Ommvnmana HUY BIID nis cTy1eHTOB M BBIMYCKHUKOB — 2019 1.

HanpasJiienue: «Teopus urp»
Ipopuan: «Teopusi urp» KO/ - 390
Bpemst BoinosHenus 3aqanus — 180 MuH., A3bIK — PyCCKHH MJIN AHTJIMIACKHI.

Pemnre 3agaum.
e Pemenne MoxeT OBITh MPEACTABICHO KaK HA PYCCKOM, TaK M Ha aHTJIMHCKOM SI3BIKE.
Hukakux HONOTHUTENBHBIX OaJyioB, BIpPOYeM, Kak M IITpadoB, 3a pEIICHUE Ha
AHTJIMHACKOM SI3BIKE HE MPEyCMOTPEHO.

e Pemenne JOJIDKHO OBITE XO0po1mo CTPYKTYPHUPOBAHHBIM, U3JI0OKCHO I'PAMOTHEBIM SA3BbIKOM, a
IMO4YEpK — pacCrno3HaBaCMbIM. OTBeTHl Ha KadyeCTBCHHEIC BOIIPOCBHI IOJIZKHBI OBITE
y6€I[I/ITeJILHO APTYMCHTUPOBAHBI, HO AJIMHHBIC PACCYXICHHA, HC OTHOCAIIUCCA K CYTH
AcJIa, MOT'YT HCTAaTUBHO IMOBJIMATH Ha OLCHKY.

e Bce maru B PCLHICHUHU JOJI’)KHBI OBITH O6OCHOBaHBI, BCC BBIYHMCIICHHA JOJIKHBI
MMpUCYTCTBOBATH B pa60Te. KaJ'IBKy.]'ISITOpaMI/I ITOJIB30BATLCH 3aIIPCIICHO.

o qepHOBI/IKI/I HC IPpCAYCMOTPCHEI, PCIICHUC CPpa3y O(i)OpMJ'IHGTCfI Ha YMCTOBHK.

e FEciu npuBeaeHHOE pELICHHUE SBISETCS HEBEPHBIM, IEPEUEPKHUTE €ro (IIEpeuepKHYTOE
pelIeHrEe He IPOBEPSIETCS) U IPUBEIUTE KOPPEKTHYIO BEPCHIO.

e [lpy HaMMUMM HECKOJbKMX BAPUAHTOB pEIICHUS OIHOTO M TOTO K€ 3a/aHus,
IIPOBEPSIOLINI caM OIpeseNsieT, KaKoe U3 PEeLIeHUH MOJJIEKUT IPOBEPKE, a aleJUISILIIY C
POCKOOI POBEPUTH IPYrOl BapHAHT PEIlIeHUs] HE MPUHUMAIOTCS.

1. (15 6annoB) «rpsI Ha moJI€»

Tpu urpoka urparoT B WUIrpy: KaxIblii M3 HUIPOKOB OJHOBPEMEHHO OOBSBISET, KaKyl 4acTh

TUIOMAH OIS OH XO4eT 3aHsTh - Vi € {1,2,3} x; = [0; 5], S € R, a ero Bemrpsimr (KOTOpHIit

OH CTPEMHTCS YBEIMUYUTH) OIpeNeNseTcss Kak Npou3BeJeHHe CBOOOJHOW 4YacTH MO Ha Ty

IUIOMIa/b, KOTOPYKO OH TOXENal 3aHsTh: U;(x) = (5§ — E?:lx ;)x;.. JlomyckaeTcs, 4TO

CyMMapHas IJIOIIa/lb, KOTOPYIO XOTAT 3aHATh UTPOKH, OyzeT OO0JIbIIe JOCTYITHOM.

(@) (5 6amaoB) «CroBop wiaM myoau4HBbIA co103» [lepBblii UM BTOPO HWIPOK PELIMIN
00BEIMHUTh CBOM YCWJMs, BbIOMpas ¥; M Xz Tak, 4TOo OBl MaKCHMMH3MPOBATH CBOMH
CYMMapHBbIii BBIMTPHII. PaloHanbHO 1M UM Iepel BHIOOPOM CTpaTeruil MOCTaBUTh B
U3BECTHOCTh TPETHErO0 WIPOKa O CBOEH Koomepauuu win Hetr? [lpenmomaraercs, 4to B
1r000M cilydae TpPeTHH UIpoK He Oy/eT y4acTBOBaTh B KOOIEPALIUH.

(b) (10 6an0B) «KTO mepBbIii?» Bce urpoku urparoT HekoonepaTuBHyro urpy. Urpoku 2 u 3
BBIOMPAIOT CTPATETHI0 OAHOBpEMEHHO. Kakylo U3 ciaenyronux cTpaTeruii Boloeper Urpok 1:
1) BBIOpaTh OTHOBPEMEHHO C IByMSI OCTAJIbHBIMH;

2) BbIOpaTh paHbIIe APYTUX, TAK, YTO CTPATETrUsi OyIeT U3BECTHA OCTATbHBIM;

3) BBIOpATH MO3XKE APYTUX, TAK, YTO €My OYIYT U3BECTHBI CTPATETHU OCTAJIbHBIX;

4) BbIOpATh MO3XKE APYTUX Kak U B 3), HO B35B Ha ce0s myOinruHOe 0053aTenbCTBO, OOBSBUB
OCTaJIbHBIM, KakK OyJIeT 3aBUCETh BIOMpaeMas UM CTPATErusi OT UX CTPATErHil.

(15 points) “Games in the field”

Three players play the game: each player simultaneously announces what part of the field he
wants to occupy Vi € {1,2,3} x; = [0; 5], S € R, and his gain (which he seeks to increase) is
defined as the product of the free part of the field and the area he wanted to occupy:
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u (x) = (5 —Xi=, x;)x,. It is allowed that the total area that players want to occupy may be

greater than the available one.

(@) (5 points) “Collusion or public union” The first and second players decided to cooperate
to maximize their total winnings. Is it rational to let the third player know about their
cooperation before choosing strategies? It is assumed that in any case the third player will
not participate in the cooperation.

(b) (10 points) “Who is the first?” All players play a non-cooperative game. Players 2 and 3
choose a strategy at the same time. Which of the following strategies will player 1 choose?
1) choose simultaneously with the other two;

2) choose before others, so that the strategy will be known to the rest;

3) choose later than others, so that he will know the strategies of the others;

4) choose later than others as in 3), but by making a public commitment, declaring to others
how the strategy chosen by them will depend on their strategies.

2. (15 6anaoB) «Ceirpaems ¢ HUM?»

Annu u bennu urpator B urpy Hum: nepen Humn kyuka u3 N xkamMHe#ll ¥ KaXIblil o ouepenu
MOeT B3Th 10 1,2,...,K < N kamueii. Haunnaer AHHH, Tak 4TO HOPSIOK XOJ0B BBITVIAIUT KaK
ABABAB... BbeiurpseiBaeT TOT, KTO B3si1 NOCieAHUM KaMeHb. llepen Hauyainom urpel bennu
MO’KET HEMHOI'O IOMEHATH MOPSII0K XO/I0B, @ UMEHHO IEPECTaBUTh OJIMH CBOM XOJ Ha COCEHEE
mecTo. (Hampumep, moctaButh CBOM BTOPOH XOA cpa3y IMOCIE MEPBOTO U MOIYYUTh MOPSIOK
ABBAAB.) Kto moxer rapantupoBaTh cebe mobOemy W mpu Kakux ycioBusix? Haiimure
BBIUTPBIIIHBIE CTpaTeruu il AHHU U beHHH.

Iloockaska. B OOBIYHON HWrpe 0e3 MepecTaHOBOK XOJOB ONTHUMAIIbHBIA OTBET AHHHU OpaTh

Ar1=k+1-Bx.

(15 points) “Let’s play with NIM!”

Annie and Benny play the game of Nim: there is a pile of N stones in front of them and everyone
can take 1,2, ..., k < N stones in turn. Annie starts, so the order of moves looks like ABABAB ...
The one who took the last stone wins. Before the start of the game, Benny can change the order
of moves a little, namely, rearrange one of his moves to the next place. (For example, put his
second move right after the first and get the ABBAAB order.) Who can guarantee a victory for
themselves and under what conditions? Find winning strategies for Annie and Benny.

Hint: In a standard game without permutations of moves, Annie’s optimal answer is to take
At+1:k+1'Bt.

3. (10 6anaoB) «boJble, YeM KaxKeTCsD»

CYHIGCTByeT JIX KOHCYHAasd CTaTU4YCCKas urpa ABYX JIUI, I'I€ BCC YUCTBLIC CTPATCTUHU KaXXJI0Iro
UIPOKA pa3iIu4YHbl, Takas, 4TO B YHMCTBIX CTpaTerusx HeT paBHoBecus mno Homy, a B ee
CMEIIaHHOM paclIMpeHHH paBHOBecUH OeckoHeyHoe konmdecTBo? Ecimm «ma», mpueaute
IIPUMEP, €CIIU «HET» - TOKAKUTE.

(10 points) “More than it seems”

Does there exist a finite static two-person game where all the pure strategies of each player are
different, such that there is no Nash equilibrium in pure strategies, and the infinite number of
equilibria in its mixed expansion? If “yes”, give an example, if “no” - prove it.
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4. (30 6anoB) «UneaabHbIl HAJIOT
B KykymOpuu HameuaroTcst BbIOOpHI mpe3uieHTa. Mcxon BBIOOPOB OMPENEIUT OTHOLICHHE
KaHAMJIATOB K BOMPOCY 00 ypOBHE HAJOrOB Ha J0XO/Abl. Bce BO3MOMKHBIE MO3UIMH IO 3TOMY
BOIIPOCY MOXKHO MPECTaBUTh B Buje orpeska [0,1], rae Touka X €[0,1] cooTBeTCTBYET MO3HIIUH
«Ha HaJIOTU JOJDKHA YXOIMUTH 10l X 10X0A0B». Kaxablii n3duparenp xapakTepu3yercs CBOei
ueanbHOM TOUKOW — HauOosiee 3jKeJaeMbiM ypoBHEM Hajora. llpeamouTeHus Kaxaoro
n30uparess TaKOBbI, UTO YeM OJIMKe BbIOpaHHAs BEJIMYMHA HAJIOTOB K MJCAIbHON TOYKE 3TOrO
u3buparens, TeM emy Jyuiie. MaeanbHble TOYKM HM30UpaTenell pacnpeneneHbl paBHOMEPHO
BJI0JIb OoTpe3ka [0,1].
N KaHIuAaToOB B MPE3UJCHTHI MO OYEpeqd BHIOUPAIOT CBOIO MOJUTHYECKYIO IaThopmy, ¢
KOTOPOW OHU OYyAyT y4acCTBOBATh B M30MPATEIHHON KaMIlaHUH, — TOUKY Ha otpeske [0,1]. Kpome
TOr0, KaHAWJaTaM JOCTyIHa BO3MOXKHOCTb OTKa3aTbCsi OT ydacTusi B BbiOopax. IlobGema Ha
BbIOOpaxX MpUHECET KaHIWAATy BBIMTPHII B pasmepe l. Yuactue B BbIOOpax TpeOyeT yrmiiaTbl
PETUCTPALIMOHHOTO B3HOCA O.
Kaxnomy kanmupaty poctynHa wHWH(OpMamuss O BbIOpaHHOW IuiaThopMme MNPEabIAYIIMMU
kanguaaramu. [locie Toro, kak Bce KaHAMUIAThl BBHIOpAIM CBOKO MOJUTHUYECKYIO ILIaThopmy,
HauMHaeTcs rojiocoBaHue. M30upaTtenu TrojOCylOT  HECTPATETMYECKH, OPUEHTHUPYSCh
UCKIIIOYUTENIbHO Ha CBOM TNPEINOYTEHHS U BbIOMpas KaHIujata ¢ HaubOosee OIH3KOi
wiarpopmoii. Kanamnmar, KOTOpBIM MONYYUT HAMOOJNBIIYIO IO TOJOCOB H30OMpaTeneH,
CTaHOBUTCS mpe3uaeHToM. Ecian K KaHIMIaToB HaOpaid OJUHAKOBYIO MAKCHMAIBHYIO OJHO
TOJIOCOB, TO KaXK/IbIil U3 HMUX CTAHOBUTCS MPE3UICHTOM C BeposiTHOCThIO 1/K. Perucrpannonssiii
B3HOC Mall IO CPaBHEHHUIO C BBIUTPHINIEM BBIOOPOB, Ja)Xe pa3JeIeHHBIM MEXAY BCEMU
kagguaaramu: 0< d < 1/N.

(a) (10 6ansoB) Haiinure paBaoBecue Hoiiia, coBepiiieHHOE Ha MOABITpax, s ciydas N=2.

(onummmMTe AecTBYS Ha PAaBHOBECHOM TPAaeKTOPHUN)
(b) (20 6annoB) Haiinure paBHoBecue Hamia, coBepiieHHOE Ha moabIrpax, s ciaydas N =3.
(onummmMTe AecTBYS Ha PAaBHOBECHOM TPAaeKTOPHUN)

(30 points) “Ideal taxes”

In Kukumbriya the presidential elections are coming. The outcome of the elections will
determine the attitude of the candidates to the question of the level of taxes on income. All
possible positions on this issue can be represented as a segment [0,1], where the point xe [0,1]
corresponds to the position “the share x of income should go on taxes”. Each voter is
characterized by its ideal point, i.e. the most desirable tax level. The preferences of each voter
are such that the closer the chosen amount of taxes to the ideal point of this voter, the better.
Ideal points of the voters are distributed evenly along the interval [0,1].

N candidates for the presidency sequentially choose their political platform with which they will
participate in the election campaign, the point on the [0,1] segment. In addition, candidates have
the opportunity to refuse to participate in elections. The election victory will bring the candidate
a gain of 1. Participation in elections requires payment of the registration fee o.

Each candidate has the information about the selected platform by previous candidates. After all
candidates have chosen their political platform, voting begins. Voters vote non-strategically,
focusing solely on their preferences and choosing a candidate with the closest platform. The
candidate who receives the largest share of the vote becomes president. If k candidates get the
same maximum share of votes, then each of them becomes president with a probability of 1/k.
The registration fee is small in comparison with the election winnings, even divided among all
candidates: 0 < <1/N.

(@) (10 points) Find a subgame perfect Nash equilibrium for N=2. (describe the strategies under
the equilibrium path)

(b) (15 points) Find a subgame perfect Nash equilibrium for N=3. (describe the strategies under
the equilibrium path)
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5. (10 6anaoB) «3a6ayIUBIINICS MAPAIIIOTHCT

(3a opurnHajbHOE penieHHe I MPOU3BOJILHOI KapThl Tonel o6oHyc +10 6a/110B)

[letsst 1 MuTs UrparoT B HACTOJBHYIO UTPY C KyOMKOM, TJle¢ MM HAJ0 CIACTH MapamroTHCTa,
KOTOPBIH BBICAKHMBAETCS HA TOMKOE OOJIOTO M MPBITAeT MO KOYKaM, CTPEMSCh JOCTHYb TBEPAOI
3eMJIN.

[Tapamrotuct — 310 ¢umka Ha yepHO-Oenon kimeryaTo nocke 100 ma 100. benble kieTkun —
KOYKM (Ha HUX [ApaIlIOTHCT MOXET CTOATh), a YEpPHbIE KJIETKHM — TONU (MIPOK, KOTOPBIH
MEPEeMECTUT MapallloTUCTa B YEPHYIO KJIETKy, MpourpbiBaeT). Tomel He CIUIIKOM MHOTO
(menbiue 1000), ux pacrosioKeHHue MPEACTABICHO HA PUCYHKE (3TO JIeBasi HUXKHSAS YacTb, IpaBee
Y BBIIIIE TONIEH HET).

Urpa HaunHaeTcs ¢ TOro, YTO MApaIlIOTHCT BBICAXKUBAETCS PABHOBEPOSITHO HAa OAHY U3 KOYEK
(OesbIX KIIETOK) ¢ MOMOolIb0 KyOuka. OH XO4YeT MonacTb Ha TBEPAYIO 3eMJII0 (JIEBBIH HUKHUN
YTOJI JOCKH).

I[letrs m Mura no odepenu mnepeMelialOT napaurroTucra. IlapamroTuct ymeer naenarb
cleayroniee: NpbIrHYTh Ha | WM 2 KIIETKU BJIEBO, WX | Wiv 2 KIETKW BHU3, WIIU cliefaTh | mar
110 TMarOHaJIA BJIEBO-BHM3.

ToT U3 MaIbUMKOB, KTO MMOCTABUT MAPAILIOTUCTA HA TBEPYIO 3EMJII0, BBIUTPBIBACT.
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[lepen HauanoMm urpsl (BBICAIKOHN mMapamnoTucra) pedsra pemaior, yro [lets Oyner XoauTh
nepBbIM, @ MUTS BTOPBIM.
Y Koro u3 pedsT IpeuMyIecTBo?

(10 points) “Lost parachutist”

(For the ingenious solution for the arbitrary map of swamps, we will give the bonus
+10 points)

Petya and Mitya play a board game with a dice, where they need to save a parachutist who lands
on a swampy marsh and jumps over bumps, trying to reach solid ground.

A parachutist is a piece on a black and white checkered board 100 by 100. White cells are bumps
(the parachutist can stand on them), and black cells are swamps (the player who moves the
parachutist to the black cell loses). There are not too many swamps (less than 1000), their
location is shown in the figure above (this is the lower left part, there are no any other swamps to
the right and above).

The game begins as the parachutist landed on one of the bumps (white cells) with equal
probabilities (with the dice). He wants to get on solid ground (bottom left corner of the board).
Petya and Mitya move the parachutist in turns. The parachutist can do the following: jump 1 or 2
squares to the left, or 1 or 2 squares down, or take 1 step diagonally down-left.

The boy who puts the parachutist on the solid ground wins.

Before the start of the game (disembarking the parachutist), the guys decide that Petya will move
first, and Mitya second.

Which of the guys has an advantage?

6. (20 6amoB) «He meii Ty Bogy»

Wpanymika-ngypauok unér Ha 6oii k Kamero-beccmeptnomy. boit 3akiouaeTcss B TOM, 4YTO
KK TMpejyiaracT APyromMy crakan Bojbsl — Jinbo ywctoit (0), qubo simourtoi (1-10), u
MPOTUBHUK 0053aH €€ BBIMHUTH. foBUTas Bojma ¢ 0oJjiee CTApIIUM HOMEPOM HEUTpaIu3yeT
SAOBUTYIO BOAY C Oojee MiaamuM HoMepoM. Umcras Boja HM Ha 4TO He BiMser. McTouHuk
Haubonee sinoBuToi, 10-i Boasl Haxoautes B neniepe y Komes. Kax MBan, Tak u Komelt taxxke
MOTYT BBINUTH CTAKaH JFO00W TOCTYMHOW UM BOJBI KaK 710, TaK U mocie Bcrpeun. (MoxHO gaxke
BBITIUTH CTaKaH JI0 BCTPEUYH, CTaKaH MPOTHBHUKA M MOTOM - CcTakaH mocie.) Kakue maHch y
WBana u y Komesi, cooTBeTCTBEHHO (OBITH )KMBBIMHU TIOCTIE Ty2ITH)?

(20 points) “Do not drink this water”

Ivanushka the Fool goes to the battle with Kashchei-the Immortal. The fight is organized as
follows: each offers the opponent a glass of water, either pure (0) or poisonous (1-10), and the
opponent have to drink it. Poisonous water with a higher number neutralizes poisonous water
from a lower number. Clean water does not affect anything. The source of the most poisonous,
10", water is located in Koschei’s cave. Both Ivan and Koschey can also drink a glass of any
water available to them both before and after the meeting. (They can even drink a glass before
the meeting, a glass of the enemy and then a glass after.) What are the chances for Ivan and
Koshchey, respectively (to be alive after the duel)?
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