Oaumnuana HAY BIIID guas cTyieHTOB 1 BBILyCKHUKOB — 2019 r.
mo HanpaBJieHuio 01.04.02 «IIpukigasHag MaTeMaTHKa U MHPOPMATUKA»

IIpoduas 020 «IIpukiaagHas MmareMaTuka U mHPOpMaTHKa»

Bpewms BbinmosiHeHus 3aganus — 240 MuH.

Pemmenuns onmuMnua abix 3aaHuil TOMKHBI OBITH 3aMKACA~
HBI [TO-PyccKu niin no-anrsmiicku. Karknas 3a1a4a onenn-
Baercs u3 10 6asuio, makcumasibuas cymma — 100 6aswios.

Time to complete the task is 240 min.

Solutions should be written in English or Russian language.
Each problem costs 10 points, the maximum sum equals
to

100 points.

OBIITAST YACTDb / GENERAL SECTION

1. Haiitu npenen mocaemoBaTeIbHOCTH:
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2. CKOJIbKO CyIIECTBYeT HATypasbHbIX YHCE] 7 TaKux,
4TO0d,, HALEO JEJIATHCA HA 57

Gy, = 32n+1

3. Cnyuaiinast BeTMIUHA T PACIPE/IETEHA HOPMATBHO C Ma-
pamerpamu (0, 0), rje 0- CPeAHEKBAIPATHYECKOE OTKJIOHE

une. Haiiure aucnepcnio CIydaiiHON BETUYWHBI Y = xt.

4. CKOMBKUME CHOCODAME MOXKHO 3an0JHUTD nudpamu 0,
1,...,9 (MmoxHo ¢ noBropenusimu) Tabsuuuy 3 X 3 Tak,
9T00BI cyMMa AP B Ka¥XKIOH CTPOKE M KaXKIOM CTOJIOIE
paBHsAIacH 147

1. Find the limit:

xT

1+ 22n2’

2. Find all natural numbers n such that a, is exactly
divisible by 57

—3mt 44,

3. A random variable x is normally distributed with mean
0 and standard deviation o. Find variance of a random

variable y = x4,

4. How many ways exist to fill the table 3 x 3 with numbers
0,1,...,9 (repetions are possible) with a sum over each
column and each row equal to 14.

5. ITocrpous Tabiiuiibl ucTuHHOCTH cooTBeTcTBYIOMEX GyHK-5. Using truth tables for the respective functions, check

Ui, BbISICHUTD, SKBUBAJIEHTHBI Ju hopmysbt A u B:

the formulae A and B for equivalency:

A=(@Vvyl(@@—(y—=2), B=y—(@V2);

CIIELIIMAJIBHA S YACTBH / SPECIAL SECTION

6. ITycrp marpuna A pa3mepa 3 X 3 TaKOBa, 9TO JJIst JIFO-
6oro BekTOpa crobna v € R3 BekTopa Av M v OpTOTO-
naibubl. Jokazars, uto AT + A = 0, rne AT - Tpancmo-
HAPOBAHHAS MATPWUIIA.

7.Ciyra moydus oT UMIEPATOPa 33/IAHIe HAJAETH 110 O/I-
HOMY KOJIBITy Ha KayKI0TO w3 M KapIoB, OOMTAIONINX B
JIBOPIIOBOM MPY/Y (CYMTAETCsI, 9TO JO TOTO KAK CJIyTa IPH-
CTYIHJI K paboTe HA Ha OJHOM U3 Kapiie KOIbIA He ObLIO, 1
KOJIBIIA HAJIEBAIOTCI TaK HAJIEXKHO, 9TO KOJIBIO HE MOXKET
cockoub3HyTh). Hajies Ha kapua KoJbLo, Ciyra JI0JKeH
OTIyCTUTH €ro 0O6paTHO B Tpyd. 3-3a c1ab0oro 3peHust OH
HE MOXKET ONPEJIEUTh €CTh JIN YKe Ha KapIie KOJIbIIO, OKa
HE BBITAIIUT €ro Ha cyiny. Halinure anaguTuaeckoe BbIpa-
JKeHUe JIJI MaTeMATUIeCKOr0 OXKUJAHUS YUCIa KAPIOB,
KOTOPBIE CJIyr'a BBLJIOBUT JIO TOTO, KAK BIIEPBbLIE BBLIOBUT
TEPBOTO Kapra, Ha KOTOPOM Y3Ke €CTh KOJBIIO, eCN CIHu-
TAETCsI, 9TO BEPOATHOCTH BBLIOBA JIJIST KAXKJIOTO U3 KAPIIOB
OIMHAKOBA ¥ KAPII C KOJIBIOM HE YIUTHIBAETCS.

8. I'pad "BoureiibonbHast ceTka' cOCTOUT U3 M PAIOB IO 1
BepiuH B KaxKa0M. COeIMHEHBI TOJBKO COCEIHUE BEPIITU-
HbI B pay uiau crosione. Ilpu kakux m u n ator rpad Oy-
ner (a) aBymosibubIM; (6) comepykaTh raMUIBTOHOB IUKJI?

6. Given a matrix A 3x 3 such that for an arbitrary column
vector v € R? vectors Av and v are orthogonal, prove that
AT 4+ A =0, where AT is the transposed matrix for A.

7. Emperor’s servant is given the task of ringing each of
M carps of a palace’s pond. We assume that no carp had
a ring before the servant starts working, and the rings
cannot slip. The servant should release a carp into the
pond after it recieves its ring. Due to his weak eyesight, the
servant is unable to determine whether a carp has a ring
before he fishes it out. Find (analytically) mathematical
expectation for the number of carps the servant will fish
out before he firstly fishes out a carp with a ring, provided
the propabilities to fish out a carp are equal, and the ringed
carps are discarded.

8. A graph "a volleyball net"comprises m rows of n elements
each. The vertices are linked if and only if they are neighbours
either in row or in column. For which m and n this graph
(a) is bipartite; (b) contains Hamiltonian cycle?



HarnmoHnanbpHubIi ncciaegoBaTeabckuii yuuBepcurer «Bbicimas [TIkosna DKoHOMUKMI»

Oaumnuana HAY BIIID aiag cTy/ieHTOB UM BBIITyCKHUKOB — 2019 1.
no HanpasJyeHnio 01.04.02 «IIpukigagHasi MmaTeMaTnKa U MH(pOPMaTAKA»

IIpoduas 020 «IIpukgagHag maTeMaTuka U MHPOpMaTHKa»

9. (a) Jau gucnosoii maccus qymubl n. [Ipeayoxure ajaro-
PUTM, HAXOJAIIMHA MAKCHMAJIBLHOE 3HAYEHUE CyMM OTPE3-
KOB 310ro maccusa. Ouenure 4ducsio ouepauuit (obpaiue-
HUS K 3JIEMEHTAM MACCUBA, CPABHEHUs, apU(PMETUIECKUX
orepanyii u Ap.) u 00bEM JONOJHUTEIHHON TaMITH, TPEe-
Gyemoii auist paboret asropurma. (b) Ourumusupyiite as-
roputM TakuMm obpasom, 4robbl on paboras 3a O(n) ome-
panuit u rpedosas O(1) JonoMHATEHHON HAMATH.

10. /Tanbl siBe BBIOOPKU X1, . . . , Ly U Y1, - - -, Yn (1 > 10000)
W3 HOPMAJbHBIX PACIpe/ieIeHnii ¢ HEM3BECTHBIMU MaTe-
MAaTHYECKHUMHU OXKHUJAHUAMHU 1M, U my 1 COOTBETCTBEHHO.
[Mycts Takke 06a pacmpenesieHnss UMEIOT W3BECTHYIO U
OIMHAKOBYIO aucrepcuto. VI3BecTHO, UTO rumore3a “m, =

9. For a given array of length n, propose algortihm that
finds the maximum value of the sums of its intervals.
(a) What are the estimated number of operations (use of
array elements, arithmetical operations, comparisons and
so on) and estimated required memory? (b) Improve the
algorithm in such a manner that the estimated number of
operations is about O(n) and estimated memory aboutO(1).

10. z1,...,z, and y1,...,y, (n > 10000) are samples
generated by two normally distributed random variables
with unknown mathematical expectations, m, and m,,
and known variances, which are equal. Given the hypothesis
mg = m, has been rejected against "m, > my"or "m,; <

m,” Obl7a OTBEprHYTa IPOTUB OTHOM N3 aJIbTepHATHB “m, > m,” with 5 percent significance level, whether the hypothesis

) )

Ha yposHe 3Hauumoctu 5%. Bep-
" IPOTHB AJLTEPHATHBBI
“mg # m,” Oyder OTBePrHyTa HA yPOBHE 3HAUUMOCTH 5% 7

OTBeT 0OBACHUTE.

b [13 )
my” maa “mg < My

HO JIM, 9TO THIOTE3a “My = My

"mg, = m,"against "m, # m,"can be rejected with the
same significance level. Explain your answer.
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