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Hanpapnenne: «MaremaTukas

[Ipodunn:
«Maremaruka» / «Mathematics»
«Maremarundeckaa ¢dpusuka» / «Mathematical physics»

Bpewmsa Boinosienus 3ananus — 240 MUHYT

1. TIpaBuia ouMInaIbl HE MO3BOJISIOT YIACTHUKAM UMeTh Ha pabodeM MecTe HUYero,
KpoMme OjiaHKa paboThl, a TaKyKe PYYKH, BOJIbI, IMOKOJIAJa U UX aHaJOroB. B ToM
qucse, Ha pabodueM MecTe He JIOMYCKATC MTUChMEHHbIE WM TeYaTHRIe MATEePUAJIBI U
9JIEKTPOHHBIE YCTPOHCTBA, a TaKzKe OOpalleHue K JIPYIUM yIacTHUKAM OJAMITHAIDI.

2. Kaxknas n3 3ama4a onennnaercs n3 20 6aioB. Ecin cymva HabpaHHbIX 6a/1/I0B TIpe-
BoimmaeT 100, utor npupasauBaercd K 100 6asrnam. 3ajganue cCOCTOUT U3 00IIei JacTu
(deThipe 3a0aun) W JABYX CIENUAJbHBIX YacTeil “MaremMaruka’ W “MareMaTHYeCKast
duzuka’, mo aBe 3amaun KaykKgas. Y YaCTHHK OJUMINAIBI, HOMHMO 3aJad OOIIeit
4acTH, BbIOMpaeT oJHY (M TOJBKO OJHY) M3 JBYX CIENHAJbHBIX YacTell 110 CBOeMy
YCMOTPEHUIO.

3. Ecsiu Bbl paccmarpuBaere BO3MOXKHOCTH HCHOJIb30BATh PE3YJIbTaThl OJIMMIIUAJIbI
JUTs TIOCTYILIEHHs BHE KOHKypca Ha Marucrepckue nporpammbl HITY BIITD (“Ma-
TeManKa n Maremarnmdeckas ¢pmsuka”’, “Mathematics”, CoBmecTHast Marncrparypa
HITY BIIID u Ienrpa [lenarorndeckoro Macrepcersa), To Bam TakKe BaxKHO O3HA-
KOMHTBCSI €O CJieIyIonei nndopmalmei.

BBIBOP CIIEITUATIUBALINN. BeiGop crienuaabHOl YacTn oJuMuais (“mMmaremMaTnka’
win “maremMarndeckast busuka’), a TaKzKe BIOCJIEJICTBHH sI3bIKa 00yUeHus (PyCcCKo-
sA3bIYHas nIporpaMma “MaremManka u MaTeMaTudecKas (hpu3uKa’ UIH aHIJIOS3bIIHAS
“Mathematics”), He BaHMSIET Ha HOCJIEIYIONIYIO CICIUATU3ANUAIO B MAIHCTPATYpe:
HanpHMeD, MOJKHO perrarh cremgacth “Mathematics”, Ho B Mmarucrparype (B ciydae
VCIIETITHOTO MOCTYTIIeHNsT) BHIOpaTh npoduiasb “Martemarndeckas dbusnka’, m Ha060-
pot. Tak:Kke He 3aBHCHT OT BbIOOpA CHENUAJIBLHON YacTH OJIMMIIHUAILI BO3MOXKHOCTH
nocrymienns B CoBmectHyo Maructparypy BIID-IIIIM.

BbIBOP A3BIKA. Eciu Bel mianupyere mocrynarh Ha J1000# U3 JIBYX Hpoduieit
(“maremaruka’ u “maremarnyueckas (uznka’) aHTIOs3bIYHON mporpammbl “Mathe-
matics”, To pernreHus BCeX 3a/ad CJIeAyeT 3aMUCHIBATh mo-aHrmmiicku. [loctymaro-
muM Ha J060it 13 aByx npodwuiteit (“‘maremarnka’ u “‘maremarnueckas dbusznka’)
PYCCKOSI3BITHOM mporpamMMbl “Maremarnka n MareMarudeckas (pu3nka’, a TaK»Ke B
Cosmectayo marucrparypy BIITD-ITIM, MoxkHO Bce pereHust mucaTh M0-PyCCKH.



I. OBIITAST YACTH / COMMON PART

1. [IlecTh OUHAKOBBIX MOHET JIEZKAT B BEPIIMHAX IPABUIBHOIO IIECTHYTOJIbHIKA, KACASIChH
apyr gpyra. CeabMasd Takas Ke MOHETa KAaTHTCS 0e3 CKOJbXKEeHHs 110 BHEIIHEH cTOpoHe
THUX, Kacagch uX 1o odepeau. CKOJBKO 0DOPOTOB CJeaeT 9Ta MOHETa, BEPHYBIIUCH B
UCXOJIHOE HOJI0KeHue?

Six identical coins lie at the vertices of a regular hexagon touching each other. The seventh
coin of the same size rolls without slipping along the exterior sides of these ones, touching
them one after another. How many full turns has the last coin made, when it returns to
the initial position for the first time?

2. [IpunymaiiTe HEKOMMYTATHBHYIO IPYIIY C HEUeTHBIM KOJHYECTBOM JIEMEHTOB.

Construct a noncommutative group with an odd number of elements.

3. MoxeT it MHOZKeCTBO BCeX IBUKEHUH MJIOCKOCTH, IEPEBOSAIINX JAHHBIM MHOTOYTOJIhb-
HUK B €€0s1, COCTOATD U3

a) 2017 nBuzKeHuii, coOXpaHOMUX opreHTaryio, 1 2017 MEHSIIOIHX OPUEHTAIMIO;

b) 2017 nBuzKeHW, COXPAHSIONNX OPHEHTAIINIO, W 1720 MEHSOIIX OPHEHTAIINIO;

¢) To1bKO U3 2017 COXPaHSIIOMUX OPUEHTAIUIO JIBUKEHUTT?

Can the set of all the isometries of the plane taking a given polygon onto itself consist
a) of 2017 orientation-preserving isometries and 2017 orientation-reversing isometries;
b) of 2017 orientation-preserving isometries and 1720 orientation-reversing isometries;
¢) just of 2017 orientation-preserving isometries?

4. Cymecrsyer s dyHKnua {, amamuruaeckas Ha BCeil KOMILICKCHOI IIOCKOCTH, TAKAS
aro f(2)? =1+ e* ms Beex z € C?

Does there exist a function f, analytic on the whole complex plane, such that f(z)% = 1+¢°
for each z € C?

II. CIIEIIUAJIBHA YA YACTBb / SPECIAL PART

M: «Maremartukas / «Mathematics»

M1. B aBymMepHOM NPOCTPAHCTBE CHJIA MPUTIKEHUS MEZKTY TOYEIHBIME MaccaMu 00paT-
HO TTPOMOPIIMOHAIBLHA PACCTOTHUIO MexK 1y Humu. Jlokaxkure, aro Jjiobas cucrema u3 100
3aKpeIlJIEHHBIX TOYeTHBIX MACC B JIBYMEPHOM TPOCTpaHCTBe OyaeT mMeTh MeHbIme 100 To-
YeK paBHOBeCHsI (TO €CTh TAKUX TOYEK, B KOTOPBIX CHJIBI MPUTSZKEHUs] STUX TOTETHBIX
MAacC ypaBHOBEIIHBAIOTCS ).

In two-dimensional space, the attraction force between point masses is inversely propor-
tional to the distance between them. Prove that each system of 100 fixed point masses in
two-dimensional space has less than 100 equilibrium points (that is, points such that the
attraction forces of the point masses equilibrate).

M2. [Jano uucao 0<C<1. B orpeske [0,1] nana mocjie10BaTeIbHOCTH KOMIAKTOB ¢ MEPAMU
e metee C. BepHo /i, 4T0 Bceraa B Heil HAAETCS MOAIOCIEI0BATE/IHHOCTD, IepecedeHne
KOTOPOIl UMeeT MOJIOKUTEIbHYIO Mepy !



Let 0 < C' < 1 be a fixed number. Is it true that each sequence of compact subsets of
the unit segment [0; 1] having measure at least C' contains a subsequence, in which the
intersection of all the compacta has positive measure?

®: «Maremarudeckas dusuka» / «Mathematical physics»

@®1. Ha xoHIIaX TOHKOIO HEBECOMOI'O HEPACTIKUMOTO CTEPKHsI JIUHBI | 3aKpeIieHbl
JIB& OJIMHAKOBBIX HEOOJILIITUX MACCHUBHBIX INMApUKa. B Hada/JbHBIE MOMEHT 3Ta KOHCTPYK-
Al CTOUT BEPTUKAJIBHO Ha aOCOIOTHO IVIQIKOH FOPU30HTAJILHON mmockocTu. Huzxkuemy
MAPUKY MTHOBEHHO COOBINAETCS CKOPOCTh Uy B NOPU30HTAIHHOM HANPABIEHUH (TO €CTh,
HapaJLIeTbHO TTOBEPXHOCTH ).

a) Ilpu KAaKUX 3HAUEHUSX CKOPOCTH Vg HUMKHUIL IAPUK OYJeT CKOJIb3UTh, HE OTPHIBASICH
OT ILJI0CKOCTH?

6) B ycsioBUSX TpeablIyHiero myHKTa HalauTe MOJY/b U HANPABICHHE BEKTOPA CKO-
POCTH BEpPXHETO MIapUKa B MOMEHT €ro yAapa O ILJIOCKOCTD.

Two identical small massive balls are fixed at the ends of a massless thin inextensible rod
of length [. This construction stands upright on an absolutely smooth horizontal plane.
At some moment of time the lower ball is instantly given a horizontal speed vy.

a) At what values vy the lower ball will slide without coming off the plane?

6) In the setting of Part (a), find the absolute value and direction of the speed vector
of the upper ball at the moment when it hits the plane.

®2. [acTuHbl IJI0CKOTO KOHAEHCATOPA, nMetolne hopMy KBajgpaTa cO CTOPOHOiT a, pac-
IIOJIOZKEHBI Ha pacCTOSHUH d JApyT oT japyra. Paccrosnue d npeHedpeKMMO MaJjio 1O CpaB-
HEHHUIO C JITHHOM CTOPOHBI KBaipaTa a. KongeHncaTop MOAKIIOYEH K HACAJIbHOMY HCTOYHH-
Ky moctossauoro Toka ¢ 9/1C U. KBagpartas miacTuHa JU3JIEKTPUKA C IUIJIEKTPUIECKOil
[IPOHUIIAEMOCTBIO €, CTOPOHOW KBaJpaTa @ W TOJIUHON d BCTaB/ieHA B IIPOCTPAHCTBO
MeXK/1y TJIacTUHAMK KOHjieHcaTopa Ha paccrosinune x, 0 < x < a. Hailigure Bennduny cu-
JIBI, BTSTHBAIOIIECH JTMIJICKTPUK BHYTPDb KoHaeHcaTopa. ObbiacHuTe (pU3nIecKyo MpUuInny
BO3HUKHOBEHHS TAKOH CHJIBI.

Square shaped plates of a capacitor with the side of length a are located at the distance
d from each other. The distance d is negligible small compared with a. The capacitor is
connected to an ideal direct current source with EMF U. A square shaped plate made of
a dielectric material with permittivity e, the side length a and thickness d is inserted in
the space between the capacitor plates at the distance x, 0 < x < a. Find the value of a
force pulling the dielectric plate into the capacitor. Describe a physical reason for such a
force to occur.



