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Âðåìÿ âûïîëåíèÿ çàäàíèÿ � 240 ìèíóò

1. Ïðàâèëà îëèìïèàäû íå ïîçâîëÿþò ó÷àñòíèêàì èìåòü íà ðàáî÷åì ìåñòå íè÷åãî,
êðîìå áëàíêà ðàáîòû, à òàêæå ðó÷êè, âîäû, øîêîëàäà è èõ àíàëîãîâ. Â òîì
÷èñëå, íà ðàáî÷åì ìåñòå íå äîïóñêàþòñÿ ïèñüìåííûå èëè ïå÷àòíûå ìàòåðèàëû è
ýëåêòðîííûå óñòðîéñòâà, à òàêæå îáðàùåíèå ê äðóãèì ó÷àñòíèêàì îëèìïèàäû.

2. Êàæäàÿ èç çàäà÷ îöåíèâàåòñÿ èç 20 áàëëîâ. Åñëè ñóììà íàáðàííûõ áàëëîâ ïðå-
âûøàåò 100, èòîã ïðèðàâíèâàåòñÿ ê 100 áàëëàì. Çàäàíèå ñîñòîèò èç îáùåé ÷àñòè
(÷åòûðå çàäà÷è) è äâóõ ñïåöèàëüíûõ ÷àñòåé �ìàòåìàòèêà� è �ìàòåìàòè÷åñêàÿ
ôèçèêà�, ïî äâå çàäà÷è êàæäàÿ. Ó÷àñòíèê îëèìïèàäû, ïîìèìî çàäà÷ îáùåé
÷àñòè, âûáèðàåò îäíó (è òîëüêî îäíó) èç äâóõ ñïåöèàëüíûõ ÷àñòåé ïî ñâîåìó
óñìîòðåíèþ.

3. Åñëè Âû ðàññìàòðèâàåòå âîçìîæíîñòü èñïîëüçîâàòü ðåçóëüòàòû îëèìïèàäû
äëÿ ïîñòóïëåíèÿ âíå êîíêóðñà íà ìàãèñòåðñêèå ïðîãðàììû ÍÈÓ ÂØÝ (�Ìà-
òåìàèêà è ìàòåìàòè÷åñêàÿ ôèçèêà�, �Mathematics�, Ñîâìåñòíàÿ ìàãèñòðàòóðà
ÍÈÓ ÂØÝ è Öåíòðà Ïåäàãîãè÷åñêîãî Ìàñòåðñòâà), òî Âàì òàêæå âàæíî îçíà-
êîìèòüñÿ ñî ñëåäóþùåé èíôîðìàöèåé.

Âûáîð ñïåöèàëèçàöèè. Âûáîð ñïåöèàëüíîé ÷àñòè îëèìïèàäû (�ìàòåìàòèêà�
èëè �ìàòåìàòè÷åñêàÿ ôèçèêà�), à òàêæå âïîñëåäñòâèè ÿçûêà îáó÷åíèÿ (ðóññêî-
ÿçû÷íàÿ ïðîãðàììà �Ìàòåìàèêà è ìàòåìàòè÷åñêàÿ ôèçèêà� èëè àíãëîÿçû÷íàÿ
�Mathematics�), íå âëèÿåò íà ïîñëåäóþùóþ ñïåöèàëèçàöèþ â ìàãèñòðàòóðå:
íàïðèìåð, ìîæíî ðåøàòü ñïåö÷àñòü �Mathematics�, íî â ìàãèñòðàòóðå (â ñëó÷àå
óñïåøíîãî ïîñòóïëåíèÿ) âûáðàòü ïðîôèëü �Ìàòåìàòè÷åñêàÿ ôèçèêà�, è íàîáî-
ðîò. Òàêæå íå çàâèñèò îò âûáîðà ñïåöèàëüíîé ÷àñòè îëèìïèàäû âîçìîæíîñòü
ïîñòóïëåíèÿ â Ñîâìåñòíóþ ìàãèñòðàòóðó ÂØÝ�ÖÏÌ.

Âûáîð ÿçûêà. Åñëè Âû ïëàíèðóåòå ïîñòóïàòü íà ëþáîé èç äâóõ ïðîôèëåé
(�ìàòåìàòèêà� è �ìàòåìàòè÷åñêàÿ ôèçèêà�) àíãëîÿçû÷íîé ïðîãðàììû �Mathe-
matics�, òî ðåøåíèÿ âñåõ çàäà÷ ñëåäóåò çàïèñûâàòü ïî-àíãëèéñêè. Ïîñòóïàþ-
ùèì íà ëþáîé èç äâóõ ïðîôèëåé (�ìàòåìàòèêà� è �ìàòåìàòè÷åñêàÿ ôèçèêà�)
ðóññêîÿçû÷íîé ïðîãðàììû �Ìàòåìàòèêà è ìàòåìàòè÷åñêàÿ ôèçèêà�, à òàêæå â
Ñîâìåñòíóþ ìàãèñòðàòóðó ÂØÝ�ÖÏÌ, ìîæíî âñå ðåøåíèÿ ïèñàòü ïî-ðóññêè.
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I. ÎÁÙÀß ×ÀÑÒÜ / COMMON PART

1.Øåñòü îäèíàêîâûõ ìîíåò ëåæàò â âåðøèíàõ ïðàâèëüíîãî øåñòèóãîëüíèêà, êàñàÿñü
äðóã äðóãà. Ñåäüìàÿ òàêàÿ æå ìîíåòà êàòèòñÿ áåç ñêîëüæåíèÿ ïî âíåøíåé ñòîðîíå
ýòèõ, êàñàÿñü èõ ïî î÷åðåäè. Ñêîëüêî îáîðîòîâ ñäåëàåò ýòà ìîíåòà, âåðíóâøèñü â
èñõîäíîå ïîëîæåíèå?

Six identical coins lie at the vertices of a regular hexagon touching each other. The seventh
coin of the same size rolls without slipping along the exterior sides of these ones, touching
them one after another. How many full turns has the last coin made, when it returns to
the initial position for the �rst time?

2. Ïðèäóìàéòå íåêîììóòàòèâíóþ ãðóïïó ñ íå÷åòíûì êîëè÷åñòâîì ýëåìåíòîâ.

Construct a noncommutative group with an odd number of elements.

3. Ìîæåò ëè ìíîæåñòâî âñåõ äâèæåíèé ïëîñêîñòè, ïåðåâîäÿùèõ äàííûé ìíîãîóãîëü-
íèê â ñåáÿ, ñîñòîÿòü èç

a) 2017 äâèæåíèé, ñîõðàíÿþùèõ îðèåíòàöèþ, è 2017 ìåíÿþùèõ îðèåíòàöèþ;
b) 2017 äâèæåíèé, ñîõðàíÿþùèõ îðèåíòàöèþ, è 1720 ìåíÿþùèõ îðèåíòàöèþ;
c) òîëüêî èç 2017 ñîõðàíÿþùèõ îðèåíòàöèþ äâèæåíèé?

Can the set of all the isometries of the plane taking a given polygon onto itself consist
a) of 2017 orientation-preserving isometries and 2017 orientation-reversing isometries;
b) of 2017 orientation-preserving isometries and 1720 orientation-reversing isometries;
c) just of 2017 orientation-preserving isometries?

4. Ñóùåñòâóåò ëè ôóíêöèÿ f, àíàëèòè÷åñêàÿ íà âñåé êîìïëåêñíîé ïëîñêîñòè, òàêàÿ
÷òî f(z)3 = 1 + ez äëÿ âñåõ z ∈ C?

Does there exist a function f , analytic on the whole complex plane, such that f(z)3 = 1+ez

for each z ∈ C?

II. ÑÏÅÖÈÀËÜÍÀß ×ÀÑÒÜ / SPECIAL PART

Ì: ¾Ìàòåìàòèêà¿ / ¾Mathematics¿

Ì1. Â äâóìåðíîì ïðîñòðàíñòâå ñèëà ïðèòÿæåíèÿ ìåæäó òî÷å÷íûìè ìàññàìè îáðàò-
íî ïðîïîðöèîíàëüíà ðàññòîÿíèþ ìåæäó íèìè. Äîêàæèòå, ÷òî ëþáàÿ ñèñòåìà èç 100
çàêðåïëåííûõ òî÷å÷íûõ ìàññ â äâóìåðíîì ïðîñòðàíñòâå áóäåò èìåòü ìåíüøå 100 òî-
÷åê ðàâíîâåñèÿ (òî åñòü òàêèõ òî÷åê, â êîòîðûõ ñèëû ïðèòÿæåíèÿ ýòèõ òî÷å÷íûõ
ìàññ óðàâíîâåøèâàþòñÿ).

In two-dimensional space, the attraction force between point masses is inversely propor-
tional to the distance between them. Prove that each system of 100 �xed point masses in
two-dimensional space has less than 100 equilibrium points (that is, points such that the
attraction forces of the point masses equilibrate).

Ì2.Äàíî ÷èñëî 0<C<1. Â îòðåçêå [0,1] äàíà ïîñëåäîâàòåëüíîñòü êîìïàêòîâ ñ ìåðàìè
íå ìåíåå C. Âåðíî ëè, ÷òî âñåãäà â íåé íàéäåòñÿ ïîäïîñëåäîâàòåëüíîñòü, ïåðåñå÷åíèå
êîòîðîé èìååò ïîëîæèòåëüíóþ ìåðó?
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Let 0 < C < 1 be a �xed number. Is it true that each sequence of compact subsets of
the unit segment [0; 1] having measure at least C contains a subsequence, in which the
intersection of all the compacta has positive measure?

Ô: ¾Ìàòåìàòè÷åñêàÿ ôèçèêà¿ / ¾Mathematical physics¿

Ô1. Íà êîíöàõ òîíêîãî íåâåñîìîãî íåðàñòÿæèìîãî ñòåðæíÿ äëèíû l çàêðåïëåíû
äâà îäèíàêîâûõ íåáîëüøèõ ìàññèâíûõ øàðèêà. Â íà÷àëüíûé ìîìåíò ýòà êîíñòðóê-
öèÿ ñòîèò âåðòèêàëüíî íà àáñîëþòíî ãëàäêîé ãîðèçîíòàëüíîé ïëîñêîñòè. Íèæíåìó
øàðèêó ìãíîâåííî ñîîáùàåòñÿ ñêîðîñòü v0 â ãîðèçîíòàëüíîì íàïðàâëåíèè (òî åñòü,
ïàðàëëåëüíî ïîâåðõíîñòè).

à) Ïðè êàêèõ çíà÷åíèÿõ ñêîðîñòè v0 íèæíèé øàðèê áóäåò ñêîëüçèòü, íå îòðûâàÿñü
îò ïëîñêîñòè?

á) Â óñëîâèÿõ ïðåäûäóùåãî ïóíêòà íàéäèòå ìîäóëü è íàïðàâëåíèå âåêòîðà ñêî-
ðîñòè âåðõíåãî øàðèêà â ìîìåíò åãî óäàðà î ïëîñêîñòü.

Two identical small massive balls are �xed at the ends of a massless thin inextensible rod
of length l. This construction stands upright on an absolutely smooth horizontal plane.
At some moment of time the lower ball is instantly given a horizontal speed v0.

à) At what values v0 the lower ball will slide without coming o� the plane?

á) In the setting of Part (a), �nd the absolute value and direction of the speed vector
of the upper ball at the moment when it hits the plane.

Ô2. Ïëàñòèíû ïëîñêîãî êîíäåíñàòîðà, èìåþùèå ôîðìó êâàäðàòà ñî ñòîðîíîé a, ðàñ-
ïîëîæåíû íà ðàññòîÿíèè d äðóã îò äðóãà. Ðàññòîÿíèå d ïðåíåáðåæèìî ìàëî ïî ñðàâ-
íåíèþ ñ äëèíîé ñòîðîíû êâàäðàòà a. Êîíäåíñàòîð ïîäêëþ÷åí ê èäåàëüíîìó èñòî÷íè-
êó ïîñòîÿííîãî òîêà ñ ÝÄÑ U . Êâàäðàòàÿ ïëàñòèíà äèýëåêòðèêà ñ äèýëåêòðè÷åñêîé
ïðîíèöàåìîñòüþ ε, ñòîðîíîé êâàäðàòà a è òîëùèíîé d âñòàâëåíà â ïðîñòðàíñòâî
ìåæäó ïëàñòèíàìè êîíäåíñàòîðà íà ðàññòîÿíèå x, 0 ≤ x ≤ a. Íàéäèòå âåëè÷èíó ñè-
ëû, âòÿãèâàþùåé äèýëåêòðèê âíóòðü êîíäåíñàòîðà. Îáúÿñíèòå ôèçè÷åñêóþ ïðè÷èíó
âîçíèêíîâåíèÿ òàêîé ñèëû.

Square shaped plates of a capacitor with the side of length a are located at the distance
d from each other. The distance d is negligible small compared with a. The capacitor is
connected to an ideal direct current source with EMF U . A square shaped plate made of
a dielectric material with permittivity ε, the side length a and thickness d is inserted in
the space between the capacitor plates at the distance x, 0 ≤ x ≤ a. Find the value of a
force pulling the dielectric plate into the capacitor. Describe a physical reason for such a
force to occur.
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