z € [0,2]}, G (,2) = (z —1)* — 1. B 1ouke (1, 2) J0CTUrAeTCAMUHIMYM PABHBLHA —
1, B KoHeunbIX TOUKaxX (yHKIMa pasHa (.

4. BosBpaiaemMmcs K HATaJIbHOMY ITPe0OPa30BAHUIO.

Orser: Toukn makcumyma: (0, 1) u (4, 1)

Henonnas nmonbITKa pemuTs 337249y He BBINOIHSS Ipeobpa3oBanue — He OoJiee 8 6AJIJIOB 33 BEPHBII OTBET.
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7. There are three coins in the bag. Two coins are unbiased, and for the third coin the probability of «head» is
equal to 0.8. James Bond chooses one coin at random from the bag and tosses it

(a) (5%) What is the probability that it will show «head»?

2 1 18 3
P(B) = P(head) = = - 0.5+ - - 0.8 = — = 2 = 0.6
(B) = P(head) = 305+ 3 30 5

(b) (5%) What is the conditional probability that the coin is unbiased if it shows «head»?

P(ANB) 3-05 10 5

PAIB) = =55 ~ 06 ~ 18 9

8. The pair of random variables X and Y with E(X) = 0 and E(Y') = 1 has the following covariance matrix

(5 ).

(a) (5%) Find Var(X +Y), Corr(X,Y), Cov(X —2Y + 1,74+ X +Y)

Var(X +Y)=10+9-2-2=15
-2
V109
Cov(X —2Y+1,7+ X +Y) =Var(X)—2Cov(Y, X) + Cov(X,Y)—2Var(Y) =10— (-2) — 18 = -6

Corr(X,Y) =

(b) (5%) Find the value of a if it is known that X is independent of ¥ — a X.

For independent variables the covariance is equal to zero: Cov(X,Y —aX) = 0. Hence, a = %é})/) =
—0.2.
9. You have height measurements of a random sample of 100 persons, y1, .. ., ¥100- It is known that Ziﬂ‘} y; = 15800

and 32, y? = 2530060.

3

(a) (3%) Calculate unbiased estimate of population mean and population variance of the height

Ouerka cpegnero: § = 15800/100 = 158.

Hecmeménnas orenka aucriepcun

L a\2 2 _ 52
52 Wi =9 Dy —nyt g
n—1 n—1

(b) (3%) At 4% significance test the null-hypothesis that the population mean is equal to 155 cm, against
two-sided alternative.

Hab6monaemoe 3nadenne Z-CTaTUCTUKI

158 — 155
Zops = ———— = 1.63

V/340//100

Kpuruaeckoe 3uagenne Z.,.;; = 2.05.

BriBos: runioresa Hy He oTBepraercsi.
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(¢) (2%) Find the p-value

Haxomum o tabiure, 9To miomaab cupaia ot 1.63 mpumepno paeua 5%. 3HaunTt P-3Havenune paBHO

10%.

(d) (2%) Find the 96% confidence interval for the population mean

MurepBan umeer BU
[158 — 2.05 - 1/340/100; 158 + 2.05 - 1/340/100]

Uroro: [154.2;161.8)

10. Density function of a random variable Y is given by

) = Hye v/ ify >0
v= 0, otherwise

You have 3 observations on Y: y; = 48,y = 50, y3 = 52.
(a) (4%) Using maximum likelihood, find the estimate of 6

HaXO)K,ZLeHI/Ie OIICHKM:

In(L) = i (- In(0?) +In(y) — %)
In(L) = —2n1n(9) + S In(y:) — Z:Ty

oln(L) _ _2n Y
a6~ @8 T =@ =0
—T}
-2

IToxcrasiisist Hau gaHHBIE, OJIydaeM § = 25.

(b) (3%) Is the estimator § unbiased?

Hecmemennocrs:

Haiigém maTemaTudeckoe OKuIaHme y;:

“+oo _
E(y) = [ y’e v/ %y

I/IHTeI‘pI/IpyH IO 9aCTsAM, IIOJydaeM:

E(y:) = Jo ~ Fe /%y
E(y;) = [, 2e7v/dy
E(yz) =20

Torzma ]E(é\) = % = §. Onenka HecMmerreHHast.

(¢) (3%) Calculate the variance of 6

Jlnst pacuéra mucniepenn Buraucaum E(y?):

( 2) — +Ooi 3e—u/0g
Yi) = 922/ e Y
0

AHaIOrnIHO MPEBIIYINEMY CJIydalo, HHTerpupyeM mo dactsam. [Tomxyaaem:
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Torna

W nucnepcust onenku

~

E(y;) = 66°

Y
Var(6) = Var(i)

1
= = Var(y) =

Var(y;) = 66% — 46 = 26>

02

2n

Good luck!

T

F(z)

xT

X

0.050
0.100
0.150
0.200
0.250
0.300
0.350
0.400
0.450
0.500
: 0.550
: 0.600
! 0.650
z 0.700

F(z)

0.520
0.540
0.560
0.579
0.599
0.618
0.637
0.655
0.674
0.691
0.709
0.726
0.742
0.758

0.750
0.800
0.850
0.900
0.950
1.000
1.050
1.100
1.150
1.200
1.250
1.300
1.350

1.400

0.773
0.788
0.802
0.816
0.829
0.841
0.853
0.864
0.875
0.885
0.894
0.903
0.911
0.919

1.450
1.500
1.550
1.600
1.650
1.700
1.750
1.800
1.850
1.900
1.950
2.000
2.050
2.100

0.926
0.933
0.939
0.945
0.951
0.955
0.960
0.964
0.968
0.971
0.974
0.977
0.980
0.982

2.150
2.200
2.250
2.300
2.350
2.400
2.450
2.500
2.550
2.600
2.650
2.700
2.750
2.800

0.984
0.986
0.988
0.989
0.991
0.992
0.993
0.994
0.995
0.995
0.996
0.997
0.997
0.997

Puc. 1: Distribution function of a standard normal random variable




