Jemoucrpamnuonsbiii BapuaHT 3agauus Omumnuaast HUY BIID gnas cTyjeHTOB U BBIMYCKHUKOB —
2018 r.
mo Hamnpasjgeunio «Ilpukinagnas maremaTuka u HPOPMATAKA»

IIpodusns: «IIpuknagnas maremaTnka u uHpopMaTUKa» KO - 020

Bpewms Bbimosinenust 3agauus — 240 MuH. Time to complete the task is 240 min.

Pemrenus ommMnmagHbx 3aaHuil JOKHBL OBITH 3amuca-  Solutions should be written in English or Russian language.
HBI TIO-PYCCKU WK no-anraniicku. Kazkmas 3amada orenn- Each problem costs 10 points, maximal sum is equal to
Baercs u3 10 6asutoB, MakcuMasbaas cymma — 100 6asmos. 100 points.

OBIIIAS YACTBb / GENERAL SECTION

1.Jlokaxkute, 9T0: 1. Prove that:
. n . n R n m
im ey = )=
n—too \ 1+mn2 224 n2 n2 + n?2 4
2. dBnsgerca mu rpad G, 3amannasiii marpureit namuaeHT- 2. Determine whether the graph with the following incidence
HOCTH, matrix:
11100 0000
100 1 10000
010101000
001 000110
000010101
000001011
(1) sitaepoBbIM (1) is an Eulerian graph
(2) raMUIBTOHOBBIM? (2) is a Hamiltonian graph?

3. Cuyualinas BeJIMUNHA & PACHPEJIEIEHA DABHOMEDHO Ha 3. x is a random value uniformly distributed on [0, A] (A >
[0,A4] (A > 1). Haiiiure maremarudeckoe oxupanue u 1). Find expected value and variance of the random value
JIACTIEPCUIO BEJIUNIUHBI Y Y

y = min(z?, z)

4. Jlana marpuia M Bumga 4. The matrix M admits the following form
a l—a
v=(5100)
rme 1 >a>b>0. where 1 >a >0 > 0.
Hoxkaxure, aro Tr (M™) > 1, Vn eN Prove, that Tr (M™) > 1, Vn €N
5. JlokazkuTe, YTO BEPHO CJIeIYIOIEe HEPABEHCTBO 5. Prove that the following inequality holds

1
rdr
/ <In2
0 cosw
6. Haiitu cocrositeibHyI0 TOYeUHYIO OIeHKY p mapamer- 6. Find consistent point estimator p for the parameter p

pa p reOMEeTPUTIECKOro pacupeeienus. ABasercsa mu cme- of the geometric distribution. Is zl) an unbiased estimate
IIEHHOM OIIEHKa % JJIs IapaMerpar % ? for the parameter 17
P

HamnmonanpHbiit nccienoBaTedabckuii yuuBepcuteT «Buoiciag I1Ikosa DKoHOMUKM»



JemoucTpanuonHbiii BapuaHT 3agauus oaumnuaasl HUY BIIID ajis cTyZieHTOB 1 BBIMYCKHUKOB —
2018 r.
mo HanpasJjienuio 01.04.02 «IIpukiaasHas MaTeMaTukKa u MHPOpPMATUKA»

ITpoduans 020 «IIpukaagHass MmareMaTuka u MHPOPMATUKA»

CIIEITMAJIBHA S YACTB / SPECIAL SECTION

Cpenu ciaenyromux 3a4a4 pelinTe He MeHee 4eThI-
pex. B 3ader moiiayT 4dernIpe JIyUIINX pelIeHUd.

7. Haiiaure HanMenbinee paccrosaue ot Touku A(0, 1) 1o
2

mapabossl y = x°.
8. B ropose X. B cBsizu co crpoutenbcrBoM HOBOM ATC
JKUTEJISIM BBIJIAIOT HOBBIE Tejie(DOHHBIE HOMEPA. DTH HOME-
pa [peJICTABIISIIOT COOOI pas3/ImIHbIE BEKTOPA, JJTUHBI 1, U3
KOHeuHOro ajipapura MomHocTH A. Bysiem roBoputh, 9o
JIBa BEKTOPA “t”-ITOX0XKU, €CJIN Y HAX €CTh B TOYHOCTH OJTHA,
obImast MOJICTPOKa JIHHBI t(t > 2), a Bce OCTAJIBHbBIE CHM-
BOJIBI Pa3/IndHbl. deMy paBHA BEPOSATHOCTH TOTO, UTO JJIs
HEKOTOPOTO HOMEDa 7, BBIJJAHHOI'O OJIHOMY U3 HOJIB30Ba-
TeJieit, HaleTcss m “t”-ITOXOXKUX , eC/Id HOMEPA MOJIY IUIU
M xureneii?

9. Haiinnre Bce Takue &, IpU KOTOPBIX BBIIOJIHSETCS

Solve at least four of the following problems. Up
to four best solutions will be graded.

7. Find the shortest distance from the point A(0, 1) to the
parabola y = 2

8. Due to the construction of the dial central office in the
city of X. the phone company assigns new phone numbers
to the citizens. All phone numbers are distinct vectors of
length n from the alphabet of the power A. Let us call
any two vectors “t"-similar if they exactly one common
substring of length ¢(¢ > 2) and differ in all the other
positions.Find the probability that for a certain phone
number Z assigned to a user exactly m “t”’-similar numbers
were assigned if a total of M numbers were assigned

9.Find all values of z, for which the following equality
holds

1 -1 1
2cos? (z) sin(2z) sin(2z) | =1
cos? (x) —sin? (z) sin? ()

10. Cuyuvaiiabiii rpad 3a/1aH CJIEIYIONIM 00pa30M: MeXK-
JIy JIIOOBIMU JBYMsi U3 T BEPINUH C BEPOATHOCTHIO P IIPO-
Bojurcst pebpo. OBGO3HAYMM MHOXKECTBO BEPINUH TAKOTO
rpada kax V. TpeyroabHIKOM HA3BIBAETCS ITUKJI JITUHDI
3 T.e. mobasl HeylOpsI0YeHHAs TPOiKa BEPHIIMH Vj, Vj, Uk
(v; € Vv € Viu, € Vi # j,j # k), Takux, 9r0 KaxK-
Jlasi M3 HUX COEJIMHEHa pebpoM ¢ JABYMs JPYrUME. demy
pPaBHO MATEMATHIECKOE OXKUJIAHUE JHC/Ia TPEyTOJbHIKOB
B CJIydaifHOM rpade ¢ 1 BEepIIHHAMA U BEPOSITHOCTHIO P?

11. [lects BO3MOXKHO HECHUMMETPUIHBIX MOHET IMOAOpa-
coiBaiorcsg 100 pas. Pe3ynbraTs! ucnbrranuii 3a/1aHbl B Ta0-
Jare:

10. A random graph with n vertices is defined in the
following way: any pair of the vertices is connected with an
edge with probability p. Let us designate a set of vertices
with V. A triangle is a cycle of length 3 i.e.an unordered
triple of vertices v;, vj, v, (v; € V,v; € Vv € Vi # j,j #
k) such that any of the vertices in this triple is connected
with the reminder two with an edge. Find the expected
number of triangles in a random graph with n vertices if
the probability of adjacency is p?

11. Six possibly biased coins are tossed 100 times. The
results of the trial are given below

YHuco
60B
\Number of
heads

rep-

Yacrora 10 16 42

Observed
Number
Outcomes

of

18

Vcroms3ys KpuTepuil X IpPOBEPUTH THIIOTE3Y O PAC-
[IpeJIeJICHNN 9HC/Ia TepOOB M0 OMHOMMAJIBHOMY 3aKOHY C
napamerpamu 6 u 0,5 nupu 5% yposue snagumoctu. Tab-
JINTIA, KPUTHYECKUX 3HAYCHHIT JJ1s KPUTEPHs X2 U Pas Iid-
HOI'O YHUCJIa CTereHeil cBOOOIBI U IpU 3aJ]aHHOM YPOBHE
3HAYMMOCTHU IPUBEIEHA HUKE

Using 2 test with significance level 5% check the following
hypothesis: the number of heads has binomial distribution
with parameters 6 and 0,5. The table of the critical values
for the x? test , significance level 5% and different number
of degrees of freedom v is given below

v 1 2 4

6 7 8

7.815 |9.488 | 11.070

X2 o5 3.841 | 5.991

12.592 | 14.067 | 15.507 | 16.919




12. C moMombio Cymnepro3uiiu u3 MYHKINN aJredpbl J10-
rUKH f MOYKHO HOJIyaIuTh KoucTauTs 0 1. JlokasaTh, 4T0O
byHKIMA [ obpa3yer MOJIHYIO CUCTEMY.

13. Joka3arh, 9TO IOMOJIHEHNE IIJIAHAPHOrO rpada Ha n
BepIIMHAX HeIIaHAPHO IIpHu 1 > 9

14. CkosabKo cyiecTByeT (hyHKInit anredbpol Joruku f oT
n IepeMeHHbIX Takux, 9ro cucrema A = {f, f} we asua-
eTcs TIOJTHOM?

12. Constants 0 and 1 can be obtained by superposition of
the Boolean function f. Prove that f forms a functionally
complete system

13. Prove, that a complement graph of a planar graph
with n vertices is a non planar graph for any n > 9
14. How many Boolean functions f of n variables exist,
such that system A = {f, f} is not functionally complete?
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