
Олимпиада для студентов и выпускников – 2017 г.
Направление: "Математика"

Ïðîôèëè:
¾Mathematics¿
¾Ìàòåìàòèêà è ìàòåìàòè÷åñêàÿ ôèçèêà¿

Время выполнения задания - 240 мин.

Ðåøåíèÿ îëèìïèàäíûõ çàäàíèé äîëæíû áûòü çàïèñàíû ïî-ðóññêè èëè ïî-

àíãëèéñêè. Êàæäàÿ èç çàäà÷ îöåíèâàåòñÿ èç 20 áàëëîâ; åñëè ñóììà ïðåâû-

øàåò 100, èòîã ïðèðàâíèâàåòñÿ ê 100 áàëëàì.

Solutions must be written in English or in Russian. Each problem is worth 20

points; if the sum exceeds 100, then the resulting grade is set to be 100.

I. ÎÁÙÀß ×ÀÑÒÜ / COMMON PART

1. Øåñòü îäèíàêîâûõ ìîíåò ëåæàò â âåðøèíàõ ïðàâèëüíîãî øåñòèóãîëüíèêà, êàñàÿñü
äðóã äðóãà. Ñåäüìàÿ òàêàÿ æå ìîíåòà êàòèòñÿ áåç ñêîëüæåíèÿ ïî âíåøíåé ñòîðîíå ýòèõ,
êàñàÿñü èõ ïî î÷åðåäè. Ñêîëüêî îáîðîòîâ ñäåëàåò ýòà ìîíåòà, âåðíóâøèñü â èñõîäíîå
ïîëîæåíèå?

1. Six identical coins lie at the vertices of a regular hexagon touching each other. The seventh
coin of the same size rolls without slipping along the exterior sides of these ones, touching
them one after another. How many full turns has the last coin made, when it returns to the
initial position for the �rst time?

2. Ïðèäóìàéòå íåêîììóòàòèâíóþ ãðóïïó ñ íå÷åòíûì êîëè÷åñòâîì ýëåìåíòîâ.

2. Construct a noncommutative group with an odd number of elements.

3. Ìîæåò ëè ìíîæåñòâî âñåõ äâèæåíèé ïëîñêîñòè, ïåðåâîäÿùèõ äàííûé ìíîãîóãîëüíèê
â ñåáÿ, ñîñòîÿòü èç
a) 2017 äâèæåíèé, ñîõðàíÿþùèõ îðèåíòàöèþ, è 2017 ìåíÿþùèõ îðèåíòàöèþ;
b) 2017 äâèæåíèé, ñîõðàíÿþùèõ îðèåíòàöèþ, è 1720 ìåíÿþùèõ
c) òîëüêî èç 2017 ñîõðàíÿþùèõ îðèåíòàöèþ äâèæåíèé?

3. Can the set of all the isometries of the plane taking a given polygon onto itself consist
a) of 2017 orientation-preserving isometries and 2017 orientation-reversing isometries;
b) of 2017 orientation-preserving isometries and 1720 orientation-reversing isometries;
c) just of 2017 orientation-preserving isometries?

4. Ñóùåñòâóåò ëè ôóíêöèÿ f, àíàëèòè÷åñêàÿ íà âñåé êîìïëåêñíîé ïëîñêîñòè, òàêàÿ ÷òî
f(z)3 = 1 + ez äëÿ âñåõ z ∈ C?

4. Does there exist a function f , analytic on the whole complex plane, such that f(z)3 = 1+ez

for each z ∈ C?
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II. ÑÏÅÖÈÀËÜÍÀß ×ÀÑÒÜ / SPECIAL PART

Âûáåðèòå è âûïîëíèòå òîëüêî îäèí èç áëîêîâ çàäàíèé ñïåöèàëüíîé ÷àñòè

â ñîîòâåòñòâèè ñ âûáðàííîé âàìè ïðîãðàììîé ìàãèñòåðñêîé ïîäãîòîâêè.

According to the Master of Science program of your choice, please solve

only one block from the following.

1. ¾Mathematics¿

Solutions of the problems in this section should be written in English.

1. In two-dimensional space, the attraction force between point masses is inversely
proportional to the distance between them. Prove that each system of 100 �xed point masses
in two-dimensional space has less than 100 equilibrium points (that is, points such that the
attraction forces of the point masses equilibrate).

2. Let 0 < C < 1 be a �xed number. Is it true that each sequence of compact subsets of the
unit segment [0; 1] having measure at least C contains a subsequence, in which the intersection
of all the compacta has positive measure?

2. ¾Ìàòåìàòèêà è ìàòåìàòè÷åñêàÿ ôèçèêà¿

Ðåøåíèÿ çàäà÷ â ýòîé ÷àñòè ñëåäóåò çàïèñûâàòü ïî-ðóññêè.

1. Íà êîíöàõ òîíêîãî íåâåñîìîãî íåðàñòÿæèìîãî ñòåðæíÿ äëèíû l çàêðåïëåíû äâà
íåáîëüøèõ îäèíàêîâûõ øàðèêà. Â íà÷àëüíûé ìîìåíò ýòà êîíñòðóêöèÿ ñòîèò âåðòèêàëü-
íî íà àáñîëþòíî ãëàäêîé ãîðèçîíòàëüíîé ïëîñêîñòè. Íèæíåìó øàðèêó ìãíîâåííî ñîîá-
ùàåòñÿ ñêîðîñòü v0 â ãîðèçîíòàëüíîì íàïðàâëåíèè (ò.å. ïàðàëëåëüíî ïîâåðõíîñòè).

à) Ïðè êàêèõ çíà÷åíèÿõ ñêîðîñòè v0 íèæíèé øàðèê áóäåò ñêîëüçèòü, íå îòðûâàÿñü
îò ïëîñêîñòè?

á) Íàéäèòå ìîäóëü è íàïðàâëåíèå ñêîðîñòè âåðõíåãî øàðèêà â ìîìåíò åãî óäàðà î
ãîðèçîíòàëüíóþ ïîâåðõíîñòü.

2. Ïëàñòèíû ïëîñêîãî êîíäåíñàòîðà, èìåþùèå ôîðìó êâàäðàòà ñî ñòîðîíîé a, ðàñïîëî-
æåíû íà ðàññòîÿíèè d äðóã îò äðóãà. Ðàññòîÿíèå d ïðåíåáðåæèìî ìàëî ïî ñðàâíåíèþ ñ
äëèíîé ñòîðîíû êâàäðàòà a. Êîíäåíñàòîð ïîäêëþ÷åí ê èäåàëüíîìó èñòî÷íèêó ïîñòîÿí-
íîãî òîêà ñ ÝÄÑ U . Êâàäðàòàÿ ïëàñòèíà äèýëåêòðèêà ñ äèýëåêòðè÷åñêîé ïðîíèöàåìî-
ñòüþ ε, ñòîðîíîé êâàäðàòà a è òîëùèíîé d âñòàâëåíà â ïðîñòðàíñòâî ìåæäó ïëàñòèíàìè
êîíäåíñàòîðà íà ðàññòîÿíèå x, 0 ≤ x ≤ a. Íàéäèòå âåëè÷èíó ñèëû, âòÿãèâàþùåé äè-
ýëåêòðèê âíóòðü êîíäåíñàòîðà. Îáúÿñíèòå ôèçè÷åñêóþ ïðè÷èíó âîçíèêíîâåíèÿ òàêîé
ñèëû.
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