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Ïðîôèëè:

¾Mathematics¿

¾Ìàòåìàòèêà è ìàòåìàòè÷åñêàÿ ôèçèêà¿

Âðåìÿ âûïîëåíèÿ çàäàíèÿ � 240 ìèíóò

Ðåøåíèÿ îëèìïèàäíûõ çàäàíèé äîëæíû áûòü çàïèñàíû ïî-ðóññêè èëè

ïî-àíãëèéñêè. Êàæäàÿ èç çàäà÷ îöåíèâàåòñÿ èç 20 áàëëîâ; åñëè ñóììà ïðå-

âûøàåò 100, èòîã ïðèðàâíèâàåòñÿ ê 100 áàëëàì

Solutions must be written in English or in Russian. Each problem is worth

20 points; if the sum exceeds 100, then the resulting grade is set to be 100.

I. ÎÁÙÀß ×ÀÑÒÜ / COMMON PART

1. Ýëëèïñ ïåðåõîäèò â ñåáÿ ïðè ïîâîðîòå íà óãîë, íå êðàòíûé π . Äîêàæèòå, ÷òî îí
îêðóæíîñòü.

1. An ellipse is transformed into itself by rotation through an angle, which is not an integer
multiple of π. Prove that it is a circle.

2. Ìíîãî÷ëåí p(x) ñòåïåíè n äåëèòñÿ áåç îñòàòêà íà ñâîþ ïðîèçâîäíóþ p′(x). Îïèøèòå
âñå òàêèå ìíîãî÷ëåíû.

2. A polynomial p(x) of degree n is divisible by its derivative p′(x). Describe all such
polynomials.

3. Äâå ïîëîæèòåëüíûå ïîñëåäîâàòåëüíîñòè íàçûâàþòñÿ àñèìïòîòè÷åñêè ýêâèâàëåíò-
íûìè, åñëè ïðåäåë èõ îòíîøåíèÿ ðàâåí 1. Äàíû äâå àñèìïòîòè÷åñêè ýêâèâàëåíòíûå
ïîëîæèòåëüíûå ïîñëåäîâàòåëüíîñòè xn è yn, ïðè÷åì

∑∞
i=1 xi = ∞. Äîêàæèòå, ÷òî ïî-

ñëåäîâàòåëüíîñòè ÷àñòè÷íûõ ñóìì
∑n

i=1 xi è
∑n

i=1 yi àñèìïòîòè÷åñêè ýêâèâàëåíòíû.

3. Two sequences of positive numbers are said to be asymptotic if the limit of their ratio
is equal to 1. Given two asymptotic sequences of positive numbers xn and yn such that∑∞

i=1 xi = ∞, prove that sequences of partial sums
∑n

i=1 xi and
∑n

i=1 yi are asymptotic.

4. Êîíå÷íî èëè áåñêîíå÷íî ìíîæåñòâî íàòóðàëüíûõ ÷èñåë òàêèõ, êîòîðûå íåëüçÿ ïðåä-
ñòàâèòü â âèäå n2 + p, ãäå n � öåëîå, à p � ïðîñòîå?

4. Is the set of natural numbers, which are not of the form n2 + p, where n is integer and p
is prime, in�nite or �nite?
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II. ÑÏÅÖÈÀËÜÍÀß ×ÀÑÒÜ / SPECIAL PART

Âûáåðèòå è âûïîëíèòå òîëüêî îäèí èç áëîêîâ çàäàíèé ñïåöèàëüíîé ÷à-

ñòè â ñîîòâåòñòâèè ñ âûáðàííîé âàìè ïðîãðàììîé ìàãèñòåðñêîé ïîäãî-

òîâêè.

According to the Master of Science program of your choice, please solve

only one block from the following.

1. ¾Mathematics¿

Solutions of the problems in this section should be written in English.

1. Do there exist two real 2×2matricesX and Y such thatXY = −Y X andX2 = Y 2 = −E,
where E is the identity matrix?

2. Let p, q, and r be non-constant non-vanishing entire holomorphic functions that satisfy
the equation p + q + r = 0. Does there exist an entire function h such that p, q and r are
constant multiples of h?

2. ¾Ìàòåìàòèêà è ìàòåìàòè÷åñêàÿ ôèçèêà¿

Ðåøåíèÿ çàäà÷ ýòîãî ðàçäåëà ñëåäóåò çàïèñûâàòü ïî-ðóññêè.

1. Òîíêèé îäíîðîäíûé êàíàò äëèíû ℓ è ìàññû m óäåðæèâàåòñÿ íà ãîðèçîíòàëüíîì ñòî-
ëå ïåðïåíäèêóëÿðíî åãî êðàþ. Êîýôôèöèåíò òðåíèÿ ìåæäó êàíàòîì è ïîâåðõíîñòüþ
ñòîëà µ. ×àñòü êàíàòà äëèíû ℓ1 ñâåøèâàåòñÿ ñî ñòîëà âåðòèêàëüíî âíèç. Â íåêîòîðûé
ìîìåíò êàíàò îòïóñêàþò è îí íà÷èíàåò ñîñêàëüçûâàòü ñî ñòîëà áåç íà÷àëüíîé ñêîðîñòè.
Îïðåäåëèòå ñêîðîñòü êàíàòà v â ìîìåíò, êîãäà äëèíà ñâåøèâàþùåéñÿ ÷àñòè äîñòèãíåò
çíà÷åíèÿ ℓ2 > ℓ1. Ïðè êàêèõ çíà÷åíèÿõ ℓ1 âîçìîæíî îïèñàííîå âûøå äâèæåíèå? Óñêî-
ðåíèå ñâîáîäíîãî ïàäåíèÿ ðàâíî g.

2. Òîíêîå êîëüöî ðàäèóñà R ðàñïîëîæåíî â âåðòèêàëüíîé ïëîñêîñòè (îäíîðîäíîå ïîëå
òÿæåñòè ñ óñêîðåíèåì ñâîáîäíîãî ïàäåíèÿ g ïàðàëëåëüíî ïëîñêîñòè êîëüöà). Â íèæíåé
òî÷êå êîëüöà çàêðåïëåí òî÷å÷íûé çàðÿä q. Âòîðîé òî÷å÷íûé çàðÿä q ìàññû m ìîæåò
áåç òðåíèÿ ïåðåìåùàòüñÿ ïî êîëüöó, íå ïîêèäàÿ åãî â ïðîöåññå äâèæåíèÿ. Ñîñòàâüòå
Ëàãðàíæèàí ýòîé ñèñòåìû, âûïèøèòå óðàâíåíèÿ äâèæåíèÿ ïîäâèæíîãî çàðÿäà è èññëå-
äóéòå òî÷êè ðàâíîâåñèÿ (ñóùåñòâîâàíèå è óñòîé÷èâîñòü) â çàâèñèìîñòè îò ïàðàìåòðîâ
çàäà÷è.
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