OauMnuana cTyJeHTOB U BbIMYCKHUKOB «Bohicmas gura» — 2020 r.

Hanpasiaenue: «Teopust urp»
Ipopuian: «Teopusi urp» KOJ - 390
Bpemsi BoinosiHeHus 3axanust — 180 MuH., A3bIK — PYCCKUI UM AHTJIHIACKUIA.

Pemure Bce 3axaun. Beca 3a1a4, B TOM 4ncjie KaxI0ro moJBONpoca, NpuBeIeHbl B
CKOOKAaX.

HNucTpykuuun
e PemeHne MOXeT OBITH MPEACTABICHO KAaK HAa PYCCKOM, TaK W HA AHTJIMHCKOM S3BIKE.
Hukakux HONOTHUTENBHBIX OayioB, BOPOYEeM, Kak H ImTpadoB, 3a peElIICHHE Ha
AHTJIUHCKOM SI3bIKE HE MPEAYCMOTPEHO.

e PelieHue JOIKHO OBITE XO0poHwo CTPYKTYPUPOBAHHBIM, U3JIOKCHO I'PAMOTHLIM A3BIKOM, 4
IMOYCpK — PacCliO3HaBACMBIM. OTBeTHl Ha KaudyeCTBECHHEIC BOIIPOCBI IOJI2KHBI OBITE
y6€IlI/ITCJII)HO APTYMCHTUPOBAHBI, HO AJIMHHBIC PACCYXKIACHUS, HC OTHOCAIIUCCA K CYTU
AcJIa, MOT'YT HCTAaTUBHO IMOBJIMATH Ha OLCHKY.

e Bce maru B PCLUICHUHU JOJI’)KHBI OBITH O6OCHOBaHBI, BCC BBIYHMCIICHHA JOJIKHBI
MMpUCYTCTBOBATH B pa60Te. KaJ'IBKy.]'IHTOpaMI/I IIOJIb30BATbLCA 3aIIPCIICHO.

o qepHOBI/IKI/I HC IPpCAYCMOTPCHEI, PCIICHUC CPpa3y O(i)OpMJ'ISIeTCH Ha YHMCTOBHK.

e Ecnu npuBeneHHOE pelIeHHE SBISETCS HEBEPHBIM, MEPEYEPKHUTE €ro (MepeuepKHyTOe
peleHre He POBEPSETCs) U MPUBEIUTE KOPPEKTHYIO BEPCHIO.

e [Ipu HanmMuuum HECKOJIBKUX BAPUAHTOB PEIIEHUS OJHOIO M TOTO K€ 3aJaHus,
IIPOBEPSIOLINI CaM OIIPENEIAET, KAKOE U3 PELICHUN MOJIEKUT IIPOBEPKE, a alleIUIALINU C
pOCKOOI MPOBEPUTH IPYroil BapHaHT PEIlIeHUs] HE MPUHUMAIOTCS.

1. (10 6annoB) «CTOMT JIM CMELINBATH KOMIAHUM?»
[Tycth y Kaka0W SKEHIIMHBI W Yy KaXJOTO MYXKYHMHBI 3aJaHbl CTPOTHE MPEANMOYTCHUS Ha
MHOYECTBE TTApTHEPOB MPOTUBOIIOJIOKHOTO ToJ1a. JlaH rpad 3HaKOMCTB. 3HAKOMBIE MYXYHHBI U
JKCHIMHBI Pa30MBalOTCs Ha Mapbl TakK, YTO MTOTOBOE pa30MEHHME YCTOHYMBO, TO €CTh B HEM
HET TaKMX 3HAKOMBIX MYXXYHHBI M XEHIIUHBI, KOTOPbIE Ceiiuac He B Mape, HO MPEANOYUTAIOT
JPYT Apyra CBOUM TEKYIIUM MMapTHEPaM WJIH e OJMHOKH.
[Tpenmonoxum, 4To COBMAAAIOT MPEAMOYTEHHS KaK BCEX MYXYHH, TaK U BceX eHIuH. [lepen
TEM KaK BCe pa300bIOTCS HA Maphl, AJKca JyMaeT MO3HAKOMHUTH JIH €l CBOMX 3HAKOMBIX —
bopuca u Buky. beiBaer nu Tak, 4to

(@) (5 6anaoB) Anmuca OKakeTCsl ¢ MEHEee MPEANOYTHTEIbHBIM MYXXYWHOM, MO3HAKOMHUB b

u B?
(b) (5 6an0B) Anrce BBITOAHO MTO3HAKOMHTH b 1 B?

(10 points) “Should one combine the parties?”

Let every woman and every man have strict preferences on a set of partners of the opposite sex.
An acquaintance graph is given. Men and women who know each other form pairs and the
final partition is stable: no unmatched man and woman knowing each other prefer being
together to their current partners or are lonely.

Suppose that the preferences of both all men and all women coincide. Before the matching starts,
Alice is thinking to introduce her friends Boris and Victoria to each other. Is it possible that

(@) (5 points) the situation becomes worse for Alice if she introduces B and V to each other?
(b) (5 points) it is profitable for Alice to introduce B and V to each other?
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2. (X+Y 6anaoB) «Baaam ot o6e3yMeBIIel TOJIBI
(@) (X 6amnoB) Hamummre memoe uncino X or 1 go 10. Te, KTO Hammcan caMoe PeaKoe
quciio (Cpelu BeeX APYIMX YYACTHHKOB OJMMITHAIBI 110 MPpoduiio «Teopust urp» 3toro
rojia), oJy4arT YKa3aHHOE UMM KOJHYECTBO OALIOB.
(b) (Y 6anaoB) 3amava Ta e — HamUcaTh YUCIO Y, HO Ha 3TOT pa3 BBIUTPBIBAIOT TE, KTO
yrajiaji BTOpoe Mo 4acToTe YUCIIO.

(X+Y points) “Far from the mad crowd”

(@) (X points) Write an integer number X from 1 to 10. Those who wrote the most rarely
number (among the works of all other participants of the Game Theory Olympiad of this
year) will receive the X number of points.

(b) (Y points) The task is the similar, i.e. to write an integer number Y from 1 to 10, but now
the winners are those whose number is the second popular among others.

3. (25 6ama0B) «Cyabio HA MBLIO!»

[lepen magasiom matda 3eHuT-CrapTak BBISICHHMIOCH, YTO HAa CTAJMOHE HE XBaTaeT INTAHT Yy
BopoT. Cynpsi BCE K€ pelwT MPOBOAUTh MaT4 IO TAaKUM TMpaBUjIaM: OH TMPOH3BOJILHO
(HE3aBHCHMO C paBHOMEPHBIM pacIipe/ieJieHHeM) BeIOMpaeT Be Touku X<Y Ha otpeske [0,40], u
pazpemiaeT 3€HUTY YCTAaHOBUTH B 3TH TOYKHU IITAHTH BOPOT: OOBIYHYIO U HEBUAMMYIO. 3CHHUT
pelaeT, B Kakylo U3 TOYEK MOCTaBUTh KXyt mrTaHry. CrapTrak BUIUT, YTO BUIUMYIO IITAHTY
YCTaHOBWJIM B TOUKY Z, HO HE 3HAET JieBas 3To Irtanra (Z=X) uinu npasas (Z=Y).

(@) (10 6ammoB) Ilpenmonoxkum, 3eHUT BBIOpa TOYKY CiIy4aHbIM 0Opazom, X mwik Y ¢
BepoATHOCTHIO 1/2. Ha mocneaneit muHyte Matya CriapTak roTOB HAHECTH CBOM MEPBBIi
ymap mno '"Boporam" 3enuta, "Bopora" mycteie. Kyma crnemyer OuTh, 4TOOBI
MaKCHMHU3HPOBATh BEPOSTHOCTH Tona?

(b) (15 6anaoB) Pemmmre urpy. B kakyro Touky — X wnn Y — JODKCH ObLI YCTAHOBHUTH
BUJUMYIO IITaHTy 3€HUT, YTOOBI MUHUMU3HPOBATH BEPOSTHOCTh TOJA MPU ONTUMAIBHON
urpe Crapraka?

(25 points) “The ref needs specs!”
Before the match between Zenit and Spartak starts, it was found out that the stadium did not
have enough goalposts at the gate. Nevertheless, the referee decided to play the match according
to the following rules: he arbitrarily (independently with a uniform distribution) selects two
points X<Y on the interval [0.40], and allows Zenit to set the goalposts at these points, one is
normal and one is invisible. Zenit decides at which point to put each goalpost. Spartak sees that
the visible goalpost has been set to point Z, but does not know if it is the left one (Z = X) or the
right one (Z =Y).
(@) (10 points) Assume that Zenit chose the point randomly, i.e. X or Y with equal
probabilities 1/2. In the last minute of the match, Spartak is ready to strike his first shot at
the “goal” of Zenit, the “goal” is empty. Where to beat to maximize the probability of a
goal?
(b) (15 points) Solve the game. At what point, X or Y, should Zenit put the visible goalpost
in order to minimize the probability of a goal under the optimal Spartak behavior?

4. (15 6amnoB) «Ilokymaiil»

VY mponmaBuma ecth ABa TOBapa: MbUIECOC M YTIOT. LIEHHOCTh KaXXIOTO W3 ATHX TOBapOB IS
nokynatensi, Vi u V2, cooTBeTcTBeHHO, a 000ux BMecte — Vi+Vo. IlpogaBen He 3HaeT TOYHO
[ICHHOCTH TIOKYyIAaTels, HO CYMTaeT, 4YTO OHH paBHOMEpHO pacmpenenensl Ha [0,1000],
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HE3aBUCHMO JIPYT OT jpyra. [1oe3HoCTh MoKynaTess paBHa IICHHOCTH MPHOOPETEHHBIX TOBAPOB
32 BBIYETOM IICH.
(@) (5 6anaoB) Ilpomamer; BbIOMpaeT M3 JBYX CTpaTeruii mpojax. I[IpomaBerr Moxer
HA3HAYUTh [ICHY JIJI KaXKJO0r0 U3 TOBAPOB I10 OTIACIIBHOCTH, U B TOM Cjydae MOKYIaTeib
KYIIUT T¢ TOBAphI, IICHHOCTh KOTOPBIX I HEro OyJeT Bhilie IeHbl. Mu ke, mpoaaBery
MOJKET IIPOJIaBaTh TOBAPHI TOJBKO BMECTE, SIUHBIM MTAKeTOM. B 3TOM cilydae mokymnaresib
KyIuT 00a TOoBapa, €Clii CyMMa IIEHHOCTEH MPEBBICUT LieHy maphl. Kakue ontumanbHbie
IIEHBI TPEUIOKHUT MPOAABEI] B KAXKJIOM Ciydae, U KaKOW OXXKHIAeMbIH JTOXOM HOJyduT?
Kakast cxema npojiaxu Jijist Hero ONTUMalibHee, 10 OTJCIbHOCTH MU BMeCTe?
(b) (10 6anaoB) IIpearnonaokuM Tenephb, 4TO MPOJABEI MOKET MPEIIOKUTH MEHIO M3 TPEX
BO3MOYKHOCTEH: KYIHUTh KaXJblii TOBAp IO OTJACIBHOCTU 3a CBOIO IIEHY HJIU ITAKETOM.
Kaxkue 11eHbI mpeIyIo’KUT MPOoJIaBell, U KaKoh OYIEeT ero 0’KuIaeMbli 10X01?

(15 points) “Buy it!”

A seller has two goods for sale: a vacuum cleaner and an iron. A buyer has a value Viand Vfor
each good separately, and so a value of Vi+V2 for both. The seller does not know the buyer's
value exactly, he thinks that the values are uniformly distributed on [0,1000], independently
from each other. The buyer's utility equals the values of the goods he buys minus their prices.

(a) (5 points) The seller chooses between two mechanisms of sales. The seller can set prices
for each good separately, in which case the buyer would buy only the goods with value
exceeding the price. Or, the seller can sell the goods only as a bundle. In this case the
buyer would purchase both goods when the sum of their values exceeds the price of the
bundle. What are the seller's optimal prices and expected revenues in each case? Which
scheme would the seller prefer, selling the goods individually or as a bundle?

(b) (10 points) Suppose now that the seller can offer a menu of three options: buying each
good separately or both goods as a bundle. Which prices should the seller offer? How
much expected revenue he would be able to obtain?

5. (18 6aaaoB) «IIpodaema 3 THKETA»

Anp0yc HamOnnop (urpok 1), Cesepyc Cuerr (urpok 2) u I'appu Ilorrep (urpok 3) cuasr 3a
CTOJIOM Ha TOPXKECTBEHHOM Y)KHHE. VIM NMpHHOCAT 01100 U3 PHIOBI M 3K30TUYECKYIO BUIKY, C
MOMOIIIbI0 KOTOPOH 3Ty phIOY cieayeT ectb. [Ipobiiema B TOM, 4TO BCE TpOE HE MMOMHSAT, B KAaKOH
pYKe HaJ0 JAep’kKaTh BUJIKY; M3HAYaJIbHO HM3BECTHO, BO3MOXKHO J[Ba COCTOSIHMA Mupa: W=R (1o
€CTh BUJIKY HaJI0 JIep’KaTh B IIpaBoi pyke) U W=L (To ecTb BUJIKY Ha/0 J€p>KaTh B JIEBOH pYKe).
[Tpu sTOM ampuopHas BEpOSATHOCTb TOro, 4ro W=R, paBHa p>1/2. Bno0aBok, KakIblif UTPOK
iI=1,2,3 obmamaer vactHoit mHpopmanueit Sie{L,R}, koTopas BepHa ¢ BeposiTHOCTHIO (>1/2,
npuyem

—
B
I—q Ji-p
To ecTpb ecnu BUIIKY JIEHCTBUTENBHO HAJI0 JIEPKaTh B MPaBoil pyke, TOo Si=R ¢ BEpOSITHOCTHIO ( U
si=L ¢ BeposatHocThi0 1-0. Ilpm 3amaHHOM W ciydailHbleé BEIMYMHBI Si CTATUCTUYECKU
HE3aBHCHUMBI.

(@) (3 6annoB) Ilyctp wrpoku OepyT B pyKH BHJKH B TakOW OYEpPEIHOCTH: CHayaia
Jamonmop seioupaer aie{L,R}, motom CHerr BeiOupaer az, morom Ilorrep BEIOMpaET as.
Kaxxaplif Urpok Xo4yeT OJHOro: HE OMIMOUTHCS, KaKOH PYKOHl B3STh BHIKY — B TaKOM
CJIydae OH IOJIy4aeT BBIMTPBILI, paBHBIN | (M BBIMIPHIII, paBHBIH (0 B TPOTHUBOIIOIOKHOM
ciydae). Haiinure, kak Be1Oop CHerra OyJeT 3aBHCETh OT S2 U aj.

(b) (5 6anmoB) Haiinute, kak Be1OOp [loTTepa Oyner 3aBuceTh OT a1, &2 U S3.
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(¢) (10 6amnoB) Ilycte 3a cromom cuauT N uenoBek. IIpu KakuX YCIOBHSX IPOHCXOIUT
uHgopmayuonnsili Kackaod: ecnm S1=R, To B paBHOBecuH ai=ar=...=an=R, BHe
3aBHCUMOCTHU OT CHUTHAJIOB S2,...,SN?

(18 points) “Etiquette problem”
Albus Dumbledore (Player 1), Severus Snape (Player 2) and Harry Potter (Player 3) are seated at
a gala dinner table. They are brought a fish dish and an exotic fork, with which this fish should
be eaten. The problem is that all three do not remember which hand to hold the fork; initially it is
known that there are two possible states of the world: w=R (that is, the fork must be held in the
right hand) and w=L (that is, the fork must be held in the left hand). Moreover, the a priori
probability that w=R is p>1/2.
In addition, each player i=1,2,3 has private information sie{L,R}, which is true with probability
g>1/2, and
—

4 [P

I—gq wlj —-p
This means that, if the fork really needs to be held in the right hand, then si=R with probability q
and si=L with probability 1-g. For a given w, random variables s; are statistically independent.

(@) (3 points) Let the players take the forks in this order: first, Dumbledore chooses
aie{L,R}, then Snape chooses az, then Potter chooses as. Each player wants not to be
mistaken with which hand to take the fork, in this case he receives a win equal to 1 (and a
win equal to 0 in the opposite case). Find how Snape's choice will depend on s, and a.

(b) (5 points) Find how Potter’s choice will depend on ai, a2 and sa.

(c) (10 points) Let N people sit at the table. Under which conditions does an information
cascade occur: if s1=R then, in equilibrium, a;=a>=...=an=R regardless of signals
S2,...,5N?

6. (22 6am1a) «XHTpPBIE YCTYNKI»
Acs u bopst cobuparoTcst urpath B clieyomyto urpy. ®uiika cTouT B KOpHE OMHAPHOTO JiepeBa
ryOuHBl N, Bce pedpa KOTOPOTrO OPUEHTHPOBAHBI OT KOPHS K JHUCThAM. B KaxIoMm mmcre
CIIy4aifHO ¥ HE3aBUCUMO HalncaHa OykBa «A» ¢ BepOATHOCTbIO P uiu «b» ¢ BeposiTHOCTBIO 1-P.
Pebsra mo odepenu coBepuIarOT XO[bl, NepeMerias (UIIKY BAOJb pedpa M3 BEPIIMHBI B
cocenHO ¢ Hel. Yepe3 N xonoB ¢umka gocturaer jgucra. Eciu Ha HeM OykBa «A», TO
BbIMTpBIBaeT Acs, ecinu «b», To bops.
bopst — Hacrosmuit ;pkeHTIIbMeH. OH mpeaaraeT oTAaTh Ace NepBbIi X0/ U JJaXKe BEPOSATHOCTh
crnenath B Acuny nonb3y: p =4/7.
(a) (10 6anmoB) B mpenmonoxenun, uyto N=2K BEJIMKO, MOCOBETYWTe Ace, CTOUT JH CH
corjiamaThcs Ha Takue uiepelie yerynku? OTBeT o0ocHyiiTe.
(b) (10 6angoB + 2 6anua) Haiinure takoe p, uTo nake mpu 0obiioM N=2K y oboux pedst
mraHc BeiUrpath xotsd Obl 10%. bonyc (+2 6ajuia) Tem, KTO HamMIIET 4YeM emie
IIPUMEYATENIBHO 3TO YUCIIO.

(22 points) “Tricky concessions”

Asya and Boris are going to play the following game. The chip is at the root of a binary tree of
depth n, all edges of which are oriented from the root to the leaves. The letter “A” with
probability p or “B” with probability 1 — p is randomly and independently written on each leaf.
The players take turns moving the chip along the edge from the vertex to the neighboring one.
After n moves, the chip reaches the leaf. If the letter “A” is on it, then Asya wins, if “B”, then
Boris.
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Boris is a real gentleman. He offers to give Asa the first move and even the to make the
probability in favor of Asya: p = 4/7.
(@) (10 points) Under the assumption that n=2k is large, advise Asya whether she should
agree to such generous concessions? Explain the answer.
(b) (10 points + 2 points) Find a p such that even for large n = 2k, both players have at least
10% chances to win. We will give a bonus (+2 points) to those who write what else is
remarkable with this number p.
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