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Íàïðàâëåíèå è ïðîôèëü �Ìàòåìàòè÷åñêèå ìåòîäû àíàëèçà ýêîíîìèêè�, êîä 120

1. (10%) Find the following limit:

lim
x→0

sin(x) sin

(
1

x2

)
.

Note that | sin(x) sin
(

1
x2

)
| ≤ | sin(x)| or equivalently − sin(x) ≤ | sin(x) sin

(
1
x2

)
| ≤ sin(x) (5 points).

Since limx→0 (− sin(x)) = limx→0 sin(x) = 0 (3 points), by the virtue of the sandwich theorem we �nd
that limx→0 sin(x) sin

(
1
x2

)
= 0 (2 points).

2. (10%) Consider the function

g(b) = f(f(f(b2f(b)))).

Find g′(1) if f(1) = 2, f(2) = 3, f(3) = 1, f ′(1) = 3, f ′(2) = 1, f ′(3) = 2.

We can apply the chain rule:

g′(b) = f ′(f(f(b2f(b))))f ′(f(b2f(b)))f ′(b2f(b))(2bf(b) + b2f ′(b))

(4 points). We can now substitute b = 1 into this formula:

g′(1) = f ′(f(f(f(1))))f ′(f(f(1)))f ′(f(1))(2f(1) + f ′(1))

(1 point). Substituting values of f and its derivative into this formula, we get

g′(1) = f ′(f(f(f(2))))f ′(f(f(2)))f ′(f(2))(2f(1) + f ′(1)) = f ′(f(f(3)))f ′(f(3))f ′(3)(4 + 3) =

f ′(f(1))f ′(1) · 2 · 7 = f ′(2) · 3 · 2 · 7 = 42

(5 points).

3. (10%) The entrepreneur plans to open several points of sale and a Central warehouse for their supply on one
side of the highway, which goes strictly in a straight line. For reasons of economy, he wants the shortest distance
from the Central warehouse to any of the points of sale to be half as short as the shortest distance from that
point to the highway. Local conditions allowed placing the Central warehouse in such a way that the shortest
distance from it to the highway is 500 meters.

1. What form will have a track connecting all possible points of location of points of sales?

2. Whether it is possible to estimate the maximum and minimum removal from the highway of possible points
of placement of points of sale and, if it is possible, what these removals will be equal.

Instruction. It is necessary to give all the formulas for calculations and carry out arithmetic calculations. The
numeric answer must be given with one character after the decimal point.

Ïðåæäå âñåãî, îòìåòèì, ÷òî êðàò÷àéøåå ðàññòîÿíèå ìåæäó äâóìÿ òî÷êàìè ðàâíî äëèíå îòðåçêà,
ñîåäèíÿþùåãî ýòè òî÷êè, à êðàò÷àéøåå ðàññòîÿíèå îò òî÷êè äî ïðÿìîé ðàâíî äëèíå ïåðïåíäèêóëÿðà,
îïóùåííîãî èç ýòîé òî÷êè íà ïðÿìóþ.

Óñëîâèå ðàçìåùåíèÿ ïóíêòîâ ïðîäàæ è ñêëàäà ãîâîðèò î òîì, ÷òî ïóíêòû ïðîäàæ äîëæíû ðàñïî-
ëàãàòüñÿ íà êðèâîé âòîðîãî ïîðÿäêà, øîññå ÿâëÿåòñÿ äèðåêòðèñîé, à ñêëàä ÿâëÿåòñÿ åå ôîêóñîì.
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Ðàññòîÿíèå îò ôîêóñà äî äèðåêòðèñû q = 500.0 ì. Èç ýòîãî æå óñëîâèÿ ýêñöåíòðèñèòåò êðèâîé ðàâåí
0.5 (ε = 0.5). Ôîêàëüíûé ïàðàìåòð p = εq = 250.0 m.

Ïîñêîëüêó ýêñöåíòðèñèòåò ìåíüøå åäèíèöû, òî âîçìîæíûå òî÷êè ðàçìåùåíèÿ ïóíêòîâ ïðîäàæ ðàñ-
ïîëîæåíû íà êðèâîé âòîðîãî ïîðÿäêà, èìåþùåé ôîðìó ýëëèïñà. (Îòâåò íà ïåðâûé âîïðîñ!) Ïî-
ñêîëüêó âîçìîæíûå òî÷êè ðàçìåùåíèÿ ïóíêòîâ ïðîäàæ ðàñïîëîæåíû íà çàìêíóòîé êðèâîé, ìû
ìîæåì îöåíèòü èõ ìàêñèìàëüíîå è ìèíèìàëüíîå óäàëåíèå îò øîññå. (Ïåðâàÿ ÷àñòü îòâåòà íà âòî-
ðîé âîïðîñ!). Íàéòè ìèíèìàëüíîå ðàññòîÿíèå ìîæíî ñðàçó èç óñëîâèÿ çàäà÷è. Î÷åâèäíî, ÷òî áëè-
æàéøàÿ ê äîðîãå òî÷êà ïðîäàæ íàõîäèòñÿ íà ïåðïåíäèêóëÿðå îïóùåííîãî èç òî÷êè ðàçìåùåíèÿ
ñêëàäà íà äîðîãó. Äëèíà ïåðïåíäèêóëÿðà � 500.0 ì. Òàêèì îáðàçîì, ìèíèìàëüíîå óäàëåíèå îò äî-
ðîãè - ∆min = 1000.0/3 ≈ 333.3 ì. Ïîëóîñü ýëëèïñà îðòîãîíàëüíàÿ äîðîãå (äèðåêòðèñå ýëëèïñà)
a = p

(1−ε2) = 1000.0
3 ≈ 333.3 m. Òàêèì îáðàçîì, ìàêñèìàëüíîå óäàëåíèå âîçìîæíîé òî÷êè ïðîäàæ

∆max = ∆min + 2 ∗ a = 1000.0 m. (Âòîðàÿ ÷àñòü îòâåòà íà âòîðîé âîïðîñ!)

Êðèòåðèé. Îòâåò íà ïåðâûé âîïðîñ ÷åòûðå áàëëà, îòâåò íà âòîðîé âîïðîñ � êàæäàÿ ÷àñòü ïî òðè
áàëëà.

4. (10%) Let

A =

 1 0
1 0
1 1

 , b =

 1
2
3

 , H := A(ATA)−1AT .

Find

1. (1 point) AT b;

2. (1 point) ATA;

3. (1 point) det(ATA);

4. (1 point) (ATA)−1;

5. (1 point) (ATA)−1AT b;

6. (1 point) H;

7. (2 points) eigenvalues of H;

8. (2 points) some basis from the eigenvectors of the matrix H.

1. AT b =

(
6
3

)
.

2. ATA =

(
3 1
1 1

)
.

3. det(ATA) = 2.

4. (ATA)−1 =

(
1/2 −1/2
−1/2 3/2

)
.

5. (ATA)−1AT b =

(
3/2
3/2

)
.

6. H =

 1/2 1/2 0
1/2 1/2 0
0 0 1

 .

7. We have

|H − λI| =

∣∣∣∣∣∣
1/2− λ 1/2 0

1/2 1/2− λ 0
0 0 1− λ

∣∣∣∣∣∣ =

=
(

(1/2− λ)2 − (1/2)2
)
·
(
1− λ

)
=
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=
(
1/2− λ− 1/2

)
·
(
1/2− λ+ 1/2

)
·
(
1− λ

)
=

= −λ
(
1− λ

)2
.

Thus, the eigenvalues of H are λ1 = 0 and λ2 = λ3 = 1.

8. We �nd eigenvectors of H corresponding to λ1 = 0. We have

(
H − λ1I

∣∣0) =

 1/2 1/2 0 0
1/2 1/2 0 0
0 0 1 0

 →
(

1 1 0 0
0 0 1 0

)
.

So, eigenvector of H corresponding to λ1 = 0 is h1 = (−1, 1, 0)T .

We �nd eigenvectors of H corresponding to λ2 = λ3 = 1. We have

(
H − λ2I

∣∣0) =

 −1/2 1/2 0 0
1/2 −1/2 0 0
0 0 0 0

 →
(

1 −1 0 0
)

So, linearly independent system of eigenvectors matrix of H corresponding to λ2 = λ3 = 1 is

h2 = (1, 1, 0)T , h3 = (0, 0, 1)T .

Hence, the basis from the eigenvectors of the matrix H is

h1 = (−1, 1, 0)T , h2 = (1, 1, 0)T , h3 = (0, 0, 1)T .

5. (10%) Find the point of the conditional minimum of the function and the minimum value itself for di�erent
values of the parameter a > 2.

Function: F (x1, x2) = (x1 − 1)
2

+ (x2 − 3)
2
.

Condition: 
0 ≤ x2 ≤ 4,

x2 ≤ ax1,
x2 ≥ 2x1,

x1 ≥ 0.

.

1. Îòìåòèì, ÷òî ôóíêöèÿ F (x1, x2) ÿâëÿåòñÿ âñþäó ñòðîãî âûïóêëîé è èìååò áåçóñëîâíûé ãëî-
áàëüíûé ýêñòðåìóì (ìèíèìóì) â òî÷êå (1,3). Ìèíèìóì ðàâåí íóëþ.

2. 2. Îáëàñòü ðåøåíèé íåðàâåíñòâ â óñëîâèè çàâèñèò îò çíà÷åíèÿ ïàðàìåòðà a.

(a) Ñëó÷àé I. 2 < a < 3. Îáëàñòü ðåøåíèé ÿâëÿåòñÿ òðåóãîëüíèêîì, îãðàíè÷åííûì îòðåçêàìè
ïðÿìûõ èç óñëîâèé. Îíà ÿâëÿåòñÿ âûïóêëîé, íî íå ñîäåðæèò òî÷êó áåçóñëîâíîãî ãëîáàëü-
íîãî ýêñòðåìóìà F (x1, x2). Íåîáõîäèìî èññëåäîâàòü ïîâåäåíèå äàííîé ôóíêöèè íà ãðàíèöå
îáëàñòè ðåøåíèé.

i. Ó÷àñòîê ãðàíèöû � îòðåçîê ïðÿìîé x2 = ax1 îò (0, 0) äî ëèíèè èç ïåðâîãî óñëîâèÿ �
òî÷êà (x1, x2) =

(
4
a , 4

)
. Â ýòîì ñëó÷àå çàäà÷à ñâîäèòñÿ ê ïîèñêó ìèíèìóìà ôóíêöèè

f (x) =
(
1 + a2

)
x21− (2 + 6a)x1 + 10 íà îòðåçêå x1 ∈

[
0, 4a

]
. Ôóíêöèÿ f (x) íå èìååò äåé-

ñòâèòåëüíûõ êîðíåé è èìååò ìèíèìóì â òî÷êå x1 = 1+3a
1+a2 <

4
a . Ñëåäîâàòåëüíî íà ýòîì

ó÷àñòêå ãðàíèöû ôóíêöèÿ F (x1, x2) èìååò ìèíèìóì â òî÷êå (x1, x2) =
(

1+3a
1+a2 , a

1+3a
1+a2

)
.

Ìèíèìóì ðàâåí 10− (1+3a)2

1+a2 = (a−3)2
1+a2 < 0.2, ïîñêîëüêó âåëè÷èíà ìèíèìóìà, êàê ôóíê-

öèÿ îò a óáûâàåò íà îòðåçêå (2,3].
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ii. Ó÷àñòîê ãðàíèöû � îòðåçîê ïðÿìîé x2 = 4 íà îòðåçêå x1 ∈
[
4
a , 2
]
. Â ýòîì ñëó÷àå çàäà÷à

ñâîäèòñÿ ê ïîèñêó ìèíèìóìà ôóíêöèè f (x) = (x1 − 1)
2
+1 íà óêàçàííîì îòðåçêå. Ôóíê-

öèÿ f (x) íå èìååò äåéñòâèòåëüíûõ êîðíåé è èìååò ìèíèìóì â òî÷êå x1 = 1 < 4
a , âñëåä-

ñòâèå òîãî, ÷òî 2 < a < 3. Íà îòðåçêå
[
4
a , 2
]
ôóíêöèÿ f (x) âîçðàñòàåò. Ñëåäîâàòåëüíî

íà ýòîì ó÷àñòêå ãðàíèöû ôóíêöèÿ F (x1, x2) èìååò ìèíèìóì â òî÷êå (x1, x2) =
(
4
a , 4
)
.

Ìèíèìóì ðàâåí (4−a)2
a2 + 1 > 0.2

(b) Ñëó÷àé II. a ≥ 3. Â ýòîì ñëó÷àå îáëàñòü ðåøåíèé íåðàâåíñòâ â óñëîâèè ñîäåðæèò òî÷êó ãëî-
áàëüíîãî ìèíèìóìà ôóíêöèè F (x1, x2). Ïîñêîëüêó F (x1, x2) ÿâëÿåòñÿ âûïóêëîé è îáëàñòü
ðåøåíèé íåðàâåíñòâ â óñëîâèè òàêæå âûïóêëàÿ, òî÷êà óñëîâíîãî ìèíèìóìà ñîâïàäàåò ñ
òî÷êîé áåçóñëîâíîãî ãëîáàëüíîãî ìèíèìóìà (1, 3). Ìèíèìóì ðàâåí íóëþ.

Ïîäâåäåì èòîã.

1. Ñëó÷àé 2 < a < 3.Fmin = F
(

1+3a
1+a2 , a

1+3a
1+a2

)
= (a−3)2

1+a2 .

2. Ñëó÷àé a > 3.Fmin = F (1, 3) = 0.

Êðèòåðèé. Ïóíêò 1 � äâà áàëëà, 2.1 � ïÿòü áàëëîâ, ïóíêò 2.2 � 3 áàëëà.

6. Find a partial solution of di�erential equation

y(4) + y(2) = 2 cosx,

that satis�es the following conditions y(0) = −2, y′(0) = 1 and y′′(0) = y′′′(0) = 0.

We have the following characteristic equation

λ4 + λ2 = 0.

It is easy to see that λ1 = λ2 = 0, λ3 = i and λ4 = −i are the solutions of this characteristic equation.
Hence, the general solution of the corresponding homogenous di�erential equation is

y(x) = C1 + C2x+ C3 cosx+ C4 sinx, where C1, C2, C3, C4 ∈ R.

The partial solution of inhomogeneous di�erential equation will be found in the form

y(x) = x(A cosx+B sinx), where A, B ∈ R.

Substituting a partial solution with uncertain coe�cients into the original di�erential equation, we obtain
that A = 0 and B = −1.

The general solution of inhomogeneous di�erential equation is as follows

y(x) = C1 + C2x+ C3 cosx+ C4 sinx− x sinx, where C1, C2, C3, C4 ∈ R.

Next, taking into account conditions y(0) = −2, y′(0) = 1 and y′′(0) = y′′′(0) = 0 we get that C1 = 0,
C2 = 1, C3 = −2 and C4 = 0. Thus, the required partial solution of di�erential equation is

y(x) = x− 2 cosx− x sinx.

Êðèòåðèé:

• 1 áàëë çà âûïèñàííîå õàðàêòåðèñòè÷åñêîå óðàâíåíèå;

• 1 áàëëà çà ïðàâèëüíîå ðåøåíèå õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ;
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• 2 áàëëà çà ïðàâèëüíî âûïèñàííîå îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ ñ íåîïðåäåëåííûìè
êîýôôèöèåíòàìè;

• 2 áàëëà çà ïðàâèëüíî íàéäåííîå ÷àñòíîå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ;

• 2 áàëë çà ïðàâèëüíî âûïèñàííîå îáùåå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ ñ íåîïðåäåëåííûìè
êîýôôèöèåíòàìè;

• 2 áàëëà çà ïðàâèëüíî íàéäåííîå ÷àñòíîå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ.

7. Consider the process εt ∼ iidN(0, 1), t ∈ Z. The process Xt is de�ned in the following manner:

Xt =

{
εt, if t is odd,√

2
2 (ε2t−1 − 1), if t is even.

Check whether mathematical expectation, variance and autocovariance ofXt do not depend on t. Autocovariance
is a covariance between di�erent variables of the same process, it is formally de�ned as cov(Xt, Xt−s), s ≥ 1.

HINT. E(ε4t ) = 3.

E(Xt) =

{
E(εt), åñëè t íå÷åòíîå,
√
2
2 (E(ε2t−1)− 1), åñëè t ÷åòíîå.

=

{
0, åñëè t íå÷åòíîå,

0, åñëè t ÷åòíîå.

(1 áàëë)

V ar(Xt) =

{
V ar(εt), åñëè t íå÷åòíîå,
1
2V ar(ε

2
t−1), åñëè t ÷åòíîå.

=

{
1, åñëè t íå÷åòíîå,

1, åñëè t ÷åòíîå.

(2 áàëë)

Äëÿ àâòîêîâàðèàöèè ðàññìîòðèì 4 ñëó÷àÿ: 1) Xt ñ ÷åòíûì èíäåêñîì è Xt−s ñ ÷åòíûì èíäåêñîì; 2)
Xt ñ íå÷åòíûì èíäåêñîì è Xt−s ñ íå÷åòíûì èíäåêñîì; 3) Xt ñ ÷åòíûì èíäåêñîì è Xt−s ñ íå÷åòíûì
èíäåêñîì; 4) Xt ñ íå÷åòíûì èíäåêñîì è Xt−s ñ ÷åòíûì èíäåêñîì.

1. cov(εt, εt−s) = 0, òàê êàê ýòè âåëè÷èíû íåçàâèñèìû. (2 áàëëà)

2. cov(
√
2
2 (ε2t−1 − 1),

√
2
2 (ε2t−1−s − 1)) = 0, òàê êàê êâàäðàòû òîæå íåçàâèñèìûõ âåëè÷èí òîæå íåçà-

âèñèìû. (3 áàëëà)

3. cov(εt,
√
2
2 (ε2t−1−s − 1)) = 0. (1 áàëë)

4. Àíàëîãè÷íî 3. (1 áàëë)

Òàêèì îáðàçîì, ìû âèäèì, ÷òî ìàòåìàòè÷åñêîå îæèäàíèå, äèñïåðñèÿ è àâòîêîâàðèàöèÿ íå çàâèñÿò îò
t.

8. Joint probability density function of random variables X and Y is:

f(x, y) =

{
c(x2 + y), if 0 ≤ x ≤ 2, 0 ≤ y ≤ 1

0, otherwise

(a) (2%) Find c

∫ 1

0

∫ 2

0
c(x2 + y)dxdy = 11

3 c = 1. Hence, c = 3
11
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(b) (3%) Check whether X and Y are independent

fX(x) =
∫ 1

0
3
11 (x2+y)dy = 3

22 (2x2+1), fY (y) =
∫ 2

0
3
11 (x2+y)dx = 2

11 (3y+4). fX(x)fY (y) 6= fX,Y (x, y),
hence, variables are not independent.

(c) (2%) Find E(X)

E(X) =
∫ 2

0
3
22 (2x2 + 1)xdx = 15

11

(d) (3%) Find probability P(XY > 1)

P(XY > 1) =
∫ 2

1

∫ 1

1/x
3
11 (x2 + y)dydx = 13

44

9. Consider a sample of independent random variables X1, . . . , Xn with constant variance σ2 > 0 and increasing
mean E[Xi] = βi. Two estimators are suggested for β.

β̂ =
Xn −X1

n− 1
.

β̃ =
(Xn−1 +Xn)− (X1 +X2)

2(n− 2)
.

(a) (5%) Is β̂ consistent?

(b) (5%) Compare the mean squared error of the two estimators for the case n = 4.

Let's start with �nding mean and variance of both estimators.

E(β̂) =
βn− β
n− 1

= β.

E(β̃) =
(β(n− 1) + βn)− (β + 2β)

n− 2
=

2βn− 4β

2(n− 2)
= β.

Both estimators are unbiased.

V ar(β̂) =
2σ2

(n− 1)2
.

V ar(β̃) =
4σ2

4(n− 2)2
=

σ2

(n− 2)2
.

β̂ is unbiased with limn→∞ V ar(β̂) = 0. Hence, β̂ is consistent.
As the estimators are unbiased, their MSEs are equal to their variances. If n = 4, then

MSE(β̂) = V ar(β̂) =
2σ2

(4− 1)2
=

2σ2

9
.

MSE(β̃) = V ar(β̃) =
σ2

(4− 2)2
=
σ2

4
> MSE(β̂).

10. Let X1, . . . , Xn be independent normal random variables with mean µ and variance σ2.
Consider two tests for H0 : µ = 1, σ2 = 1.
Test 1. Reject H0 if |X̄ − 1| > 2

3 , where X̄ = 1
9

∑9
i=1Xi.

Test 2. Reject H0 if
∑9

i=1(Xi − 1)2 > 14.68.
Calculate the probability of type I error for
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(a) (5%) test 1;

P

(
|X̄ − 1| > 2

3

)
= P

(∣∣∣∣X̄ − 1

1/3

∣∣∣∣ > 2

)
= 1− P

(
−2 <

∣∣∣∣X̄ − 1

1/3

∣∣∣∣ < 2

)
= 1− 0.9545 = 0.0455.

(b) (5%) test 2.

∑9
i=1(Xi − 1)2 has chi-squared distribution with 9 degrees of freedom, so

P

(
9∑

i=1

(Xi − 1)2 > 14.69

)
= 0.1.

Good luck!


