Omumnuana HUY BIIID nnas cTyIeHTOB UM BBITyCKHUKOB — 2017 .
deMoHCTpaInMoOHHbBIN BapHMaHT U METOANYECKNEe PEeKOMEHIAaIluu o HanpasJjieHuio 01.04.02
«IIpuknagnas maremMmaTnka U MH(MOPMATHAKA»

IIpoduas 020 «IIpukiiagHasg maTeMaTuka u mHpoOpMaTHUKa»

Bpewms BbinmosiHenus 3amanust — 240 MuH.
Pelntenust 3ajanuii JOJI>)KHBbI OBITH 3alHCAHBI
no-pyccku wuiu no-anrymiicku. Kaknas 3aga-
4a orneHuBaetrcs u3 10 6a/yIoB, MaKCUMaJIbHAas
cymma — 100 GasioB.

Time to complete the task is 240 min.

Solutions should be written in English or Russian
language. Each problem costs 10 points, maximal

sum is equal to
100 points.

O6mas vactb / General Section

1. Onpenenure, py KAKUX 3HAYCHUAX (, J CXOIUTCSH
CJELYIOIUN HHTEerpaul:

o0

1. Determine for which «, 8 does the following integral
converge:

/ z%(Inz)Pdz.

1

. Beruuciure npousBojH T TITeHU ST T
2. B CJINTE IIPOU3BOIHYIO fy, erre F,
PYHKITMOHAIHHOTO PEKYPPEHTHOTO COOTHOIIIEHUS

F,(z) = Fpo1(x) + 2F,_2(z) + 2" (3nz — x — 3/2),

3. g nuddepeHmaibHOro ypaBHeHHs

2. Compute the derivative f,(z) of the function F,(z)
given by the recurrence relations

Fy(x) =1, Fi(x) =2+ 3.
3. For the differential equation

4y2y' +T7x = 5:17y3

HaliuTe Bee pemieHust y(x), SIBISIOIIAECsS] OTPAHU-
YEeHHBbIMU IIPpU T — +00.

4. Jlasbl x4, . .., T, . Haiiiure cOCTOATENBHYIO TOUYEY-
HYIO OIEHKY mapamerpa 6 JJjis rUmnore3nl O paBHO-
MEPHOM pACIIpeZIeIeHuN JaHHbIX B uHTepBae [0;0].
dABasiercst iu OHA HECMEIEHHOH?

5. Jlokaxkute bopMmysry cBepTKu BamaepMona:

BRI

[IpU yCJIOBUU, ITO (Z) =0 g k<0 wm k>n.

6. O6o3HAYMM KOJIMIECTBA BepIUH, pebep u rpaneit
(uacreii, Ha KOTOpBIE pebpa pasbUBAIOT IIOCKOCTH,

n

find all solutions y(z) bounded as  — +oco.

4. For a given data z1,...,x, find a consistent point
estimation of the parameter 6 for the hypothesis of
a uniform data distribution in the range [0,6]. Is it
unbiased?

5. Prove the Vandermonde convolution formula:

“0=(in)

with (Z)EO for k<0 or k>n.

6. For a connected planar graph denote the quantities
of vertices, edges and faces (parts into which the plane

BKJII09as BHEIIHIOIO YaCTh) CBA3HOrO Iytanapuoro rpa- is divided by the edges, including the outer part) by

da gepe3s V, F u F cOOTBETCTBEHHO.

Jokaxkure, 9T0 JJIs CBA3HOTO ILIAHAPHOTO rpada
2E > 3F nmpu E > 1.

Jokaxkute, 94TO CBsA3HBIN rpad Oe3 1meTesrs U Kpat-
HBbIX pebep Ha 10 BepiuHax, CTEIeHb KaXKJI0il n3 Ko-
TOPBIX paBHA 5, He MOXKeT ObITH M300parkeH Ha ILJI0C-
KOCTH 0€3 caMoIepecedeHuii.

V', E and F correspondingly.

Prove the inequality 2E > 3F for a connected
planar graph with £ > 1.

Prove that the connected graph without loops and
multiple edges that consists of 10 vertices of degree 5
cannot be drawn on the plane without self-intersections.
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Crnennanpuas dactb / Special Section

Cpenu cienymonux 3ajad peniuTe He MeHee
JyerbIipeX. B 3aveT moiiy T YeThIpe JIydIInuX pe-
IICHUSI.

7. Jlokakure, 4TO HE CYyIIECTBYeT CAMOIBOICTBEH-
HBIX (DYHKIHL:
n
f( )(Il, ..

CYIIECTBEHHO 3aBUCSIIUX POBHO OT 2-X II€pEMEHHBIX.

8. Borsicaure MaTeMaTndeckoe OXKUIAHIE CIIy IaifHON
BEJINYUHBI, UMEIOIIeil (DYHKIMIO IJIOTHOCTH:

1 (arctanz)’.

9. g nabopa C = {(X(4),Y(9)): 1 < i < N} T0-
4eK Ha IJIOCKOCTHU IIPUBEIUTE IICEBJIOKO/L aJIrOPUTMA,
BBIUUCJIAIONIEro apy Touek n3 C', pacCTOsHIe MeXK-

JIy KOTOPBIMA MUHUMAJIBHO.
10. CkOJBKAMHI CIIOCOOAMU MOXKHO 3aMOCTUTH IIPSsi-
MOYTOJIBHUK BBICOTBI 1 U JIJIMHBI N, UCIIOJIB3YS IIJIUT-
KU BBICOTHI | CJIEIYIONIUX BUJIOB:

AV NN

11. Haiiure Bce BeleCTBEHHBIE PEIIEHUS YPABHEHUST

Solve at least four of the following problems.
Up to four best solutions will be graded.

7 Prove that there is no self-dual functions:

) = (T,

'7@)7

that is essentially dependent exactly on two variables.

8. Find the mean value of random variable with the
following density function:

1(arctanz)’.

9. For a collection C' = {(X(7),Y (i)): 1 <i < N} of
points in the plane give a pseudocode of an algorithm
that calculates a pair of points in C' that have the

smallest distance from each other.

10. How many coverings of the rectangle with height
1 and length n exist, if we use only tiles with height
1 of the following types:

11. Find all real solutions of the equation

y/// _ 12@/// + 36y’ _ e6x +1.

12. CroJIbKUMU CIIOCOOAME MOYKHO COCTaBUTH OMHAD-
HYIO TI0CJIEI0BATELHOCTD JIJIMHBL N, HE COIEPIKAIILYIO
JBYX COCEIHUX HyJeM.

13. Haiture BCe BeleCTBEHHBIE DEIIEHNS Y PABHEHUSA

12. How many binary sequences of a length n without
neighboring zeros?

13. Find all real solutions of the equation

y!V — 8y + 16y = €** + 6z sinz.

14. JToxaxkute mipu n > 1 TOXKJIECTBO

X
1
0
2 d" 2
(_l)nQT e 2 =
dx™ 0
0

15. Ina mabopa C = {(X(¢),Y (4)): 1 <i < N} To-
Y€K Ha [JIOCKOCTHU IIPUBEJUTE IICEBIOKO/L aJITOPUTMA,
BBIYHUCJIAIONIETO BBIMTYKIYIO 000/10uky C'.

16. BrisicuuTe TUCTIEPCUIO PABHOMEPHO PACIIPEIETIeH-
HOIt Ha [a;b] cirydaiiHON BEeJMYMHBL.

17. meercs mupaMuia ¢ N KOJBIIAMHI BO3PACTAIONITNAX
pa3MepoB, HAacCa)KeHHBIMH Ha CTEp:KeHb, W JIBa IIy-
CTBIX CTEPKHS TOMU K€ BBICOTHI. MOXKHO IepeKIa bl-
BATh BEpXHee KOJIBI0, HO 3aIIPEIaeTcsa KIacTh O0JIb-
1ree KOJIbI0 Ha MeHbInee. Jlokaykure, IT0 MOXKHO IIe-
PEJIOXKUTH BCE KOJIBIIA C TIEPBOTO CTEPIKHS Ha, TPETHi
3a 2" — 1 mepeKJIaIbIBaHUIA.

n—1 0 0 0
T n—2 0 0
1 T n—3 0
0 1 T 0
0 0 0 1 =z

14. Prove the identity for n > 1

15. For a collection C' = {(X(7),Y()): 1 < i <
N} of points in the plane give a pseudocode of an
algorithm that calculates the convex hull of C'.

16. Find the variance of random variable having uniform
distribution in the segment [a;b].

17. There is a pyramid of n rings of increasing sizes
stacked on a bar such that the largest ring is at bottom,
and two empty bars of the same height. The allowed
moves consist in moving the top ring from any bar to
another, provided that a bigger ring is never put on
top of a smaller one. Prove that the full stack of rings
can be moved to a different bar in 2 — 1 moves.
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