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Íàïðàâëåíèe: ¾Ìàòåìàòèêà¿

Ïðîôèëè:
¾Ìàòåìàòèêà¿ / ¾Mathematics¿
¾Ìàòåìàòè÷åñêàÿ ôèçèêà¿ / ¾Mathematical physics¿

Âðåìÿ âûïîëåíèÿ çàäàíèÿ � 240 ìèíóò

1. Ïðàâèëà îëèìïèàäû íå ïîçâîëÿþò ó÷àñòíèêàì èìåòü íà ðàáî÷åì ìåñòå íè÷åãî,
êðîìå áëàíêà ðàáîòû, à òàêæå ðó÷êè, âîäû, øîêîëàäà è èõ àíàëîãîâ. Â òîì
÷èñëå, íà ðàáî÷åì ìåñòå íå äîïóñêàþòñÿ ïèñüìåííûå èëè ïå÷àòíûå ìàòåðèàëû è
ýëåêòðîííûå óñòðîéñòâà, à òàêæå îáðàùåíèå ê äðóãèì ó÷àñòíèêàì îëèìïèàäû.

2. Êàæäàÿ èç çàäà÷ îöåíèâàåòñÿ èç 20 áàëëîâ. Åñëè ñóììà íàáðàííûõ áàëëîâ ïðå-
âûøàåò 100, èòîã ïðèðàâíèâàåòñÿ ê 100 áàëëàì. Çàäàíèå ñîñòîèò èç îáùåé ÷àñòè
(÷åòûðå çàäà÷è) è äâóõ ñïåöèàëüíûõ ÷àñòåé �ìàòåìàòèêà� è �ìàòåìàòè÷åñêàÿ
ôèçèêà�, ïî äâå çàäà÷è êàæäàÿ. Ó÷àñòíèê îëèìïèàäû, ïîìèìî çàäà÷ îáùåé
÷àñòè, âûáèðàåò îäíó (è òîëüêî îäíó) èç äâóõ ñïåöèàëüíûõ ÷àñòåé ïî ñâîåìó
óñìîòðåíèþ.

3. Åñëè Âû ðàññìàòðèâàåòå âîçìîæíîñòü èñïîëüçîâàòü ðåçóëüòàòû îëèìïèàäû
äëÿ ïîñòóïëåíèÿ âíå êîíêóðñà íà ìàãèñòåðñêèå ïðîãðàììû ÍÈÓ ÂØÝ (�Ìà-
òåìàèêà è ìàòåìàòè÷åñêàÿ ôèçèêà�, �Mathematics�, Ñîâìåñòíàÿ ìàãèñòðàòóðà
ÍÈÓ ÂØÝ è Öåíòðà Ïåäàãîãè÷åñêîãî Ìàñòåðñòâà), òî Âàì òàêæå âàæíî îçíà-
êîìèòüñÿ ñî ñëåäóþùåé èíôîðìàöèåé.

Âûáîð ÿçûêà. Åñëè Âû ïëàíèðóåòå âûáðàòü ëþáóþ èç äâóõ ñïåöèàëèçàöèé
(�ìàòåìàòèêà� èëè �ìàòåìàòè÷åñêàÿ ôèçèêà�) àíãëîÿçû÷íîé ïðîãðàììû �Mathe-
matics�, òî ðåøåíèÿ âñåõ çàäà÷ ñëåäóåò çàïèñûâàòü ïî-àíãëèéñêè. Âûáèðàþùèì
ëþáóþ èç äâóõ ñïåöèàëèçàöèé (�ìàòåìàòèêà� èëè �ìàòåìàòè÷åñêàÿ ôèçèêà�)
ðóññêîÿçû÷íîé ïðîãðàììû �Ìàòåìàòèêà è ìàòåìàòè÷åñêàÿ ôèçèêà�, à òàêæå
ïîñòóïàþùèì â Ñîâìåñòíóþ ìàãèñòðàòóðó ÂØÝ�ÖÏÌ, ìîæíî âñå ðåøåíèÿ
ïèñàòü ïî-ðóññêè.

Âûáîð ñïåöèàëèçàöèè. Âûáîð ñïåöèàëüíîé ÷àñòè îëèìïèàäû (�ìàòåìàòèêà�
èëè �ìàòåìàòè÷åñêàÿ ôèçèêà�), à òàêæå ÿçûêà ïðîãðàììû (ðóññêîÿçû÷íàÿ ïðî-
ãðàììà �Ìàòåìàèêà è ìàòåìàòè÷åñêàÿ ôèçèêà� èëè àíãëîÿçû÷íàÿ �Mathematics�),
íå îãðàíè÷èâàåò ïîñëåäóþùèé âûáîð ñïåöèàëèçàöèè â ìàãèñòðàòóðå: íàïðè-
ìåð, ìîæíî ðåøàòü ñïåö÷àñòü �Mathematics�, íî â ìàãèñòðàòóðå (â ñëó÷àå óñïåø-
íîãî ïîñòóïëåíèÿ) âûáðàòü ñïåöèàëèçàöèþ �Ìàòåìàòè÷åñêàÿ ôèçèêà�, è íàîáî-
ðîò. Òàêæå íå çàâèñèò îò âûáîðà ñïåöèàëüíîé ÷àñòè îëèìïèàäû âîçìîæíîñòü
ïîñòóïëåíèÿ â Ñîâìåñòíóþ ìàãèñòðàòóðó ÂØÝ�ÖÏÌ.
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I. ÎÁÙÀß ×ÀÑÒÜ / COMMON PART

1. Âåðíî ëè, ÷òî ó îãðàíè÷åííîãî òðåõìåðíîãî òåëà âñå îñè ñèììåòðèè ïåðåñåêàþòñÿ
â îäíîé òî÷êå?

Is it true that all axes of symmetry of a bounded three-dimensional body intersect at one
point?

2. Íàéäèòå ïðåäåë ïîñëåäîâàòåëüíîñòè

lim
n→∞

sin2(π
√
n2 + n).

Evaluate the limit
lim
n→∞

sin2(π
√
n2 + n).

3. Ìîæíî ëè ïðè íåêîòîðîì n ∈ N ïðåäñòàâèòü ìíîãî÷ëåí (x−1)(x−2) · · · (x−n)−1
â âèäå ïðîèçâåäåíèÿ äâóõ ìíîãî÷ëåíîâ ìåíüøåé ñòåïåíè ñ öåëûìè êîýôôèöèåíòàìè?

Can the polynomial (x− 1)(x− 2) · · · (x− n)− 1 be factored into polynomials of smaller
degrees with integer coe�cients for some n ∈ N?

4. Äàíà êîìïëåêñíàÿ n× n ìàòðèöà

A =


0 1 0 . . . 0
0 0 1 . . . 0
...

...
...

. . .
...

0 0 0 . . . 1
1/n 1/n 1/n . . . 1/n


Âåðíî ëè, ÷òî limk→∞Ak ñóùåñòâóåò è ðàâåí ïðîåêòîðó íà îäíîìåðíîå ïîäïðîñòðàí-
ñòâî? Åñëè ïðåäåë ñóùåñòâóåò, íàéäèòå åãî ÿäðî è îáðàç.

Consider a complex n× n matrix

A =


0 1 0 . . . 0
0 0 1 . . . 0
...

...
...

. . .
...

0 0 0 . . . 1
1/n 1/n 1/n . . . 1/n


Is it true that limk→∞Ak exists and equals to a projection operator onto a one-dimensional
subspace? If the limit exists, �nd its kernel and image.

II. ÑÏÅÖÈÀËÜÍÀß ×ÀÑÒÜ / SPECIAL PART

Ì: ¾Ìàòåìàòèêà¿ / ¾Mathematics¿

Ì1. Ôóíêöèÿ f àíàëèòè÷íà íà âñåé êîìïëåêñíîé ïëîñêîñòè è ïåðåâîäèò ëþáóþ
íåîãðàíè÷åííóþ ïîñëåäîâàòåëüíîñòü â íåîãðàíè÷åííóþ. Âåðíî ëè, ÷òî f � ïîëèíîì?
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A function f is analytic in the entire complex plane, and f maps every unbounded sequence
to an unbounded sequence. Is f polynomial?

Ì2. Äàíû äâå êîìïëåêñíûå n × n ìàòðèöû P è Q òàêèå, ÷òî P 2 = P è Q2 = Q.
Ìîæåò ëè ðàíã 1− P −Q ïðåâîñõîäèòü n− | rk P − rk Q|?

Suppose that P and Q are complex n × n matrices such that P 2 = P and Q2 = Q. Is it
possible that the rank of 1− P −Q is greater than n− | rk P − rk Q|?

Ô: ¾Ìàòåìàòè÷åñêàÿ ôèçèêà¿ / ¾Mathematical physics¿

Ô1. Ìàòåðèàëüíàÿ òî÷êà ñîâåðøàåò êîëåáàíèÿ â îäíîðîäíîì ïîëå òÿæåñòè, äâèãà-
ÿñü áåç òðåíèÿ âäîëü íåêîòîðîé ïëîñêîé êðèâîé y(x) â îêðåñòíîñòè åå ëîêàëüíîãî
ìèíèìóìà â òî÷êå x = 0 (â ïëîñêîñòè äâèæåíèÿ ââåäåíû äåêàðòîâû êîîðäèíàòû
xOy). Îïðåäåëèòå óðàâíåíèå êðèâîé, åñëè èçâåñòíî, ÷òî ïåðèîä êîëåáàíèé òî÷êè íå
çàâèñèò îò èõ àìïëèòóäû. Ïîëå òÿæåñòè íàïðàâëåíî ïðîòèâ îñè Oy.

A massive particle oscillates in a uniform gravitational �eld moving without friction along
a �at curve y(x) in a vicinity of its local minimum at x = 0 (the Cartesian coordinates
xOy are introduced in the plane of movement). Find the equation of the curve, provided
that the oscillation period is independent of the oscillation amplitude. The gravitational
�eld is directed against the Oy axis.

Ô2. Âäîëü òîíêîãî êîëüöà ðàäèóñà R ðàâíîìåðíî ðàñïðåäåëåí ýëåêòðè÷åñêèé çàðÿä
Q1. Íà îñè ñèììåòðèè êîëüöà, ïåðïåíäèêóëÿðíîé åãî ïëîñêîñòè, íàõîäèòñÿ òîíêàÿ ïà-
ëî÷êà äëèíû 2`. Âäîëü ïàëî÷êè òàêæå ðàâíîìåðíî ðàñïðåäåëåí ýëåêòðè÷åñêèé çàðÿä
Q2. Ðàññòîÿíèå ìåæäó öåíòðîì êîëüöà è ñåðåäèíîé ïàëî÷êè ðàâíî H. Îïðåäåëèòå:

1. Ýíåðãèþ ýëåêòðîñòàòè÷åñêîãî âçàèìîäåéñòâèÿ êîëüöà è ïàëî÷êè.

2. Ìîäóëü è íàïðàâëåíèå âåêòîðà ñèëû ýëåêòðîñòàòè÷åñêîãî âçàèìîäåéñòâèÿ, äåé-
ñòâóþùåé íà ïàëî÷êó.

An electric charge Q1 is uniformly distributed along a thin circle of radius R. A thin rod
of length 2` is placed along the circle symmetry axis perpendicular to the circle plane. An
electric charge Q2 is uniformly distributed along the rod. The distance between the circle
center and the middle point of the rod is equal to H.

1. Find the energy of the electrostatic interaction of the rod and the circle.

2. Find the electrostatic force vector (absolute value and direction) acting on the rod.
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