Omumvmnouana HAY BIITD aas cryaeHTOB U BbITyCKHUKOB — 2017 1.
mo HanpasJjienuio 01.04.02 «IIpukiaagHass MaTeMaTuKa U MHPOPMATUKA»

IIpoduas 020 «IIpukiaagHasi MareMaTuka M MH(POPMATUKA»

Bpewms BbimosiHeHus 3aganus — 240 MuH.

Pemenns omuvnma abix 3aaHuil TOKHBL OBITH 3aMIACA-
HBI [I0-PYCCKU mwiin no-aHrimiicku. Kaxknas 3aga4a omnenn-
Baercsa u3 10 6as10B, MakcuMasbHas cymma — 100 6as11oB.

Time to complete the task is 240 min.

Solutions should be written in English or Russian language.
Each problem costs 10 points, maximal sum is equal to
100 points.

OBIIIAS YACTBb / GENERAL SECTION

1. Onpenenure 3HadYeHUs] MapaMeTpPoOB a U b, JJIsT KOTO-
PBIX CJIETYIOMINIT UHTErpaJ CynecTBYeT B CMBICTIE TVIABHO-
0 3HAYEHUA U PaBEH HYJIIO:

/8

1. Determine values of real parameters a and b for which
the following integral has the Cauchy principal value zero:

dzx

va. [

—m/8

2. Pemmmre MaTpuyHOE pEKYPPEHTHOE OTHOITIEHUE

An:<1 1

10
Beimumure Touabie hopmysisl s KoahduimenTos A,,.

3. Kazxpiit xkutesib crpanbl O3 mMeeT OJiHy U3 TPeX Mpo-
deccmit: A, B, C. letn ornos, nmeiomux mnpodeccun A,
B, C, coxpansitor npodeccun OTIOB ¢ BeposiTHOCTsIMH 1/5,
2/5, 3/5 COOTBETCTBEHHO, & €CJIM He COXPAHSIIOT, TO C PaB-
HBIMU BE€POSITHOCTSIMU BBIOUPAIOT JIFOOYIO U3 JABYX JAPYTHUX
npodeccuit. Tekyiee mokoeHNEe UMEET CJIEAYIONIEE PAC-
npeesaeHne mpodeccuii:

npodeccuto A nmeno 20% sxureneit, B — 30%, C — 50%.
Haiture npenesnbaoe pacupe/iesienne 1mo mpodeccusiM, He
MEHSIIOIIEeCs IIPU CMEHE TTIOKOJIEHUIA.

4. Ha n Tabiu4vkax, BbLIOXKEHHLIX 110 KDYTY, 3allACAHDI
4HCIa, Kaxk1oe U3 KOTophlx pasHo 1 mmm —1. 3a Kakoe
HauMeHbIIlee YHCJI0 BOIPOCOB MOXKHO HABEPHSKA OIpee-
JIUTDH TIpom3BezieHne Beex n aucen (n € Nyn > 3), ecom 3a
OJIMH BOIIPOC Pa3peNIeHO Y3HATh IPOU3BeIeHIe qhces Ha

(1) mro6eix Tpex Tabiamakax’?
(2) JI06BIX Tpex TabIMIKAX, JEKAIUX TOIPSIT!

5. lycrs X7, ..., X, ~ N(u,0?) — nesasucumas BBIGOPKa
M3 HOPMAJILHOTO PACIPEEJICHNs] ¢ HEM3BECTHBIMHU CPE/I-
HUM U aucnepcreil. Haiiaure omeHKy mapaMeTpoB pacipe-
JICJICHAST METOJIOM MaKCHMAJIBHOrO IIpaBaonomodus. Mo-
JudUIUPYHTE TOYCIHYIO OIEHKY, YTOOBI OHA CTaJ1a HECMe-
MIEHHON U COCTOSITEJILHOI.

6. Pemure nuddepennuanasuoe ypasaenue s x > 0

) “An_q, Ao = (

a-cosr+b-sinzc

2. Solve the matrix recurrent relation

2 1>.

11
Provide explicit formulae for coefficients of A,,.

3. Every citizen in the land of Oz has one of three professions:
A, B, C. Children of fathers who have a profession A, B,
C, keep the profession of their fathers with the probabilities
of 1/5, 2/5, 3/5, respectively, and if they choose not to
have the same profession, then with equal probabilities
they select any of the other two professions. The current
generation has the following professions distribution:
A—20%,B—30%, C — 50 %.

Find the limit distribution of professions that will no longer
changing over generations.

4. Each of n tablets lined on a circle is marked by a
number 1 or -1. What is the minimum number of questions
you should ask to determine the product of all n numbers
(n € N,n > 3), if one question is allowed to know the
product numbers of

(1) any three tablets?

(2) any three tablets placed in a row?

5. Let X1,..., X, ~ N(u,c?) be independent sample from
a normal distribution with unknown mean and variance.
Find the parameters of this distribution using the maximum
likelihood estimation method. Modify the resulting point
estimation to make it unbiased and consistent.

6. Solve the differential equation for z > 0

xy =2y +a23Inz, y(1) = 0.
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CIIEIITVAJIBHA Y YACTBH / SPECIAL SECTION

Cpenu cienyiomnx 3a4a4 peHIinTe He MeHee 4YeThI-
pex. B 3ader moiiayT 4derwIpe JIyUIINX peIIeHUd.

2

7. Boraucimre [ g(t)dt, rue g(t) — dbynkuus obparnas K
0

flx) =23 + .

8. Ilycrs ¢ = z(t) — HAMMEHbIIMI U3 [OJOKUTEIHHBIX
KopHeii ypasHenus cos(tx) = § + a2,
Boraucsure npepen  lim  tx(t).

t—+oo

9. JlokazkuTe HEPABEHCTBO

1 1
T Yy =z
a2 2 2

opu z2 + 3% 4+ 22 = 1.

10. Ilycrs n — meuérnoe nmpoctoe ducio. Haiinure acumir-
TOTUKY YUCJIa PEIIeHUil ypaBHEHUS

Solve at least four of the following problems. Up
to four best solutions will be graded.

2

7. Compute [ g(t)dt, where g(t) is the inverse function for
0

flx) =23+

8. Let « = x(¢) be the least positive root of the equation
cos(tz) = 1 + 22
Find the limit , lim tx(t).

—+o0

9. Prove the inequality
<1,

if 22 + 92 +22=1.

10. Let n be an odd prime. Find the the asymptotic behavior
of the number of solutions for the equation

(331+$2+"'+$2n)'($2n+1+332n+2+"'+$4n)an

B KOTOPBIX 3HAYEHUE KAsKIOH MEPEMEHHON TPUHAJIEKAT

muoxkecTBy {0, 1}. Ucnonssyiite dhopmyny Crupsunra 6e3
n

JoKazaTesbeTBa: n! ~ v/27wn (%)

11. ITnanapusiit rpad — 310 rpad, KOTOPHIt MOXKHO H300-
pPa3uTh Ha IUIOCKOCTHU, TAK, 9TOOBI JINHUN, N300PAKATOIINE
pébpa, He mepecekanuch. I[lomubrit rpad — 310 rpad, B KO-
TOpPOM JIIOOBIE JIBE BEPIIUHDLI coeTMHEHbI pebpoM. 3Bect-
HO, YITO B JIIOOOM IIJIAaHAPHOM rpade Uuciio pébep He Impe-
BocxoauT (3n —6), ecitn n > 3 — gucsio BepmuH. Haiijure
MUHAMAJIBHOE KOJIMYECTBO CKPEIUBAaHU pébep, KOTopoe
MOXKHO JIOCTHYb B M300PaKEHUU HAa TJIOCKOCTH ITOJIHOTO
rpada Ha IMeCTH BePITHHAX.

12. Nmeercst Tpu IPynObl CTYAEHTOB: M3yYAIOIINE UCIIAH-
cKuit, PPAHIY3CKUIT U KUTANCKUN sA3bIK. B mepBBIX ABYX
rpyHIax 1o IdaTh CTYJIEHTOB, B TpeTbeit — 205 cTy/IeHTOoB.
N3BecTHO, 9TO KaKJbI U3 U3YyYaIONUX UCHAHCKUN 3HA-
KOM C KarKJIbIM U3 U3YJaouX (ppaHIy3CKuil, 1 9T0 KaxkK-
Il U3 U3y4YalonX KUTACKNI, 3HAKOM 110 MEHBIIEH Mepe
C TpeMs CTyJIeHTaMHU B KaxKJoit n3 apyrux rpymm. Jloka-
JKHUTE, 9TO MOXKHO BBIOPATDH 10 TPU CTYJIEHTA U3 KaKJIOM
IPYIIBI, TAK, YTOOBI CPeU BEIODAHHBIX JIEBATH CTYJIEHTOB
JIIOOBIE J1Ba, PA3HOS3BIYHBIX CTYIACHTA ObLIN 3HAKOMBI.

13. B meaTpe npsMOyTroJibHOrO OUJITUAPIHOTO CTOJIA, JJTU-
wvoit 360 x 120 cm pacmnosoxken Owummapassii map. [lo
HEMY YIApsIOT KHEM B CiydaiinoMm HampasieHuu. [locie
yaapa Iap OCTaHABJIMBAETCs, Mpoiias posHo 2.4 M. Hait-
JIATE OXKHUIAeMOEe YUCJIO OTPaKeHut oT 6OPTOB.

14. Ilpemmoxure 3¢hhEKTUBHBIN AITOPUTM OIPEIETEHUS
TOr0, YTO JAHHOE HATYPAJIHHOE UHCJIO 7 — IPOCTOE.

where each variable takes value from the set {0, 1}.

Use Stirling’s formula without proof: n! ~ v/2mn (2)".

11. Planar graph is a graph that can be drawn on a plane
without edge intersection. Complete graph is a graph in
which any two vertices are adjacent. It is known that
any planar graph with n > 3 vertices has not more than
(3n — 6) edges. Determine the minimal number of edge
intersections that can emerge when drawing complete graph
on six vertices.

12. There are three groups of students, studying Spanish,
French and Chinese languages respectively, five students
in each of the first two groups, and 205 students in the
third group. Each student in Spanish group knows each
student in the French group. Each student in the Chinese
group knows at least three students in each of the other
two groups. Prove that one can choose three students from
each of the groups in a way that among these nine students
any pair of students that study different languages are
acquainted.

13. A ball is located in the center of a rectangular
billiard table with dimensions 360 by 120 cm. The ball is
hit in a random direction. After running the total distance
of 2.4 m the ball stops. Find the expected number of
reflections from the sides of the table.

14. Propose a fast algorithm that answers the question if
a given natural number n is prime.
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