Onmmnuaga HUY BLUD pna ctyneHToB U BbiNyCKHUKOB - 2018 r.

PewweHnA 1 oTBETbl K AEMOHCTPaALUOHHOW BEpcUm

no HanpasaeHuo "MaTtemaTuka"

MNpodunu:
"Maremarumka" Kof - 010-011
"MatemaTtuKa u matemaTtuyeckaa ¢pusmka"

Bpemsa BbinONHEHUA 3a4aHNA - 240 MUH.

Pewenus 3adaruti 00aHCHDBL OBIMDB 3ANUCAHBL NO-PYCCKYU UAU NO-AH2AUTUCKU.
Kaotcdass ud 3adaw ouenusaemcs u3d 20 b6aanos; ecau cymma npeswvi-waem 100,
umoe npupasrusaemcsa ¥ 100 6aaram

Solutions must be written in English or in Russian. Each problem is worth 20
points; if the sum exceeds 100, then the resulting grade is set to be 100.

I. OBIIAYA YACTBh / COMMON PART

1. meCTb OIMHaKOBBIX MOHET JIeKaT B BepI_UI/IHaX HpaBI/I.HI)HOFO H_IeCTI/IyFO.HbHI/IKa, KaCadChb
npyr apyra. CegbMast TaKast YK€ MOHETA KATUTCs 0e3 CKOJIbyKeHHs 10 BHEITHEl CTOPOHE STUX,
Kacasgch ux 1o odepenu. CKOJILKO 0DOPOTOB CIEIaeT 3Ta MOHETa, BEPHYBIIUCHL B HUCXOIHOE
roJioxkenue?

1. Six identical coins lie at the vertices of a regular hexagon touching each other. The seventh
coin of the same size rolls without slipping along the exterior sides of these ones, touching
them one after another. How many full turns has the last coin made, when it returns to the
initial position for the first time?

Pewenue 1. (Bamaga npegroxkena M. @unkensbeprom.) Orser: 4.

3a To BpeMs, II0OKa MOHeTa IIPOKATHUTCS 110 Jyre (v HeIIOJBUKHOII MOHETBI, OHA IIOBEPHETCS
Ha yroJ 2a. Ocraercsa HaflTH CyMMY JyT, COCTOSIIUX U3 TaKUX TOYEK HEIIO/IBUZKHBIX MOHET,
KOTODBIX IIO/IBHZKHasl MOHETa KacaJlach IIPH CBOEM JIBUYKEHUU. DTa CyMMa paBHa 47, OTKy/1a
q1csI0 000POTOB paBHO 47 - 2/(2m) = 4.

DTa 3asava MOJApoOHO pasdbupaercs B kypHaste “Kpanr” N4 3a 1971 rom, crp. 37-38,
http://kvant.mccme.ru/1971/04/p37.htm

Kpurepun. 15 6a/1j10B — BepHble PaCcCyzK/IeHHs, HO HEBEPHBII OTBET U3-3a apudmeTnde-
CKOI1 OIIIOKHU.

10 6a/10B — HPaBUILHO BBIYHC/IEHA JJINHA [IyTH IEHTPa WM TOYKH KacaHUs MOHETBHI, HO
OTBET HEBEPHDLIIL.

2. llpumymaiiTe HEKOMMYTATHBHYIO I'PYIITY C HEYETHBIM KOJIMYECTBOM 3JIEMEHTOB.
2. Construct a noncommutative group with an odd number of elements.

Pewenue 2. (3anaga npemioxena A. DcreposbiM) Hammpumep, momoiiier rpyiia MaTpHIl Buia
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rje x,y,z npoberaior Bce 3jeMeHThI 10Jist Z /37 octaTkoB 1o Moy 3. B aroit rpymme 27
9JIEMEHTOB.
MuHuMaJIbHBIN TIPUMED TPYIIIBI, YIOBJIETBOPSIONIE YCJIOBHUIO, COCTOUT u3 21 3j1emMeHTa.

HaIIHOHaJIbHLIﬁ I/ICCJIe,I[OBaTeJIbCKI/Iﬁ YHuBEpCUTET «BbIcHIasg IIK0JIa 9KOHOMUKHU »



3. MoxKeT T1 MHOYXKECTBO BCEX JIBUZKEHUI TIJIOCKOCTHU, TTEPEBOIAIINX TAHHBI MHOTOYTOJTHHUK
B cebsI, COCTOATDH 13

a) 2017 nBurKeHUi, COXpaHIONUX opueHTAINO, 1 2017 MEHSIONUX OPUEHTAIINIO;

b) 2017 aBuzKeHuUil, COXpaHsIIONMX OpueHTAINO, 1 1720 MeHAIOMuX

¢) TosbKo 13 2017 COXpaHSOMUX OPUEHTAINIO JIBUKEHUI?

3. Can the set of all the isometries of the plane taking a given polygon onto itself consist
a) of 2017 orientation-preserving isometries and 2017 orientation-reversing isometries;
b) of 2017 orientation-preserving isometries and 1720 orientation-reversing isometries;
c) just of 2017 orientation-preserving isometries?

Pewenue 3. (Bamaua nperoxkena C. JlokresbiM.) OTBeTsl: &) na; b) mer; ¢) 1a.

B nyukre a) npumepom 6yser npaBuibhbiii 2017-yroapHuk. B myHKTE ¢) — HEBBIYKJIbIIT 2 -
2017-yroyibHUK B (hopMe “ltecTepeHKn’; KOTOPBI MOy YaeTcs TOCTPOEHUEM Ha BCEX CTOPOHAX
npaBmwibHOTO 2017-yroipHuKa, KakK Ha OCHOBAHUAX, PABHBIX OJIMHAKOBO OPUEHTUPOBAHHBIX
HEepPaBHOOEIPEHHBIX TPEYTOJLHUKOB. MHOXKeCTBO BCeX JIBUXKEHUI IJIOCKOCTH, TEPEBOIATIIX
[TOJTy YeHHBINT MHOTOYTOJIbHUK B ce0st, cocTouT nu3 2017 MOBOPOTOB, U HE COJIEPYKUT HU OTHOTO
OTpaKeHUs.

B nynkTe b) 1CKOMOro MHOrOyroJIbHUKA He CYIIECTBYeT, TaK KAK KOJUUeCTBA COXPAHAIONIIX
U MEHSIIOIIIX OPUEHTAIHIO JIBUKEHUI PA3JINIHBI U HE PABHBI HYJIIO (3/1ECh U JIAJIee MbI TOBOPHIM
TOJIBKO O JIBUZKEHUSX, [IEPEBOJAIINX MHOTOYTOJILHUK B cebst). [leficTBUTEIbHO, TPEIITOIOKIIM
OT TPOTUBHOI'O, YTO TaKOW MHOTOYTOJIbHUK CyIIecTByeT. PaccMoTpum jro60oe MeHdromee opu-
enTaruio npmkenue f miockocru. Tora Bee nBruzKenus pasbusarorcs Ha napsl Buja (g, fog),
re g npoberaeT Bce COXpaHSIONIe OPUEHTAIINIO ABUKeHus. Torga f o g mpoberaer Bce MeHsI-
OIIe OPUEHTAIINIO JBUZKEHUsI. SHAUNT, COXPAHSIONINX W MEHSIIOIIIX OPUEHTAINIO JTBUKEHII
nopoBny. IIporuBopeune.

Kpurepuu. 15 6a/110B — BepHOe perieHne 2 u3 3 IMyHKTOB 3a/1a9u.

5 baJlJIoB — BepHOe perienre 1 u3 3 IMyHKTOB 3a/1a49H.

4. Cymecryer jin dbyuxius f, aHa uTHIeCKas Ha BCeit KOMILIEKCHOI TIJIOCKOCTH, TaKas ITO
f(2)> =1+ €* nns Beex z € C?

4. Does there exist a function f, analytic on the whole complex plane, such that f(z)3 = 1+¢7
for each z € C?

Pewenue 4. (3amaua npejoxena B. Tumopunbiv.) Orser: ver. [Ipeanosoxum or npoTus-
HOT'O, YTO aHAJUTHYECKasl Ha BCell KOMILIEKCHOMN miaockoctu (yukuus f(z) yaoBieTBOpsier
pasenctBy f(2)® =1+ e* ms Beex z € C? Tlonaras 2z = i, 1o dpopmyse Diiaepa nosydaem
fim) = 0. Tuddepenuupys pasenctso f(2)? =1+ e*, monyuaem 3f(2) f(2)? = 2. Tlonaras
z =7, nojiydaeMm ) = —1, mpoTtuBopeune.

Kpurepuu. 19 6a/1710B — BepHBIil OTBET U B 11€JIOM BEPHBIE PACCYKICHUS, HO COJIEPKAIIe
dopMyIIBI ¢ IPOOHBIMU CTEIEHAMU WM KyOMYeCKUMU KOPHAMU U3 KOMILIEKCHBIX Yuces, 0e3
0ObsICHEHNUsI, B KAKOM CMBIC/I€ TIOHIMAIOTCST 3TU OIEPAITNN.



II. CIIEITUAJIBHA YA YACTBb / SPECIAL PART

Buibepume u 8bnoarume moavko 00ur u3 640x08 3adaruti cneyuasvHot wacmu
8 coomeemcmeulu C 8blOPaHHOT 8aMU NPO2PAMMOT Ma2ucmepcroti nod20mosKuy.

According to the Master of Science program of your choice, please solve
only one block from the following.

1. «Mathematics»
Solutions of the problems in this section should be written in English.

1. In two-dimensional space, the attraction force between point masses is inversely
proportional to the distance between them. Prove that each system of 100 fixed point masses
in two-dimensional space has less than 100 equilibrium points (that is, points such that the
attraction forces of the point masses equilibrate).

Pewenue 5. (Problem suggested by A. Esterov.) Let z1,..., 2100 € C and my,...,mig € C
be the positions and the masses of the point masses. The attraction force at a point z € C
equals

£(2) ioj Z— 2 ioj 1 P(z)
Z = —_— = =
p |2 — 2|2 et Z— 7 119 (z — z)

for some polynomial P(z) of degree less than 100 not vanishing identically. By the main
theorem of algebra P(z), hence f(z), has less than 100 roots. Thus there are less than 100
equilibrium points.

Kputepuun. 20 6a/1710B — BepHble pacCyzKJeHus, HO He MPOBEPEHO, 4To MHOrowien P(z)
HEe PaBeH HYJIIO TOXKJIECTBEHHO.

15 6aJLI0B — BepHBIE pacCyxKaeHus, HO (OPMYJa [JId CUJIbl IPUTIXKEHN He 000OCHOBaHA.

10 6a/10B — BepHbIE PACCYKJIEHUS, HO OCHOBAHHBIE Ha (POPMYJIE JJIs CUJIbI IPUTSIKEHUS,
BEPHOI TOJILKO B CJIy4dae paBHBIX MaccC.

2. Let 0 < C' < 1 be a fixed number. Is it true that each sequence of compact subsets of the
unit segment [0; 1] having measure at least C' contains a subsequence, in which the intersection
of all the compacta has positive measure?

Pewenue 6. (3amaua upemiokena B. BoradeBbiMm, perieHne — 10Jib30BaTeIIMU  CaiTa
http://dxdy.ru.) OrBer: Her.

Bynem mosp3oBarbes 3ammchio duces otpeska [0, 1] B gomaHoii cucreme cancienns. Heko-
TOpBIE YHCIa MMEIOT JiBe TaKuX 3amucn — ofHa ¢ mepuogoM (0), mapyras — ¢ IepOHOOM
(1). st BCex TaKWUX YHCEJT, JJisl ONPEIeJIEHHOCTH, Oy/IeM UCIIOIb30BATh MEPBYIO 3alliCh, 3a
UCKJIIOYeHreM ducia 1, Koropoe Oyem 3amucbiBarh Kak 0, (1).

Penum 3a1a1y cnadamna st C' = 1/2. O6osnaunm Ej, MHOXKeCTBO Tex uncest orpeska [0, 1],
B JIBOMYHOMN 3ammcu KOTOPBIX k-Tasi mudpa mocie 3angroir pasua 0. Torma u(Ey) = %, B
TO BpeMs KaK Mepa IlepecedeHns JII0ObIX 1 U3 HUX PaBHA 2% [TosTOMy HMKaKOe MHOYKECTBO
MTOJIOYKUTETHHON MepBI HEe MOYKET COJIEPYKAThCA B OECKOHETHOM 4HCje 3TUX Fg.

Permmv Tenteps 3a1aty a1 mpoussosibHoro 0 < C' < 1. Bosbmewm takoe m, aro 1 — 2%,1 > (.

Paccmorpum muokectBa Ej,, = Umk E;, nna xoropuix j(Eg,) = 1 — 5=. Mepa

j=mk—m+1 —J 2m
1epeceteHns N TAKIX MHOXKECTB paBHa (1 — )™
JleficTBUTEILHO, KazKJI0€ U3 HUX MOXKET OBITH IIPEJICTABICHO KaK o0beuHeHne 2™ — 1 in3b-
IOHKTHBIX MHOYKECTB, KaXKJ0€ M3 KOTOPbIX UMEET Mepy 2%,1 (OHO XapaKTepu3yeTcs MEernoIKoil
u3 m uudp 0 u 1, HaunHaroieiicst ¢ paspsiga mk — m + 1). Ilepecedenue n IU3bIOHKTHBIX

MHOXKECTB UMeeT Mepy 2,,%1, 1 MbI uMeeM (2 — 1) Tu3bIOHKTHBIX MHOYKECTB B [IEPECEIeHH.
3



Kpurepuu. 20 6a/1108 — BepHOe perieHue XoTsd Obl i ojHoro yucia C'.

2. «MaremaTuka u maremMarTndeckasa pusuka
Pewenus 3adayw 8 amoti wacmu caedyem 3anucovi8ams No-pPYccru.

1. /IBa 0JIMHAKOBBIX MaJIEHHKUX IMTapUKa, CBA3aHHBIX HEPACTSAKIMOI HEBECOMON HUTHIO JIJTU-
HBI [, JIe2KaT Ha TJIAJKON rOpU30HTAIBHON moBepxXHOCTU. OTHOMY U3 MIAPUKOB COOOIAIOT CKO-
POCThH vy, HAITPABJIEHHYIO BEPTUKAJIBHO BBEPX, MPOTUB CUJIbI TsxKecTH. Kakoil qo/nKHa ObITh
HavaJIbHAA CKOPOCTH JIJII TOrO, YTOOBI HUTh BCE BPEMsS OCTABAJACh HATAHYTOM, a HUKHUI
IMapUK He OTPBIBAJICS OT TOPU30HTAJIBbHON oBepxHOCTH! Mo1ysib yeKOpeHuns: ¢BOOOIHOTO TTa-
JEeHUd PaBEH (.

2. IlmacTuHbI IJIOCKOTO KOHJEHCATOpa, UMelole popMy KBaJipaTa cO CTOPOHOI a, Pacro/io-
JKeHbl Ha paccTogHuu d apyr ot jpyra. Paccrosinme d npeHeOpeKuMO MaJIo 10 CpaBHEHUIO ¢
JIJTMHOM CTOPOHBI KBaJipaTa a. KOHIeHCATOP MOAK/IIOUEH K U1eaIbHOMY UCTOYHUKY ITOCTOSTH-
voro Toka ¢ DJIC U. Kpazgparas miacTuHa JUIJIEKTPUKA C AUIIEKTPUICCKON ITPOHUIIAEMO-
CTBIO €, CTOPOHOI KBaJipaTa a U TOJIIIHON d BCTaBjIeHa B IIPOCTPAHCTBO MEXKy ILJIaCTHHAMMN
KOHJleHcaTopa Ha paccrosuue r, 0 < x < a. Haiiaure BeJMUMHY CHJIBI, BTSITUBAOIIENH JIH-
9JIEKTPUK BHYTPh KOHJeHcaTopa. O0bscHNTe (PU3NIECKYIO MPUINHY BO3HUKHOBEHUST TAKOM
CUJIBL.





