Onumnuazia CTy[ieHTOB U BBIITYCKHUKOB «Bpicmias nura» — 2020 r.

Hanpapnenne: «MaremaTukas KOJI 010/011

[Ipodun:
«Maremaruka» / «Mathematics»
«Maremarundeckaa ¢dpusuka» / «Mathematical physics»

Bpewmsa Boinosienus 3ananus — 240 MUHYT

1. IlpaBuiia osimMITa bl HEe TO3BOJISIOT YIACTHUKAM UMETh Ha PabodeM MeCcTe HHUYero,
Kpome OJiaHKa paboThl, a TakyKe PYYKH, BOJBI, IIIOKOJIAJa ¥ UX aHAJOroB. B Tom
qucye, Ha pabodeM MecTe He JA0TYCKAITCsI MIChbMEHHBIe WM MTedaTHble MaTepuabl 1
9JIEKTPOHHbBIE YCTPOUCTBA, & TaKzKe oOpallleHue K JIPYTUM yIACTHUKAM OJTUMITHAIGI.

2. Kaxknas n3 3ama4u onennnaercs n3 20 6aioB. Ecin cymva HabpaHHbIX 6a/1/I0B TIpe-
BoimmaeT 100, utor npupasauBaercd K 100 6asrnam. 3aanue cOCTOUT U3 O0IIei JacTu
(deThipe 3a4aun) W ABYX CIENUAJbHBIX YacTeil “MaremMaruka’ W “MareMaTHYeCKasi
duzuka’, mo aBe 3amaun KaykKgas. Y YaCTHHK OJUMINAIBI, HOMHMO 3aJad OO0IIeit
qacTH, BeIOMpaeT oJHY (M TOJBKO OJHY) M3 JIBYX CIENHAJbHBIX YacTell 110 CBOEMY
YCMOTPEHUIO.

3. Ecsim Bbl paccmarpuBaere BO3MOXKHOCTH HCHOJIb30BATh PE3YJIbTaThl OJIMMIIUAJIbI
JUTsl TIOCTYILIEHHsI BHe KOHKypca Ha Marucrepckue nporpammbl HIIY BIITD (“Ma-
TeManKa n Maremarndeckas ¢pmsuka”’, “Mathematics”, CoBmecTHast Maruncrparypa
HITY BIIID u Ienrpa [lenarorndeckoro MacrepceTsa), To Bam TakzKe Ba)KHO O3HA-
KOMHTBCS €O CJieIyIonei nndopmaiuei.

BBIBOP A3BIKA. Fcau Bl mianupyere BoiOpaTh JIIOOYIO U3 JIBYX CHEIUATU3AIMIT
(“maremaruka’ win “maremMaruveckast pusuka”) AaHNIOsI3BIYHOI Tporpammbl “Mathe-
matics”, To pellleHns BCEX 3a,1a4 CJIeyeT 3aliChIBATh Mo-aHIIuiicku. Beioupaonum
JI00y10 M3 JAByX cuenuaimusanuii (“maremaruka’ wim “maremarndeckas dusuka”)
pycckosi3piaHOM nporpamMMbl “Maremarnka u mMaremarndeckas (husnka’, a TaKzKe
nocrymatomum B CoBmectryo maructparypy BIIID-TITTM, moxk#uO Bce pertenust
[HACATH IIO-PYCCKH.

BBIBOP CIIEITUATUBAIINU. Bei6Gop crienuaabHOR 9acTu oJuMIuans! (“MaTeMaTnka’
win “mMareMarndeckas pu3nKa”), a TaKzKe s3bIKa IPOrPaMMbI (PyCCKOSI3bIYHAL PO-
rpamma “Maremanka u MaTeMaTnaeckas Gusnka’ i anrnogssraaas “Mathematics”),
HEe OTPAHUYMBAET NOCIEIYIONIHI BHIOOD CIIENNATH3aIIN B MarucTpaType: HAlpHU-
Mep, MOKHO permaTh crendacts “Mathematics”, Ho B MarucTparype (B cIydae ycreri-
HOTO MOCTYILIeHNs1) BBIOpaTh crnenuannsanuio “Maremarndeckas dusnka’, u #Ha060-
por. Takyke He 3aBHCHT OT BBHIOOpA CIENUATHLHON YACTH OJUMIHUAIH BO3MOKHOCTH
nocrymienns B CoBmectHyo Maructparypy BIID-IIIIM.
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I. OBIITAST YACTH / COMMON PART

1. BepHo jin, 9T0 y OrpaHMYEHHOI'O TPEXMEPHOI'O TeJla BCe OCH CHMMETPHH IePeceKatoTCs
B OnHO# TOuKe?

Is it true that all axes of symmetry of a bounded three-dimensional body intersect at one

point?

2. HafinuTe mpenpen mocjie10BaTe IbHOCTH

lim sin®(7v/n2 + n).

n—oo

Evaluate the limit

lim sin®(7vn2 + n).

n—oo

3. Mozmno sin mpu nekoropoM n € N mpejicrasuts Muorowien (z—1)(x —2)--- (x —n)—1
B BUJIE IIPOU3BEJIEHUsI JIBYX MHOTOWJIEHOB MEHBIIEH CTeleHn ¢ eJbiMu Koybduiuentamu?

Can the polynomial (z —1)(x — 2)--- (x —n) — 1 be factored into polynomials of smaller
degrees with integer coefficients for some n € N?

4. /lana KOMILJIEKCHad N X N MaTPHIIA

0 1 0 0
0 0 1 0
A= : : : . :
0 0 o ... 1
I/n 1/n 1/n ... 1/n

Bepro a1, 970 limy,_,oo AF cymecTByeT n paBeH mMpoeKTOpY Ha OTHOMEPHOE TTOAMPOCTPAH-
crBo? Ecau npegen cymecrByer, HaiiuTe ero siapo m odopas.

Consider a complex n X n matrix

0 1 0 0
0 0 1 0
A= : : : . :
0 0 o ... 1
I/n 1/n 1/n ... 1/n

Is it true that limy_,., A* exists and equals to a projection operator onto a one-dimensional
subspace? If the limit exists, find its kernel and image.

II. CIIEITUAJIBHA A YACTBb / SPECIAL PART

M: «Maremarukas / «Mathematics»

M1. Oyuxiusa f aHaIUTHYIHA Ha BCeil KOMIIEKCHON ILIOCKOCTH U ITIEPEBOIHUT JTI0OYIO
HEOTDAHMYEHHYIO [TOC/I€I0BATEIbHOCTD B HeOrpaHudeHuyto. Bepuo jiu, aro f — mojgunom?
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A function f is analytic in the entire complex plane, and f maps every unbounded sequence
to an unbounded sequence. Is f polynomial?

M2. JTannl aBe KOMIUIEKCHBIE n X n MaTpunnl P u () takme, uto P2 = P u Q% = Q.
Mozxker siu panr 1 — P — @ upesocxogutb n — |rk P — rk Q|7

Suppose that P and @ are complex n X n matrices such that P? = P and Q? = Q. Is it
possible that the rank of 1 — P — @ is greater than n — |7k P — rk Q|7

®: «Maremarudeckaa dpusuka» / «Mathematical physics»

®1. MarepuajbHas TOYKA cOBepIlaeT KoJebDaHUs B OJHOPOJHOM II0JIe TzKeCTH, JBHIa-
gch 6e3 TPeHUsT BJIOJb HEKOTOPOH IJIOCKOH KPUBOH Y(Z) B OKPECTHOCTH €€ JIOKATHHOIO
MUHEMYMa B TOUKe * = ( (B MJIOCKOCTH JIBUZKEHHs BBEJEHBI JEKAPTOBBI KOODAHHATHI
xOy). Onpeennte ypaBHeHWe KPUBOH, €CIM U3BECTHO, UTO MEPUOJ, KOJeOaHUH TOUKH He
3aBUCUT OT UX aMILTUTYABI. [lose TskecTn HampapiaeHo npotun ocu Oy.

A massive particle oscillates in a uniform gravitational field moving without friction along
a flat curve y(z) in a vicinity of its local minimum at x = 0 (the Cartesian coordinates
Oy are introduced in the plane of movement). Find the equation of the curve, provided
that the oscillation period is independent of the oscillation amplitude. The gravitational
field is directed against the Oy axis.

®2. Boab TOHKOTO KOJIbIIa pajnyca [ paBHOMEPHO paclpesiesieH JIeKTPUIeCcKnil 3apsi/l
(21- Ha ocu cumMeTpun KoJIbIa, HEPIeH MK YISPHON ero MI0CKOCTH, HAXOIUTCS TOHKAS T1a-
JIoUKa, AuHbl 2(. Baosib mamouky Takyke paBHOMEPHO PACIPE/IEIEH 3IeKTPUICCKUiT 3apsi
()>. Paccrosiane Mexk 1y MEHTPOM KOJIBIA U cepeanHoil majgoukn pasao H. Ompegennre:

1. DHEPIHUIO JEKTPOCTATHIECKOTO B3aUMOAEHCTBHS KOJIbIA U ITAJTOYKH.

2. Moaynb n HallpaBJIeHEe BEKTOPA CUJIBI JIEKTPOCTATHIECKOTO B3aUMOJIeHCTBIA, Jleii-
CTBYIOLIEl Ha 11aJI04KY.

An electric charge @ is uniformly distributed along a thin circle of radius R. A thin rod
of length 2/ is placed along the circle symmetry axis perpendicular to the circle plane. An
electric charge ()5 is uniformly distributed along the rod. The distance between the circle
center and the middle point of the rod is equal to H.

1. Find the energy of the electrostatic interaction of the rod and the circle.

2. Find the electrostatic force vector (absolute value and direction) acting on the rod.
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