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1. (10%) For the function

f(x, y) =
x2y2

x2y2 + (x− y)2

If possible find the following limits:

(a) (2%) lim
x→0

(
lim
y→0 f(x, y)

)
;

(b) (2%) lim
y→0

(
lim
x→0 f(x, y)

)
;

(c) (6%) lim
x→0
y→0

f(x, y).

2. (10%) Find the discontinuity points of the following function

f(x) =
1
x −

1
x+1

1
x−1 −

1
x

and find the limits of f(x) as x tends to these discontinuity points.

3. Matrix A is given by

A =


2 1 3 4
0 2 1 3
2 1 6 5
1 2 4 8

 .

(a) (6%) Find the space V of all eigenvectors of A corresponding to the eigenvalue λ = 1;

(b) (4%) Find one vector that is orthogonal to the space V ;

4. The 3× 3 matrix A has eigenvalues 0, 1 and 2. If there is enough information find

(a) (3%) The determinant ATA;

(b) (4%) The eigenvalues of ATA;

(c) (3%) The eigenvalues of (A3 − 2I)−1, where I is the identity matrix;

5. (10%) Find the point and the value of conditional maximum of the function F (x, y) = max (2x+ 3y, 3x+ 2y)
subject to x2 + y2 = 1.

6. (a) (4%) Find the general solution of y′′ − 2y′ + 10y = 0,

(b) (2%) Find any particular solution of y′′ − 2y′ + 10y = sin 3x,

(c) (2%) Find any particular solution of y′′ − 2y′ + 10y = ex,

(d) (2%) Find the general solution of y′′ − 2y′ + 10y = sin 3x+ ex.
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7. Time before the first screen break of IPhone 11 is a random variable, X, with exponential distribution: P(X ≤
x) = 1− e−λx. The mean time before break is 10 months.

(a) (3%) Find the probability that a new IPhone screen will not be broken during the first 15 months.

(b) (3%) Find the variance of the time before the first screen break.

(c) (4%) You have an IPhone with screen which was not broken during the first 10 months since purchase.
Find the probability that the screen for this IPhone will be ok for at least additional 15 months.

8. Joint probability density function of random variables X and Y is:

f(x, y) =

{
c(x2 + y), if 0 ≤ x ≤ 2, 0 ≤ y ≤ 1

0, otherwise

(a) (2%) Find c

(b) (3%) Check whether X and Y are independent

(c) (2%) Find E(X)

(d) (3%) Find probability P(XY > 1)

9. Let X = (X1, . . . , Xn) be a random sample from the distribution with density function

f(x, θ) =

{
2x
θ2 , x ∈ [0; θ],
0, x 6∈ [0; θ],

where θ > 0 is an unknown parameter.

(a) (2%) Find the estimator of the parameter θ using method of moments. Use first initial moment condition.

(b) (2%) Is the estimator from (a) an unbiased estimator of the parameter θ?

(c) (2%) Is the estimator from (a) a consistent estimator of the parameter θ?

(d) (2%) Find the following probability limit plimn→∞ eX .

(e) (2%) Find the estimator of the parameter θ using maximum likelihood method.

10. X1, . . . , Xn is independent identically distributed sample from Bernoulli distribution with probability θ. Additionally,
it is known, that 1/2 ≤ θ ≤ 1.

(a) (2%) Find the method of moments estimator of the parameter θ.

(b) (2%) Compute mean squared error of θ̂MM

(c) (4%) Find maximum likelihood estimator of parameter θ

(d) (2%) Compute mean squared error of θ̂ML at θ = 1

Good luck!
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