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Hamnpasnenne: "MaTtemaTnka"

ITpodunnn:
«Mathematics» KO]JI - 010-011

«MaremaTunka m MaTeMaTudeckas (pu3mKa»

Bpems Bemosienns 3agaausa — 240 munyT

Pewernusa oasumnuadnux 3a0anuli 0oaHCHB ObiMsd 3aNUCAHBL NO-PYCCKU UAU
no-anzauticku. Kaostcdas u3 3adaw ouenusaemca u3 20 baanros; ecau cymma npe-
sviwaem 100, umoz npupasrusaemcs x 100 6asaram

Solutions must be written in English or in Russian. Each problem is worth
20 points; if the sum exceeds 100, then the resulting grade is set to be 100.

I. OBIIIAA YACTH / COMMON PART

1. Dyunc nepexoauT B cedd IpU IOBOPOTE Ha Yroj, He KpaTHbIl 7 . JlokaxkuTe, 4TO OH
OKPYKHOCTb.

1. An ellipse is transformed into itself by rotation through an angle, which is not an integer
multiple of 7. Prove that it is a circle.

2. Muorousen p(z) creneHu n mequTcsa 6e3 0CTaTKa HA CBOO Mpou3BoaHyIo P (x). Onurmmnre
BC€ TaKWe€ MHOI'OYJICHDbI.

2. A polynomial p(z) of degree n is divisible by its derivative p/(x). Describe all such
polynomials.

3. /IBe mosioxKuTEJbHBIE IOC/IE/I0BATEIHBHOCTH HA3bIBAIOTCS ACUMITOTUYECKH SKBUBAJIEHT-
HBIMHU, €CJIM Tpejes WX OTHOmeHus: paBeH 1. /laHbl jJBe acMMITOTHYECKW SKBUBAJIEHTHBHIE
HOJIOYKHUTE/IbHBIE [I0C/IeI0BATeTbHOCTH Ly, U Yy, HIPHUEM » oy x; = 00. JloKazxure, 410 I0-
CJ1e/TOBATEIbHOCTH YaCTHYHBIX CYMM ;' | &; U »_." | Y; ACAMITOTHIECKN SKBUBAJEHTHHI.

3. Two sequences of positive numbers are said to be asymptotic if the limit of their ratio
is equal to 1. Given two asymptotic sequences of positive numbers z,, and y, such that
=, x; = 00, prove that sequences of partial sums > ; x; and >_!' ; y; are asymptotic.

4. KOHe‘{HO nJjn 6eCKOHe‘{HO MHO2KECTBO HATYPaJIbHbIX YHUCEJI TAKHUX, KOTOPbIE€ HEJIb34d IIPe/I-
CTaBUTDH B BHUJE N’ + p, TAe n — Tejoe, a p — IpocToe’

4. Ts the set of natural numbers, which are not of the form n? + p, where n is integer and p
is prime, infinite or finite?
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II. CIHEINUAJIBHAS YACTB / SPECIAL PART

Buwibepume u 8vinoarume moavko 0dur u3 640x08 3adarHull cneuuasbHol “a-
cmu 8 CO0MBeMCMBUU € 8bIOPAHHOU 8AMU NPO2PAMMOT Ma2ucmepcroti nodzo-
mMosKuU.

According to the Master of Science program of your choice, please solve
only one block from the following.

1. «Mathematics»

Solutions of the problems in this section should be written in English.

1. Do there exist two real 2x2 matrices X and Y such that XY = Y X and X? =Y? = - F,
where F is the identity matrix?

2. Let p, q, and r be non-constant non-vanishing entire holomorphic functions that satisfy
the equation p + g + r = 0. Does there exist an entire function h such that p, ¢ and r are
constant multiples of h?

2. «MaremaTruka n maremarndeckas pusunka

Pewenusa 3adayw amoz0 p(130€./1,(1 c,/Ledyem 3aNnuUcsHeaMmd NOo-pyccru.

1. Tonkuii 0 JHOPOAHBII KaHAT JJIHHBL £ ¥ MACChl M YAEPKUBAETCHI HA TOPH30HTATIHLHOM CTO-
Jie MepIeHIUKYIIpHO ero Kparo. Koaddumuenr rpenns MexKay KaHaTOM U IMOBEPXHOCTHIO
crona p. Yacrh KaHaTa JIHHBL {1 CBENINBAETCS CO CTOJIA BEPTHKAILHO BHHU3. B HEKOTOPBIi
MOMEHT KaHaT OTIYCKAIOT U OH HAYMHAET COCKAJIb3bIBATh CO CTOJIa 0€3 Hava/IbHOIl CKOPOCTH.
Onpegenure CKOPOCTh KaHaTa ¥ B MOMEHT, KOIJa JIMHA CBEHIMBAIONIECHCS 9acTH JOCTUIHET
sHadenusa fo > {1. Ilpu Kakux 3HadeHnsx {1 BO3MOXKHO OIMCAHHOE BbIle JBHzKeHHe? YCKO-
penne cBOOOIHOIO NaJIeHAd PABHO (.

2. TorKOe KOJIBIO pajuyca R pacmookeHO B BePTUKAJIBHOMN ILIOCKOCTH (OJHOPOHOE MOJIe
TSAYKECTH C YCKOPEHHeM CBOOOTHOTO MAJIeHUsl § TAPAJIEIbHO IIOCKOCTH KOJIbIA). B HuKHei
TOYKe KOJbIIA 3aKPeIieH TOUYeUHBbIN 3apa/a q. BTopoit Touednsrit 3aps1 ¢ Macchl m MOXKeT
0e3 TpeHHUs IMEePEeMEIAThCs M0 KOJIbILY, He TOKH/Ias ero B mporecce japrkenns. CocraBbre
Jlarpanzkuan 3Toit CUCTEMbI, BBIITUIINTE YPABHEHUS JBUKEHUS TIOJBUKHOTO 3apsi/ia U UCCIe-
nyiiTe TOUKH paBHOBecHs (CyNIECTBOBAHUE U YCTOWYNBOCTD) B 3aBUCHMOCTH OT HapaMeTpOB
3a/1a9u.
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