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Âðåìÿ âûïîëíåíèÿ çàäàíèÿ � 240 ìèí.
Ðåøåíèÿ îëèìïèàäíûõ çàäàíèé äîëæíû áûòü çàïèñà-
íû ïî-ðóññêè èëè ïî-àíãëèéñêè. Êàæäàÿ çàäà÷à îöåíè-
âàåòñÿ èç 10 áàëëîâ, ìàêñèìàëüíàÿ ñóììà � 100 áàëëîâ.

Time to complete the task is 240 min.
Solutions should be written in English or Russian language.
Each problem costs 10 points, the maximum sum equals
to
100 points.

ÎÁÙÀß ×ÀÑÒÜ / GENERAL SECTION

1. Íàéòè ïðåäåë ïîñëåäîâàòåëüíîñòè: 1. Find the limit:

lim
x→+∞

+∞∑
n=1

x

1 + x2n2
.

2. Ñêîëüêî ñóùåñòâóåò íàòóðàëüíûõ ÷èñåë n òàêèõ,
÷òîan íàöåëî äåëèòüñÿ íà 5?

2. Find all natural numbers n such that an is exactly
divisible by 5?

an = 32n+1 − 3n+1 + 4.

3. Ñëó÷àéíàÿ âåëè÷èíà x ðàñïðåäåëåíà íîðìàëüíî ñ ïà-
ðàìåòðàìè (0, σ), ãäå σ- ñðåäíåêâàäðàòè÷åñêîå îòêëîíå-
íèå. Íàéäèòå äèñïåðñèþ ñëó÷àéíîé âåëè÷èíû y = x4.

3. A random variable x is normally distributed with mean
0 and standard deviation σ. Find variance of a random
variable y = x4.

4. Ñêîëüêèìè ñïîñîáàìè ìîæíî çàïîëíèòü öèôðàìè 0,
1, . . . , 9 (ìîæíî ñ ïîâòîðåíèÿìè) òàáëèöó 3 × 3 òàê,
÷òîáû ñóììà öèôð â êàæäîé ñòðîêå è êàæäîì ñòîëáöå
ðàâíÿëàñü 14?

4. How many ways exist to �ll the table 3×3 with numbers
0, 1, . . . , 9 (repetions are possible) with a sum over each
column and each row equal to 14.

5.Ïîñòðîèâ òàáëèöû èñòèííîñòè ñîîòâåòñòâóþùèõ ôóíê-
öèé, âûÿñíèòü, ýêâèâàëåíòíû ëè ôîðìóëû A è B:

5. Using truth tables for the respective functions, check
the formulae A and B for equivalency:

A = (x ∨ ȳ) ↓ (x̄→ (y → z)) , B = y → (x ∨ z);

ÑÏÅÖÈÀËÜÍÀß ×ÀÑÒÜ / SPECIAL SECTION

6. Ïóñòü ìàòðèöà A ðàçìåðà 3× 3 òàêîâà, ÷òî äëÿ ëþ-
áîãî âåêòîðà ñòîëáöà v ∈ R3 âåêòîðà Av è v îðòîãî-
íàëüíû. Äîêàçàòü, ÷òî AT + A = 0, ãäå AT - òðàíñïî-
íèðîâàííàÿ ìàòðèöà.

6.Given a matrix A 3×3 such that for an arbitrary column
vector v ∈ R3 vectors Av and v are orthogonal, prove that
AT +A = 0, where AT is the transposed matrix for A.

7.Ñëóãà ïîëó÷èë îò èìïåðàòîðà çàäàíèå íàäåòü ïî îä-
íîìó êîëüöó íà êàæäîãî èç M êàðïîâ, îáèòàþùèõ â
äâîðöîâîì ïðóäó (ñ÷èòàåòñÿ, ÷òî äî òîãî êàê ñëóãà ïðè-
ñòóïèë ê ðàáîòå íè íà îäíîì èç êàðïå êîëüöà íå áûëî, è
êîëüöà íàäåâàþòñÿ òàê íàäåæíî, ÷òî êîëüöî íå ìîæåò
ñîñêîëüçíóòü). Íàäåâ íà êàðïà êîëüöî, ñëóãà äîëæåí
îòïóñòèòü åãî îáðàòíî â ïðóä. Èç-çà ñëàáîãî çðåíèÿ îí
íå ìîæåò îïðåäåëèòü åñòü ëè óæå íà êàðïå êîëüöî, ïîêà
íå âûòàùèò åãî íà ñóøó. Íàéäèòå àíàëèòè÷åñêîå âûðà-
æåíèå äëÿ ìàòåìàòè÷åñêîãî îæèäàíèÿ ÷èñëà êàðïîâ,
êîòîðûå ñëóãà âûëîâèò äî òîãî, êàê âïåðâûå âûëîâèò
ïåðâîãî êàðïà, íà êîòîðîì óæå åñòü êîëüöî, åñëè ñ÷è-
òàåòñÿ, ÷òî âåðîÿòíîñòü âûëîâà äëÿ êàæäîãî èç êàðïîâ
îäèíàêîâà è êàðï ñ êîëüöîì íå ó÷èòûâàåòñÿ.

7. Emperor's servant is given the task of ringing each of
M carps of a palace's pond. We assume that no carp had
a ring before the servant starts working, and the rings
cannot slip. The servant should release a carp into the
pond after it recieves its ring. Due to his weak eyesight, the
servant is unable to determine whether a carp has a ring
before he �shes it out. Find (analytically) mathematical
expectation for the number of carps the servant will �sh
out before he �rstly �shes out a carp with a ring, provided
the propabilities to �sh out a carp are equal, and the ringed
carps are discarded.

8. Ãðàô "âîëåéáîëüíàÿ ñåòêà"ñîñòîèò èç m ðÿäîâ ïî n
âåðøèí â êàæäîì. Ñîåäèíåíû òîëüêî ñîñåäíèå âåðøè-
íû â ðÿäó èëè ñòîëáöå. Ïðè êàêèõ m è n ýòîò ãðàô áó-
äåò (à) äâóäîëüíûì; (á) ñîäåðæàòü ãàìèëüòîíîâ öèêë?

8.A graph "a volleyball net"comprisesm rows of n elements
each. The vertices are linked if and only if they are neighbours
either in row or in column. For which m and n this graph
(a) is bipartite; (b) contains Hamiltonian cycle?
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9. (a) Äàí ÷èñëîâîé ìàññèâ äëèíû n. Ïðåäëîæèòå àëãî-
ðèòì, íàõîäÿùèé ìàêñèìàëüíîå çíà÷åíèå ñóìì îòðåç-
êîâ ýòîãî ìàññèâà. Îöåíèòå ÷èñëî îïåðàöèé (îáðàùå-
íèÿ ê ýëåìåíòàì ìàññèâà, ñðàâíåíèÿ, àðèôìåòè÷åñêèõ
îïåðàöèé è äð.) è îáú¼ì äîïîëíèòåëüíîé ïàìÿòè, òðå-
áóåìîé äëÿ ðàáîòû àëãîðèòìà. (b) Îïòèìèçèðóéòå àë-
ãîðèòì òàêèì îáðàçîì, ÷òîáû îí ðàáîòàë çà O(n) îïå-
ðàöèé è òðåáîâàë O(1) äîïîëíèòåëüíîé ïàìÿòè.

9. For a given array of length n, propose algortihm that
�nds the maximum value of the sums of its intervals.
(a) What are the estimated number of operations (use of
array elements, arithmetical operations, comparisons and
so on) and estimated required memory? (b) Improve the
algorithm in such a manner that the estimated number of
operations is aboutO(n) and estimated memory aboutO(1).

10.Äàíû äâå âûáîðêè x1, . . . , xn è y1, . . . , yn (n > 10000)
èç íîðìàëüíûõ ðàñïðåäåëåíèé ñ íåèçâåñòíûìè ìàòå-
ìàòè÷åñêèìè îæèäàíèÿìè mx è my è ñîîòâåòñòâåííî.
Ïóñòü òàêæå îáà ðàñïðåäåëåíèÿ èìåþò èçâåñòíóþ è
îäèíàêîâóþ äèñïåðñèþ. Èçâåñòíî, ÷òî ãèïîòåçà �mx =
my� áûëà îòâåðãíóòà ïðîòèâ îäíîé èç àëüòåðíàòèâ �mx >
my� èëè �mx < my� íà óðîâíå çíà÷èìîñòè 5%. Âåð-
íî ëè, ÷òî ãèïîòåçà �mx = my� ïðîòèâ àëüòåðíàòèâû
�mx 6= my� áóäåò îòâåðãíóòà íà óðîâíå çíà÷èìîñòè 5%?
Îòâåò îáúÿñíèòå.

10. x1, . . . , xn and y1, . . . , yn (n > 10000) are samples
generated by two normally distributed random variables
with unknown mathematical expectations, mx and my,
and known variances, which are equal. Given the hypothesis
mx = my has been rejected against "mx > my"or "mx <
my� with 5 percent signi�cance level, whether the hypothesis
"mx = my"against "mx 6= my"can be rejected with the
same signi�cance level. Explain your answer.
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