Higher School of Economics Maths for economists, olympiad 2017

The table below is for grading. Please, leave it blank :)

Problem 1 2 3 4 5 6 7 8 9 10 Total
Maximum 10 10 10 10 10 10 10 10 10 10 100

Points

You may write your solutions in Russian or in English.
Good luck!

1. (10%) Evaluate the following limit:

lim < z+\/§\/5>.

T—00

The function may be written in the following way v/ + /T—+/T = /T (\/ 14+2-1/2 1) . Using substituion

—1/2

T = y one may find the Taylor expansion of the expression inside brackets. This will give (7 points)

ﬁ((wéﬂm(ﬁ)) —1) .
The limit is equal to (3 points)
zlingoﬁ <;\/§+0 (\/3)) = %

There is also another approach: multiply and divide by conjugate expression \/x + v/x + v/x. Idea is worth
(5 points). All the rest is worth (5 points).

2. (10%) Let D(x) be so-called Dirichlet function, which equals 1 if its argument is rational and 0 otherwise, and
let k be a natural number.

Prove that the function ¥ D(z) is nowhere differentiable if & = 1 and is differentiable only at z = 0 if k = 2017.

For every k the function 2¥ D(z) is continuous only at z = 0. To see it one may sketch the graph of the
function. So the function is not differentiable for = # 0. (3 points)

Let’s consider the derivative at z = 0 for k = 1:
AxD(Az) —0-D(0)

Al As = aim, D)

If all Az are rational then D(Az) = 1. If all Az are irrational then D(Az) = 0. The derivative does not
exist at z = 0. (3 points)

Let’s consider the derivative at x =0 for &k = 1:

2017 —_0.
lim Az D(Ax) =0- D) = lim Az?"'D(Ax).
Az—0 Ax Az—0

As D(Az) is bounded and Az tends to zero, their product tends to zero. So, the limit exists and the
function is differentiable at 2 = 0. (4 points)
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3. The matrices A and B are symmetric 3 x 3 matrices. Eigenvalues of the matrix A are \{! =4, \§ =2, )\‘34 =1,
eigenvalues of the matrix B are AP =11,\F =5 \F =1.

(a) (2%) Find the trace (the sum of diagonal elements) of the matrix A + B.

We note that tr(A + B) = tr(A) + tr(B). Hence,

3 3
tr(A+B)=> M +> AP =7+17=2
=1 i=1

(b) (3%) Let the matrix C' be 3 x 3 matrix with det(C) = 1. Find tr(C~1AC).

Using the properties of trace, we get: tr(C~1AC) = tr(AC~1C) = tr(4) = 7.

(c) (5%) Prove that tr(A¥) =3, AF.

Diagonalize the matrix A: A = PAP~! where P — the matrix of eigenvectors, A — the diagonal
matrix with eigenvalues on the diagonal. Hence, A* = PA*P~! where A¥ — diagonal matrix with
k-th powers of eigenvalues on the diagonal. Then tr(A4*) = tr(PA*P~1) = tr(A*) = >, Ak,

4. Consider the matrix

-1 2 0
A= 0 1 0
—-18 18 8

(a) (4%) Find the eigenvalues and eigenvectors of matrix A.

det(A—\I) =

( A)(8—=A) = 0. Therefore, eigenvalues: A\; = 1, Ay = —1, A3 = 8. Eigenvectors
are v1 = (1,1,0

— 0.
,va = (1,0,2),v3 = (0,0, 1) respectively.

(b) (6%) Find the matrix AY/3. By definition, A'/3 is such a matrix that (A/3)% = A.

Diagonalize matrix A: A = PAP~!, where P — matrix of eigenvectors, A — diagonal matrix with

1 1 0 0 1 0
eigenvalues on the diagonal. P=[1 0 0|, P '=[1 —1 0], AY3 =PAY3P~! where A/3
0 2 1 -2 2 1

is a diagonal matrix with A'/2 on the diagonal. Hence,
110 1 0 0 0 1 0 20

AV =11 0 offo -1 0of[1 -1 o0l={0 10

0 21 0 0 2 -2 2 1 6 2

5. (10%) Solve the differential equation:

(32%y* + 2xy) dz + (2y% — 32%)dy = 0

Samerum, aro y = 0 ABJIAETCS pelleHHeM ypaBHEHHs. 3AIlOMHHUB 9TO, MOJEINM JIEBYIO U IPABYIO YaCThb
HCXOJJHOTO ypaBHEHHs Ha y*. DTO HHTerpUPYIOMIH MHOXKUTEIE. 110/IyYeHHOe YpaBHEeHNE UMeeT B

2 2 3a?
(3x2+y§)dx+<y2;>dy0

Torna, ecin P (z,y) = (3x2 + ?j—é) uQ(z,y) = (y% — ?’y%z), T0 5y = %—2 = —6;—;&. Nmeem ypaBHeHue B

MONTHBIX AuddepeHItnaiax.
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CocrasJisieM U PeIlaeM CUCTEMY YPABHEHMI JJId HAXOXKJIEHUs IoTeHIuata u(x, y):

2
—=3a:2+y%f
— 2 _ 3
y? yt -

U3 nepsoro ypasHeHust HaxoauM, ato u (z,y) = x° + %5 + h(y), tie h(y) — mpousBosbHAS HEPEpPHIBHO
nuddepentnupyemast Gyaknus ot y. [logcrasisgeM HaliJJleHHOe BO BTOPOE ypABHEHUE:

—3z2
uy(zvy) = y4 +h,(y)
—3x2 2 32
TN =—=5-—
Yy Yy Yy
2
h(y)=---C
Yy
C — 1npousBoJIbHAA KOHCTAHTA.
Torna pernenne UCXOTHOIO ypPaBHEHUS
2
x 2
= -Z=C
Yy Yy

.’E2

y?’

6. Let F(x,y) = 2y and G(z,y;a,b) =y + bz — a.

(a) (3%) For each value of parameters (a, b) find the conditional extremum if it exists, classify it and find the

extremal value F*(a,b).

One may use the Lagrange multiplier method or direct substitution or graphical analysis. There is no
extremum for b = 0. For b > 0 there is one conditional maximum (z*,y*) = (a/2b,a/2). For b < 0 the
same point is the conditional minimum of F. The optimal value is F*(a,b) = a?/4b.

(b) (4%) Find all possible values of F*(a,b) in the region

>
D, = a>b
ac(0,1)

We need to find the range of the fraction a?/4b in the region D;.

Using negative values of b we may set F* to arbitrary negative value.

As a # 0 we note that F* can’t be equal to zero.

Let’s consider positive b. If it exists, the minimal value of F* should be when a = b. In this case

F* = b?/4b = b/4. We can take arbitrary small value of b, so on the line a
F* € (0,1/4). If we fix the value of a and consider all b < a then F* € [1/4, +00).

Finally, F* € (—o0;0) N (0; +00).

= b we may reach

(¢) (3%) Find all possible values of F*(a,b) in the region

a>b
D2: GE(O,].)
b>0.5
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We need to find the range of the fraction a?/4b in the region Ds.
The minimum will be achieved on the line a = b, so F*

sup

Finally, F* € [1/8;1/2).

o, = b2/4b = b/4. As b > 0.5 we see that

The supremum will be achieved for a =1 and b = 0.5, so F},, = a?/4b = 1/2.
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7. The island is populated with knights and knaves. Each sentence of a knight is true with probability 0.9
independently of other sentences. Each sentence of a knave is true with probability 0.2 independently of other
sentences. The proportion of knights on the island is equal to 0.7. You meet one person on the island at random
and asked him, whether he is a knight.

(a) (2%) What is the probability that he will say «I am a knight»?

P(B) =0.7-0.9+0.3-0.8 = 0.87

(b) (4%) What is the conditional probability that he is a knight given that he said «I am a knight»?

P(ANB) 0.7-0.9 63

= =—~0.72
P(B) 0.87 87

P(A|B) =

(¢) (4%) What is the conditional probability that he is a knight given that he said «I am a knight», paused
and said «I am not a knight»?

(AnC) 0.7-0.9-0.1 _ 63 s
P(C) ~ 0.7-09-0.1+03-02-08 111

P(A|C) = &

8. The joint density of random variables X and Y is given by the function

x4y, if x€[0;1], y € [0;1]
0, otherwise

f(-f,y):{

(a) (2%) Are X and Y independent? Give short argument.

No, the density function can not be represented as a product f(z,y) # fx(z)fy (y).

(b) (4%) Find P(Y > 2X) and E(XY)

1/2 1 1/2 5
IP’(Y>2X):/ /x—i—ydyda?:/ r+0.5— 4z’ dr = —
0 2z 0 24

11
E(XY)= / / zy(x +y)dedy = 1
o Jo 3

(c) (4%) Find marginal density fx(z) and conditional density fy|x (y|z)

x+0.5, if z € [0;1]
0, otherwise

1
fx(@) = /O f(:c,y)dy:{

flylz) =

flzy) |55, itz e[0;1], y € [0;1]
"~ 10, otherwise

9. Boris loves hunting Pokemons. Today he randomly captured three Pokemons.

Boris has sorted Pokemons by their height in ascending order and obtained their ranks H;. The lowest Pokemon
gets the rank H; = 1, the tallest gets the rank H; = 3. After sorting Pokemons by their combat power Boris
obtained the ranks C; in the same manner. Height and combat power of Pokemons are continuously distributed,
so ties are impossible.
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Boris would like to test the hypothesis Hy: height and combat power are independent. He calculates p, sample
Pearson correlation coefficient between ranks C; and H;.

(a) (6%) Find the distribution of p under Hy, that is find all possible values of p and their probabilities.

Let’s sort Pokemons by H; and consider possible orderings of C;:
Ordering of C; Value of p  Probability
1,2,3 1 1/6
1,3, 2 0.5 1/6
2,1,3 0.5 1/6
3,21 ~1 1/6
2,3,1 —0.5 1/6
3,1,2 —0.5 1/6
So the distribution of p is
p -1 -0.5 05 1
Probability 1/6 2/6 2/6 1/6

(b) (4%) Find the minimal threshold value p* that will be exceeded by p with probability less or equal to 0.2
under Hy.

From the distribution table we find that p* = 0.5. Indeed P(p > 0.5) = 1/6 < 0.2. The value of p*
can’t be decreased further as probability would jump to 3/6.

10. (10%) You estimated two models using 47 observations:
A. 7; =40 + 0.3x; + 0.82; — 1.8w;, R?=0.82
B. §; = 65+ 0.6z; + 0.512;, R? = 0.7

Test the hypothesis 8, = —1 against 8, # —1 on 5% significance level. Here §,, is the coefficient before the
variable w in the first regression.

TTockobKy HEOOXOJMMO IIPOBEPUTH THIOTE3Y, 9TO [, = —1, TO HEOGXOAUMO HCIOab30BaTh t-Tect (F-
TeCT JIJIsl IIPOBEPKU OJHO TUIIOTE3bl S9KBUBAJEHTEH {-CTaTUCTUKE B KBajpare). Heobxoqumas t-crarucruka
paccauTbiBacTcs 10 hopmyie 2 ’“(’grl), rJe HaM He U3BECTEH 3HAMEHATEJIb.
se(Pw
Tenepn obpaTumces K yesoBuio. Bropasi Mojiesb siBjigercs orpanndentoii (restricted) sepcueii nepsoit Mo-
Jeny mpu orpanmdennu 3, = 0. Ilo3ToMy Ha ocHOBe JaHHLIX 06 R? MOMKHO IPOBEPUTH THUIOTE3Y [, = 0 ¢
_ (Ryp-RR)/g _ _(082-07)/1 _ o012 _
IIOMOIIBIO COOTBeTCTBYMomero F-recra. ' = (=Rt ) /(n—k) — (1-082)/(d7—4) — 0.18/43 — 29.27.
Kak GbuLI0 cKa3aHO BbINIE JUls TECTHPOBaHHUs ojHOro orpanuvenns F(1,n — k) = t2_, . cienosaresnHo
tys = —5.41. Me1 Gepém orpunaTesbHOE 3HAYEHIE, TAK KAK CaMa OleHKa Ko duimenTa orpunareabHas.
Orciofa MOXKHO HOJLyIuThb se(fy,), TaKk Kak % = —5.41, caenoBaTeILHO
se(Bw
R B, -1.8
w .
se(Pw) = = —— =0.333.

(Bw) —5.41 =541

Vcxons u3 mosrydeHHbIX 3HAYEHN, HeoOXoauMasi t-CTATHCTUKA PaBHA ’0158321 = —2.403. Kpuruueckoe 3Ha-

genne paBHO —2.018, COOTBETCTBEHHO HyJIEBasi TUIIOTE3a OTBEPTAaeTCst Ha 5% ypOBHE 3HAYMMOCTH.
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