Onumnuaza ajs CTy/ICHTOB U BBITYCKHUKOB — 2017 1.
Hamnpasnenue: "MartemaTuka"

ITpoduan:
«Mathematics» KOJI - 010-011
«MaremaTuka 1 MmareMaTudeckas (pusmka»

Bpewms BbinonHenus 3aaanus - 240 MuH.

Pewenus oaumnuadnvir 3a0aHuti 0oaHCHbL ObMb 3aNUCAHDL NO-PYCCKU UAU TLO-
aneauticku. Kaotcdas u3 3aday ouenusaemcs u3 20 6ann08; ecau Cymma npesui-
waem 100, umoe npupasrusaemcs x 100 basnram.

Solutions must be written in English or in Russian. Each problem is worth 20
points; if the sum exceeds 100, then the resulting grade is set to be 100.

I. OBIIIAYA YACTH / COMMON PART

1. LHeCTb OIMHAKOBBIX MOHET JIE?KaT B BepH_[I/IHaX HpaBI/IJ'IbHOl"O IHeCTI/IyFOJ'[bHI/IKa, KaCadChb
npyr apyra. CegbMast Takast JKe MOHETa KATUTCs 0e3 CKOJIbYKeHUS TI0 BHEITHel CTOPOHe STUX,
Kacasgch ux 1o ovepen. CKOJIBKO 00OPOTOB C/Ie/IaeT 9Ta MOHETA, BEPHYBIIHCH B HCXOJHOE
oJIozKeHue?

1. Six identical coins lie at the vertices of a regular hexagon touching each other. The seventh
coin of the same size rolls without slipping along the exterior sides of these ones, touching
them one after another. How many full turns has the last coin made, when it returns to the
initial position for the first time?

2. IlpuaymaiiTe HEKOMMYTATUBHYIO TPYIIILY C HEYETHBIM KOJTHIECTBOM JIEMEHTOB.
2. Construct a noncommutative group with an odd number of elements.

3. MoxkeT Jin MHOXKECTBO BCEX JIBUKEHUI IIJIOCKOCTHU, 1ePEBOISIIUX JaHHbIH MHOTOYTOJIbHUK
B ce0s1, COCTOSITh U3

a) 2017 nBurKenuii, coxpausiromux opueHTanuio, u 2017 MeHSIOIUX OPUEHTAIINIO;

b) 2017 nBuzKeHWii, COXPAHSIIOMUX OpUEHTAIUIO, 1 1720 MEeHSomuX

¢) T01bKO u3 2017 COXpaHSIIOMUX OPUEHTAIUIO JBUKEHUTT?

3. Can the set of all the isometries of the plane taking a given polygon onto itself consist
a) of 2017 orientation-preserving isometries and 2017 orientation-reversing isometries;
b) of 2017 orientation-preserving isometries and 1720 orientation-reversing isometries;
¢) just of 2017 orientation-preserving isometries?

4. Cymecrsyer qu GyHKusg f, aHaTUTHICCKAs HA BCell KOMILTIEKCHO! MIOCKOCTH, TaKas 4TO
f(2)? =1+ €* nna Beex z € C?

4. Does there exist a function f, analytic on the whole complex plane, such that f(z)3 = 1+¢7
for each z € C?

HaL[HOHaJIbHBIﬁ HCCJIe,E[OBaTeJIBCKI/Iﬁ YHUBEPCUTET «BpIcmiag mkoJ/ia 3KOHOMUKHI»



II. CIIEIINAJIBHA A YACTB / SPECIAL PART

Buwibepume u 8binoarume moavko 00uH u3 640x08 3adaHuli CneyuasbHol vacmu
8 coomeemcmeul ¢ 8blOPaHHOT 8aAMU NPOZPAMMOT Ma2ucmepcroli nod20mosKy.

According to the Master of Science program of your choice, please solve
only one block from the following.

1. «Mathematics»
Solutions of the problems in this section should be written in English.

1. In two-dimensional space, the attraction force between point masses is inversely
proportional to the distance between them. Prove that each system of 100 fixed point masses
in two-dimensional space has less than 100 equilibrium points (that is, points such that the
attraction forces of the point masses equilibrate).

2. Let 0 < C' < 1 be a fixed number. Is it true that each sequence of compact subsets of the
unit segment [0; 1] having measure at least C' contains a subsequence, in which the intersection
of all the compacta has positive measure?

2. «MaremaTuka u MmareMarndeckas (pusmka»
Pewenua 3adayw 8 amoti wacmu caedyem 3anucov8ams No-pyccru.

1. Ha KoHmax TOHKOTrO HEBECOMOI'0 HEPACTAKHUMOIO CTEPyKHS JJIMHBI | 3aKpEeIJIeHbl Ba,
HEOOJILITUX OJIMHAKOBBIX MapuKa. B HaYa/IbHBI MOMEHT 3Ta KOHCTPYKIINSA CTOUT BEPTUKATIb-
HO Ha abCOJIFOTHO TJIKOW TOPU30HTAJIHLHON MJIOCKOCTH. HuKHeMmy 1rapuKy MIHOBEHHO CO00-
MAETCs CKOPOCTH Uy B TOPU30HTAIBHOM HATPABJIEHUU (T.€. MAaPAIeIbHO MMOBEPXHOCTH ).

a) ITpu KaKuxX 3HAYEHHUSIX CKOPOCTH ¥y HUXKHUII MAPHUK OYJIET CKOJIb3UTh, HE OTPLIBASICDH
oT 1J10CKOCTH?

0) Haitnure Momy/ib u HampaBjieHHEe CKOPOCTH BEPXHEIO MIAPUKA B MOMEHT ero yjaapa o
FOPU30HTAJIbHYIO IIOBEPXHOCTh.

2. [lracTuHbl MI0CKOTO KOHIEHCATOPA, HMeroIne (bOpMy KBaIpaTa CO CTOPOHOI @, PacIO/I0-
JKeHbl Ha paccTosgHuu d apyr oT apyra. Paccrosaue d mpeHeOpeKuMO MaJjio 0 CPABHEHHIO C
JUITHHOI CTOpPOHBI KBajpara a. KoHgeHcaTop MOJKJIIOUYEH K HAeaTbHOMY HCTOUHUKY ITOCTOSH-
Horo toka ¢ ID/1C U. KBajparag miacTuHa JU3JIEKTPUKA C JIUIIEKTPUIECKON MPOHUIIAeMO-
CTBIO £, CTOPOHOII KBaJIpaTa a W TOJIINHON d BCTaBIeHA B MPOCTPAHCTBO MEXKIY ILIaCTHHAMI
KoH/IeHcaTopa Ha paccroguue x, 0 < x < a. HaiiguTe BeMYNHYy CHJIBI, BTATHBAOIIEH TH-
9JIEKTPUK BHYTPb KOHjeHCcaTOpa. O0bsicHuTe (PU3NIECKYI0 NPUUNHY BO3HUKHOBEHUS TAKON
CUJIBI.
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