Omumvmnuana HY BIIID aqs cTyaeHTOB u BbIIyCKHUKOB — 2018 r.
Hanpasinenue: «IIpukiaanmas maTreMaTuka u nH@oOpMaTUKa»

IIpoduns: «IIpuknagHas mareMmaTuka u ”HPOPMATUKA >

Bpewms BbimosiHeHus 3aganus — 240 MuH.

Pemenns ommvnma abix 3aaHuil TOKHBL ObITH 3aIIACA-
HBI [I0-PYCCKU mwiIn no-aHrimiicku. Kaxknas 3aga4a omenn-
Baercs u3 10 6as10B, MakcuMasbHas cymma — 100 6as11oB.

KOJI - 020

Time to complete the task is 240 min.

Solutions should be written in English or Russian language.
Each problem costs 10 points, maximal sum is equal to
100 points.

Brok Ne I. / Unit No. I

1. HaiiTu mipejiest 1mocjie 10BaTeJIbHOCTH:

/2

lim
n—+oo Jq
2. HopMasibHBIM Marm4eckuM KBaJIPATOM IMOPSIIKA 7 Ha-
3bIBAETCHA TaKas KBaJpaTHAas MATPHUIA pa3Mepa 1 HA N,
COCTaBJIEHHAS U3 BCEX PA3JIMYHBIX HATYPAJIbHBIX YHCEJ OT
1 10 n?, B KOTOPOi CyMMBI IO KaXKIOMY CTOJIOLY, KasK-
JIOl CTPOKE M JBYM TJIABHBIM JIUATOHAJISIM PABHBI OJTHOMY
U TOMY K€ YHUCJLYy, HA3bIBAEMOMY “MArmIecKOil KOHCTaH-
Toit”. Ilycth A1, Ao, ..., A\, —COOCTBEHHBIE UNC/IA MATPHUITHI
M,,—HOpMAaJILHOTO MaruvIecKOro KBaapara mopsiaka n. Jlo-
KakuTe, 9TO JJIsI JIIOOOTO HATYpPAJBLHOrO N > 3y JiIoboTo
Marm94ecKoro KBaJ[paTa MOPs/IKa 7 eCTh COOCTBEHHOE JHC-

JIO \; Takoe, 9TO BBINOJIHSIETC Y, Ap = 0, u ompenesure
ki
“YeMy PaBHO 3TO 9uCy0 (st bUKCHpoBaHHOTO 7)7?

3. “Baytaga o BeTpede”. 3 4eSIOBEKA JIOTOBOPUIIICH O BCTPE-
qe ¢ 12 o 13 wacos. Kaxaplit mpuxoauT u3 HUX MPUXO-
JIUT B CJIyYaiHBI MOMEHT BPEMEHHU U YKIET TeX KTO eIlle
we npuirest He 6osiee 30 munyT. KakoBa BeposTHOCTB, 94TO
BCE TPOE BCTPETATCSI?

4. Marpureil nmepecTaHOBKY TOPSJIKA 1 HA3BIBACTCS Ta-
Kasi MaTpHIla pa3Mepa m Ha n, cocraBjeHHas u3 0 u 1,
4T0 cymMMa (B I0JIe JEeHCTBUTEJIbHBIX YHCEJ) JEMEHTOB
110 KaxK/IOMy ee CTOJIOIy M KaxKJI0# cTpoke pasHa 1. Hait-
JIATE BEPOSITHOCTH TOTO, UTO JIJIsI BHIOpAHHON Hayras (T.e.
CJIyJaffHO U PABHOBEPOATHO M3 BCETO MHOYKECTBA MATPHIL
[IEPECTAHOBKH TAKOIO MOPAIKA) MATPHUIBI II€PECTAHOBKY

4
nopsaaka 4 PZ.{ } Bpmosmsercs

1. Find the limit:

sin”(x) dzx

2. A normal magic square of the order n is an n by n,
matrix of distinct integers from 1 mo n?, such that the
sum of each row, column and two main diagonals is the
same number often referred to as “magic constant”.Let
A1, A2, ..., Ay — be the eigenvalues of the M,,—a normal
magic square of the order n. Prove the for any natural
number HarypasbHoro n > 3 for any normal magic square
of the order n there exist an eigenvalue \; such that the

following holds > Ax = 0 and find the value of the eigenvalue
ki
A; (for the fixed n)?

3. "Meeting Problem". 3 persons decided to meet each
other within a time interval between 12.00 and 13.00. Each
of them arrives at a random time (within the agreed interval)
and waits for those who have not arrived yet, no longer
than 30 minutes. What is the probability of the fact that
all three participants will meet together?

4. A permutation matrix of the order n is an n by n ma-
trix of 0 and 1 such that the sum of each row and each
column (in the field of real numbers) is equal to 1. Find
the probability of the fact that for a random permutation
matrix of the order 4 (i.e. for a matrix that has been
chosen at random from the set of all possible permuta-
tion matrices of respective order, the probabilities of each

matrix choice being the same) Pi{4} the following holds:

Te(P) > |det(P{)]

5. CKOJIBKO CyIIIECTBYET MTONAapHO HEM30MOP(HBIX HEILIa-
HapHBIX Ipados ¢ 11 pebpamu u 6 BeprmHaMu?!

6. Haiimure £(018)(0) (mpomssommyio or f 2018-oro mo-
psanka B Touke x = 0), T7e

f(x)

5. Find the number of pairwise nonisomorphic nonplanar
graphs with 11 edges and 6 vertices
6. Calculate f(2018)(0) (the 2018-th derivative at the point
x =0), where

1

T ltaztatad
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Bnok Ne IT / Unit No. II

Cpenu cienyromx 3a4a4 peHIinTe He MeHee 4YeThI-
pex. B 3ader moiinyT 4derwsIpe JIyUIINX peIIeHUd.

7.CpaBHuTe aBa 9uCIA;

11 1
I+ —=+—=+ -+ —,
V2 V3 V36

8. Y = [y1,92,--.,Yn| - BekTOD cocrostmuii u3 n (n € N)
HEe3aBUCUMBIX CIyYaiiHBIX BEJUMYUH, KaxKJas U3 KOTOPBIX
pacupejiesieHa paBHoMepHO Ha uHTepsade [0, A] (A > 0).

n o
Y;Lla}z' = Hl?X Yk -CJAydanHad BEJIMYINHA, PaBHaAd HanbOJIb-

oieMy u3 1 9JIEMEHTOB TaKOI'O BEKTOpPA. Haﬁ,ZLI/ITe MaTeMa-

TUYIECKOE OKUJaHuE€ U JHUCIICPCUIO CJIy‘{&fIHOfI BeJIMYHMHBI
{n}

Yma.r

9. I'pad G 3aman cBoeit MaTpUIEil CMEXKHOCTH

0 011
0 0 01
1 0 0 O
11 0 0
1110
1 1 11
1 011
1 1 11
01 1 1

(a) SABnsierca am rpad G raMHUIBTOHOBBIM !
(b) deasierca s gonosnenue rpada G 3iHIEPOBBIM
rpacdom 7

10. "Urpa B aotepeio’. IIpousBoaurcss urpa B JJOTEPEIO, B
KOTODPOH eJIMHCTBEHHBI UTPOK KaXKJIbli JI€Hb MOXKET BbI-
WrpaTh OJWH M3 TPeX IIPU30B. BeposiTHOCTH BBIUIPHIIIA
KaskJIoro u3 npusos (B JeHb) — p (3p < 1), oHa HE MeHs-
eTcsl OT HA4YaJIa UCPBI JO BBIUTPHIIIA COOTBETCTBYIOIIETO
npu3a. Ecn urpoK BBIUTPAT KaKOW-T100 U3 TpeX MPU30B,
OH HE MOXKET BBIUI'PATH ero BHOBb. Vrpa mpoucxouT 10
TeX TOp, [TOKa He Oy/IyT BeINTPaHbI Bce npu3bl. Halitn ma-
TeMaTUIEeCKOe OKUJAHUE U JIUCIEPCUI0 BPEMEHU UI'DbI

11. CroJIBKO CyIIecTByeT IONapHO HEen30MOPQHBIX I'pa-
doB ¢ 8 BeprmHaMu u 25 pebpamu?
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Solve at least four of the following problems. Four
best solutions will be graded.

7. Compare the two numbers given by the following sums

11
Id—=+ o=+ +
V2 3

1
V27

8. Let Y = [y1,¥2,--.,Yn] be the vector of independent
random values uniformly distributed on [0, A] (A > 0).Let

v =

the maximum element of the vector Y. Find the expectation

max yy —be the random value, corresponding to

and the variance of the random value Y,i"}

9. Consider the graph G with the following adjacency
matrix

1110
1 011
1 111
11 11
00 11
00 11
0 0 01
1000
1100

Find out whether

(a) The graph G is a Hamiltonian graph ?

(b) The complement of the graph G is an Eulerian
graph ?

10. "A lottery game”. A lottery game in which the only
player can win one of the three prizes every day is carried
out. The probability of winning each of the prizes (per
day) is p (3p <1), it does not change from the beginning
of the game until the corresponding prize is won. If a player
wins any of the three prizes, he cannot win it again. The
game takes place until all the prizes are won. Find the
mathematical expectation and the variance of the game
duration.

11. Find the number of pairwise nonisomorphic graphs
with 8 vertices and 25 edges
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12. a) Pacupejenenne npusHaka X B T€HEPAIbHOM CO-
BoKynHOCTH 00béMa N 3a/1aHO Kak:

12. a) The distribution of the characteristic X in the
general population of volume N is given by :

a1 az ak
Ny Ny Ny
N N N

Zle N; = N. O6oznaunm A u D (A) - rerepaibHbIe cpeji-
HEE W JIMCIIEPCHIO TIPU3HAKa, X :

T > Niai

N
3 renepaJsibHOI COBOKYITHOCTH ITPOU3BOIUTCS CJIy YalHBIN
6ecroBTOPHBII BBIOOD N 3siemenToB: X1,Xo,. .. X, . Becmo-
BTOPHBII BBIOOD O3HAYAET, 9TO OTOOPAHHBIE SJIEMEHTHI B
reHepAJIbHYI0 COBOKYIHOCTh He Bo3Bpararcs. Obo3Ha-
gnM cpejree apudMernueckoe X npu3Haka X B CiIydaii-
HOi1 OECIIOBTOPHOI BBIOOPKE KaK:

(4) =

Zle N; = N. Let A and D (A) denote the general mean
and variance of characteristic X respectively:
Siy N (i = A)°

N .

From the general population, a random non-repeated selection
of n elements is made: X1,X5,... X,,. Non-repeated selection
means that the selected elements are not returned to the
general population. We denote the arithmetic mean X of
characteristic X in a random non-repeated sample as:

X = Z?:l Xi'
n

Haitnure maremarndeckoe oxkupmanve FE (Y) u JUCIep-
cuto D (Y) cpenHero apudMeTHIecKoro X IpH3HAKa X
B CJIy9aiiHO# GEeCITOBTOPHOI BBEIOOPKE 00'beMa, 1 U3 TIePBO-
HaYaJbHOI MeHePaJIbHON COBOKYIHOCTH 00bema N .

b.) Ilycrs pacnpesesnenne npusHaka X B TeHEPAIBHON CO-
BOKynHOCTH 00béMa N 3aJlaHO Kak pacrpefenerue bep-
aynau, 0 < N; < N, p - reHepasbHast J0d 3HAUEHUS G1:

Find the mathematical expectation (Y) and the variance
D (X) of the arithmetic mean X of characteristic X in a
random non-repeated sample of the volume n from the
original general population of the volume N.

b.) Let the distribution of characteristic X in the general
population of the volume N be given as the Bernoulli
distribution, 0 < N7 < N, p - the general fraction of the
value ap:

a1:1 a2:O
p=" Jg=1-p=200

AHAJIOrMYHO IIYHKTY &) U3 MeHePaJIbHO COBOKYIIHOCTH I1PO-
U3BOJIUTCS CJyIANHBIN OECIIOBTOPHBIN BBIOOP 1 dJIEMEH-
ToB: X1,X9,...X,. Obo3HaunM cpeguee apudMeTHIECCKOE
X = P, (BLIGOPOUHYIO JOMTIO 3HAYEHHS a1) HpU3HaKa X B
CJIy9aiiHO# GEeCIIOBTOPHOM BBIOOPKE KaK:

n

T_X
n
Haitaure Mmaremarudeckoe oxuganue F (p,,) u qucrepcuio
D (p,,) BBIOOPOUHON j10JH Py, 3HAUEHUS @1 UpU3HAKa X B
cJIydaitHoil 6ectoBTOPHO# BHIOOPKE 00beMa N U3 TePBOHA-

qaJIbHOM NeHepabHON COBOKYITHOCTH o0bema N.

c.) Ilycres pacupenesenne asymepsoro npusnaka (X,Y) B
reHepasbHON COBOKYITHOCTH 00béMa N 3a/1aH0 Kak :

_ Zui=14Mi

Similarly to item a) from the general population a non-
repeated selection of n elements is made randomly:
X1,Xs,... X,. Let us denote the arithmetic mean X = p,,
(sample fraction of the value a1) of the characteristic X
in a random non-repeated sample as:

X

n -

Find the mathematical expectation E (p,,) and the variance
D (p,,) of the sample fraction p, of the value a7 in a
random non-repeated sample of the volume n from the
original general population of the volume N.

c.) Let the distribution of the two-dimensional characteristic
(X,Y) in the general population of the volume N be given
by:

X/Y b1 bo b
Nii Nia Nis
a1 & N N
a9 7]\2{1
Nk Nis
Ak N N

k s
e y i Z_j:l Nij = N.

HamnmonanpHbiii nccijenoBaTedabckuii yuuBepcuteT «Boiciasg I1Ikosa DKoHOMUKMT»

where Zle Z;:l Nij = N.



Omumvmnuana HY BIIID aqs cTyaeHTOB u BbIIyCKHUKOB — 2018 r.

O6osuaunm A, B u D (A), D (B) resepaibHbie cpejHIe I
gucnepcun mpu3nakoB X un Y:

k
Dic1 =1 Nijas

Let A, B and D (A), D (B) denote the general means and
variances of the characteristics X and Y respectively.

_ Zf:l Zj:1 Nij (ai - Z)

2

A= D(A .
B Zi:l Zj:l Nijbj D(B) = 21:1 Zj:l Nij (bi _B)
N N '

O6osuauum COV (A, B) - reHepaJIbHYI0 KOBAPUAIUIO JIBY-
MmepHoro npusnaka (X,Y):

Let COV (A, B) denote the general covariance of the two-
dimensional characteristic (X,Y):

COV (A, B) =

W3 nBymepHOit reHepaibHON COBOKYITHOCTHU MTPOU3BOIUTCS
CJIy9JaiiHbIl OECIIOBTOPHBIN BBIOOD 7 JIEMEHTOB:
(X1,Y7),(X2,Y3),...(X,,Y,). Kak u panbuie o6oznaunm
cpennue apudnmernieckue X u Y Hpu3HAakoB X u Y B
CJIy9aiiHO# OeCIOBTOPHOM BBIOOPKE KaK:

X = Z?:l Xi
n

Haiinure KoBapuanuio Beibopounsix cpegaux COV (Y, ?)
npusnaka (X,Y) B ciryuaiinoii 6ecioBTOpHOI BEIGOPKE 00b-
eMa 1 U3 [epBOHAYAJIbHON ABYMEPHOI IreHepaJIbHOI COBO-
KynHocTH obbema N.

13. Ilycts dyukims aaredbpol JJOTUKHA f OT TPeX IepeMeH-
HBIX 33J/IaHa BEKTOPDOM CBOMX 3HadeHwii: f(x1, 2, x3) =
(0111 1110). Haiitu cioxkuocts L(f) peamusanuu dyHK-
1y f Opu IOMONH ¢XeM U3 (DYHKINOHAIBHBIX 3JIEMEHTOB
B Gasuce B={zVy, -y, T}

14. B namuunn umeercss N NPOU3BOICTBEHHDLIX JeTaJICH.
O6ozHaunM oo 6pakoBanHbix getasei 6 (0 < 6 < 1).
Jtst TpuOIMKEHHOTO OITPE IeIEHIST 0 sroit onn us epBo-
HaYaJILHON COBOKYMHOCTH 00beMa [N MPOU3BOIUTCS CJIy-
JaiiHasi BEIOOpPKa n Jerasieil 6e3 BosppameHus. Cirydaii-
Hast BBIOOpKa 0€3 BO3BpAIEHUs] O3HAYAET, 9TO CJLydIailHO
OTOOpAHHBIE JIEMEHTHI O0pPATHO B HAOOP HE BO3BpAIa-
orcsa. Ilo pegynbraraM amajgm3a BLIOOPKH W3 N JeTaseit
0Ka3aJI0Ch, YTO YUCJIO0 OPAKOBAHHBIX JeTajeil B BHIOOPKE
cocraBJisieT ¢ IITyK. Haiijure MeTomIoM MaKCHMAaJbHOI'O
[IPaBJIOIOA00MST OLEHKY 6 nonu GpaKOBAHHDIX JeTajeil B
[IePBOHAYAJIBLHON BBIOOPKE 00béMa N .

Sy 5oy Nij (a; — A) (b — B) .

N
From the two-dimensional general population, a non-repeated
selection of n elements is made randomly:
(X1,Y1),(X2,Y3),...(X,,Y,). As before, we denote the
arithmetic mean X and Y of characteristics X and Y in
a random non-repeated sample as:
SV

n

Find the covariance of sample averages COV (Y, 7) of the
two-dimensional characteristic (X,Y) in a random non—
repeated sample of the olume n from the original
two-dimensional general population of the volume N.

13. Let f be a Boolean function of three variables and it
has the following vector of values: f(z1, x2, x3) = (01111110).
Find complexity L(f) of Boolean function f in the class

of Boolean circuits over the basis B ={z Vy, z -y, T}.

14.There are N production parts (original set). Let us
denote the fraction of defective production parts as 6 (0 <
6 < 1). For an approximate determination of this proportion
6, a random non-repeated selection of n parts from the
original set of volume N is made. Non-repeated selection
means that the selected parts are not returned to the
original set. Based on the analysis of the n parts sample,
the number of defective parts in the sample is found to be
a pieces. Using the Maximum Likelihood method find an
estimate 6 of the proportion of the defective parts in the
original set of the volume N.
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