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Hanpasiienue u npodpuip “MaremaTudeckmue MeToabl aHAJIN3a YKOHOMUKM’, Koa 120

1. (10%) Find the following limit:

L (1
alclirb sin(z) sin <x2> .

Note that [sin(z)sin (J5) | < |sin(z)| or equivalently —sin(z) < |sin(z)sin (75)| < sin(z) (5 points).
Since lim,_,o (— 51n( )) = lim, 0 51n( ) = 0 (3 points), by the virtue of the sandwich theorem we find
that lim,_,osin(z) sin (%) = 0 (2 points).

x

2. (10%) Consider the function

9(b) = F(f(f(0° f(D))))-
Find ¢'(1) if f(1) =2, f(2) =3, f/3) = 1, /(1) =3, f'(2) = 1, /'(3) = 2

We can apply the chain rule:

g 0) = f'(FFOFONL (SO F0)))S (B F(0))(2b () + 07 [ (b))

(4 points). We can now substitute b = 1 into this formula:

g' (W) = fSGEQMNLESONL MO+ (1)

(1 point). Substituting values of f and its derivative into this formula, we get

(5 points).

3. (10%) The entrepreneur plans to open several points of sale and a Central warehouse for their supply on one
side of the highway, which goes strictly in a straight line. For reasons of economy, he wants the shortest distance
from the Central warehouse to any of the points of sale to be half as short as the shortest distance from that
point to the highway. Local conditions allowed placing the Central warehouse in such a way that the shortest
distance from it to the highway is 500 meters.

1. What form will have a track connecting all possible points of location of points of sales?
2. Whether it is possible to estimate the maximum and minimum removal from the highway of possible points
of placement of points of sale and, if it is possible, what these removals will be equal.

Instruction. It is necessary to give all the formulas for calculations and carry out arithmetic calculations. The
numeric answer must be given with one character after the decimal point.

[Ipexxie Bcero, ormernm, YTO KpaTdaiiliiee PACCTOSHWE MEXKIY ABYMsi TOYKAMH PABHO JJIMHE OTPE3Ka,
COeJIMHAIONIEr0 3T TOYKHU, & Kpardalilllee pacCTogHue OT TOYKHU JI0 IPAMON PaBHO JJIMHE HIePIeH/IUKY14pa,
OTYIIIEHHOTO M3 3TOW TOYKW HA MPAMYIO.

VciioBre pa3Melnenusi MyHKTOB MPOJAXkK U CKJIAJa TOBOPHUT O TOM, YTO MYHKTHI MPOJAXK JOJKHBI PACIIO-
JlaraTbCd Ha KPHWBOW BTOPOIO IOPSIKA, IIOCCE SBJILETCH IUPEKTPUCON, a CKIIAJ sABJISETCs ee (POKYyCOM.
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Paccrosnue or dokyca no mupexrpucst ¢ = 500.0 m. 113 31010 K€ yCa0BuUSA IKCUEHTPUCATET KPUBOU PABEH
0.5 (¢ = 0.5). ®oxambubIi Mapamerp p = eq = 250.0 m.

[TockombKy IKCIEHTPUCUATET MEHBINE €IUHUIBI, TO BO3MOXKHBIE TOYKH PA3ZMEINEHNs MYHKTOB MPOIaXK Pac-
LOJIO’KEHbl HA KPUBON BTOPOrO nopsijaka, umeromei dopmy ssumica. (Orser na nepsbiii Boupoc!) Ilo-
CKOJIBKY BO3MOXKHBIE TOYKU PA3MEIIEHUd IIyHKTOB I[IPOJAXK PACIOJIOKEHbl HA 3aMKHYTOU KPUBOH, MbL
MOYKEM OLEHUTH WX MAKCUMAJIbHOE W MUHMMAaJbHOE yiaajenue or mocce. (Ilepsas gacTh oTBETa HA BTO-
poit Bonpoc!). Haiitu MuHMMa/IbHOE PACCTOSHUE MOXKHO Cpady u3 ycjoBus 3agadu. QueBuHO, 9TO O/u-
JKafiimas K JAopore TOYKa MPOJAXK HAXOAUTCHA HA MEPIeHIUKYJIsApe OMYIIEHHOTO W3 TOYKU Pa3MeIIeHUs
ckaaaa ma gopory. lnmaa nepnenaukyisapa — 500.0 m. Takum ob6pa3oM, MUHUMAJIBHOE yIajeHHe OT J10-

poru - A, = 1000.0/3 &~ 333.3 m. Ilosyoch ssumnca oproronasibHas JOpore (AUPEKTPUCE DJIIUIICA)
a = ﬁ = 10%0'0 ~ 333.3 m. Takum 06pa3oM, MaKCHUMAaJIbLHOE YIAJEHUE BO3MOXKHON TOYKHU MPOIJAIK

Apaz = Apin + 2 % a = 1000.0 m. (Bropas 9acrb orBera Ha BTOpOii Bompoc!)

Kpwutepwnii. OrBer Ha 1epBbIil BOIPOC YeThIpe Oasia, OTBET HA BTOPOI BONMPOC — KaXKJasg 9acTh [0 TPH
6asna.

4. (10%) Let

Find

10 1
A= 1 0|, b=| 2], H:=AA"A)'A"
11 3
1. (1 point) ATb;
2. (1 point) AT A;
3. (1 point) det (ATA)
4. (1 point) (ATA)~!
5. (1 point) (AT A)~ 1ATb
6. (1 point) H;
7. (2 points) eigenvalues of H;
8. (2 points) some basis from the eigenvectors of the matrix H.

7. [ 6

3 1
TA —
SUNEE

3. det(ATA) = 2.
4. (AT A)~1 — ( /2 —1/2 )

-1/2  3/2
T av—1 475 _  3/2
5. (AT A) Ab_(?)/2 .
1/2 1/2 0
6. H = 1/2 1/2 0
0 0 1
7. We have
1/2—=X  1/2 0
|H — X| = 1/2 1/2 =\ 0 =
0 0 1-—A

= (a/2=02 = (1/2?) - (1-)) =
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=(1/2=Xx—-1/2)- (1/2=X+1/2) - (1= X) =
— A1)
Thus, the eigenvalues of H are Ay =0 and Ay = A3 = 1.
8. We find eigenvectors of H corresponding to Ay = 0. We have
1/2 1/2 0 | 0
o

(H=XMI0)=| 1/2 1/2 0 | ©

110
0 0 1] 0 001

o O
N——

So, eigenvector of H corresponding to Ay = 0 is h; = (—1, 1, 0)T.
We find eigenvectors of H corresponding to Ay = A3 = 1. We have
-1/2 1/2 0 | 0
(H-XIl0)=| 1/2 —-1/2 0 | 0 - (1 -1 0] 0)
0 0 0 0

So, linearly independent system of eigenvectors matrix of H corresponding to Ao = A3 =1 is

hy = (1,1,0)7,  h3=1(0,0,1)T.

Hence, the basis from the eigenvectors of the matrix H is

hi=(-1,1,0%, hy=(1,1,07, h3=(0,0,1)T.

5. (10%) Find the point of the conditional minimum of the function and the minimum value itself for different
values of the parameter a > 2.

Function: F (21, x2) = (z1 — 1) + (22 — 3)°.

Condition:
0 <z <4,
z9 < azq,
T9 > 211,
x> 0.

1. Ormernm, uro dyukims F (21, x9) sABASETCS BCIOLY CTPOTO BBHIMYKJION M MMeeT Ge3yCIOBHBIN TIo-
GabHBIN 9KcTpeMyM (MuHEMYM) B Touke (1,3). MUHUMYM paBeH HYIIO.

2. 2. ObnacTb pelnennit HEPABEHCTB B YCJIOBUU 3aBUCUT OT 3HAYEHUS TAPAMETPA, d.

(a) Cayuaii I. 2 < a < 3. O6acTb perieHuii SBIAETCA TPEyTOJbHUKOM, OIPAHUYEHHBIM OTPE3KAMU
upaMbIx u3 yciaosuii. OHa gBJISETCH BBILYKJION, HO HE COAEPKUT TOYKY 0E3YCJIOBHOIO I00asIb-
HOro sKcrpemyma F' (21, x2). Heobxomumo uccienosarh noseaenue ganHoil byHKIMU HA IPAHUIIE
00JIACTH peITeHuii.

i. Y4acToK rpaHuiibl — OTPE30K HpsMOii o = axy or (0,0) 10 JMHWU U3 EPBOro yCIOBHI —
rouka (r1,xs) = (%, 4). B sT0M caydae 3azada CBOIUTCA K NOUCKY MEHUMyMa (yHKIUHA
f(z) = (1+4a?)2? — (24 6a) z1 + 10 na orpeske z; € [0, 2]. @yukiuus f (z) ne umeer aeii-

CTBHUTEJILHBIX KOPHE M HMEeT MHHMMYM B TOYKE L1 = }ia‘j < %. CienoBaTesibHO Ha 3TOM
1+3a a1+3a)_

14+a?’ " 14a?

ydacTke rpanunbl GyHKims F (z1,22) nMeeT MUHUMYM B TOUKe (r1,22) = (

2 2
Munumywm pasern 10 — (1113(1‘12) = %

yst OT a yobiBaeT Ha orpeske (2,3].

< 0.2, OCKOJIbKY BEJIMYMHA MUHUMYMa, KaK (DYyHK-
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ii. Y49acTOK IpaHUIIBI — OTPE30K MPIMOit To = 4 HA OTpe3Ke T1 € [%, 2] . B aTom cayuae 3amaqa

2
CBOIWTCS K MOMCKY MuHUMYMa GyHKImn f () = (1 — 1)”+1 Ha yrazanHoM orpeske. PyHK-
st f () He MMeeT JefiCTBUTEIBHBIX KOPHEH U MMeeT MIHUMYM B Touke z1 = 1 < 2, Bestes-
crBue Toro, uto 2 < a < 3. Ha orpeske [£,2] dbyukmus f (z) Bospacraer. CiezoBaresbHO

a’
Ha 3TOM ydacTke rpanuibl Gyakuus F (r1, o) umeer MUHUMYM B TOYKe (X1, T2) = (4 4).

a’
MunumMyM paBeH (4;2?)2 +1>0.2

(b) Cuayuaii II. @ > 3. B s310M citydae 0671aCTh PEIIeHnil HEPABEHCTB B YCJIOBUY COAEPKUT TOYKY [JIO-
6asibHOro Munumyma Gyukuuu F (11, 22). ockonbky F (x1, ) dBjisercs BbIIyKJIOH 1 00J1aCTh
PEIeHnii HEPABEHCTB B YCJIOBHM TAKXKE BBIMYKJAs, TOYKA YCJOBHOIO MHHUMYMA COBIAJAET C
TOUYKOI 6e3ycsoBHOIO ri10b6asibuoro munumyma (1, 3). Munumym pasen HyJio.

IlogBemem mTor.

. —3)2
1. Cayuait 2 < a < 3.Fi = F (}iig,@jig) = (‘11+a% .

2. Cayyait a > 3.Fpn = F(1,3) =0.

Kpurepmii. Ilyakr 1 — aBa 6asura, 2.1 — nare 6awios, nyakT 2.2 — 3 Hasuia.

6. Find a partial solution of differential equation
y @ 4+ y® =2cos 1,

that satisfies the following conditions y(0) = —2, y’(0) = 1 and y”(0) = y’”/(0) = 0.

We have the following characteristic equation
M+ A2 =0.

It is easy to see that \; = Ao = 0, A3 = 7 and Ay = —i are the solutions of this characteristic equation.
Hence, the general solution of the corresponding homogenous differential equation is

y(z) = Cy + Cox + C3cosx + Cysinz, where Cy, Co, C3, Cy € R.
The partial solution of inhomogeneous differential equation will be found in the form
y(x) = x(Acosz + Bsinz), where A, B €R.

Substituting a partial solution with uncertain coefficients into the original differential equation, we obtain
that A =0 and B = —1.

The general solution of inhomogeneous differential equation is as follows
y(z) = C1 + Cox + C5cosx + Cysine — xsinz, where C, Ca, C3, Cy € R.

Next, taking into account conditions y(0) = —2, ¢’(0) = 1 and y”(0) = y"”"(0) = 0 we get that C; = 0,
Cy =1, C3 = -2 and C4 = 0. Thus, the required partial solution of differential equation is

y(x) =x — 2cosx — xsinx.
Kpurepuwii:

e 1 GaJur 3a BBIIMCAHHOE XAPAKTEPUCTUYIECKOE yPABHEHUE;

e 1 Gajuta 3a NMPABUIILHOE PENIEHNE XAPAKTEPUCTUIECKOIO YPABHEHNUS;
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e 2 Gajuta 3a IPABHJIBHO BBIIMCAHHOE OOIIEE pEIIeHue OTHOPOTHOrO YPABHEHHS C HEOIPEICJTCHHLIME
KO3 duImenTamn;

e 2 Gajuyia 33 IPABUJIBHO HANIEHHOE YACTHOE PEIICHUE OJHOPOJHOIO YDABHEHHSI;

2 0as1 3a NPABUJILHO BBIIMCAHHOE ODILIEE pEelIeHre HeONHOPOIHOIO YPABHEHHUS C HEOIPEIeJCHHBIMA
KO3 puImenTamun;

2 Gasisia 3a MPaBUJILHO HAlIEHHOE YaCTHOE peIleHne HEOTHOPOIHOTO YPABHEHUSI.

7. Consider the process e; ~ 1dN(0,1),t € Z. The process X; is defined in the following manner:

et,if t is odd,
Xt = \/5 2 . .
(et — 1),if t is even.
Check whether mathematical expectation, variance and autocovariance of X; do not depend on t. Autocovariance
is a covariance between different variables of the same process, it is formally defined as cov(Xy, X¢—s), s > 1.

HINT. E(e4) = 3.

E(et),ecau t HeueTHOe, 0, ecaim t HEYETHOE,
E(Xt) = V2 E 2 =
B2 (E(ef_q) — 1),ecmu t uernoe. 0, ecsiu t geTHOe.
(1 6amn)
Var(et),ecnn t megeTnoe 1, ecnu t HEUETHOE
Var(X,) = 1a7’( t)z Jin t HeYeTHoe, _ Ju t HedeTHoe,
5Var(e;_1),ecmu t yernoe. 1, ecau t yernoe.
(2 6asd)

Jia aBrokoBapuanuu paccMorpum 4 caydas: 1) X; ¢ 4eTHbIM HHIEKCOM U X; ¢ C YETHBIM HUHIEKCOM; 2)
X; C HEYETHBIM MHIEKCOM U X;_¢ C HEYETHBIM MHIEKCOM; 3) X; C YeTHBIM MHIEKCOM U X; s C HEYETHBIM
ungercoM; 4) X; ¢ HedeTHbIM MHIEKCOM U Xy C YeTHBIM UHIEKCOM.

1. cov(es,e4—s) = 0, Tak Kak TH BeIUIUHBI He3aBucuMbl. (2 GaJiia)

2. cm)(g(sf_l -1, g(af_l_s — 1)) = 0, Tak KaK KBaJIPaTbl TOXKE HE3ABUCHUMBIX BEJIMYUH TOXKE HE3a-

Bucumbl. (3 Gasaa)
3. cov(ey, g(efflﬂ —1)) =0. (1 6asmr)
4. Ananormuno 3. (1 6aJwr)

Takum 06pa3oM, MBI BHINM, YTO MATEMATHYIECKOE OYKUIAHNE, TUCTIEPCUs U aBTOKOBAPHUAIINASA He 3aBUCAT OT
t.

8. Joint probability density function of random variables X and Y is:

c(z?+y), f0<2<20<y<1

0, otherwise

f(x,y) =

(a) (2%) Find ¢

fol fo2 c(z? + y)dzdy = Yc=1. Hence, c = &
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(b) (3%) Check whether X and Y are independent

Fx(@) = [y E@2y)dy = 35202 41), fy(v) = [y & @ +y)de = ZGBy+4). fx @)y (y) # fxv (@,y),
hence, variables are not independent.

(¢c) (2%) Find E(X)

E(X) = [7 2(22% + Vwde = 12

(d) (3%) Find probability P(XY > 1)

2 rl
P(XY > 1) = [; [, 17(@° +y)dyde = 33

9. Consider a sample of independent random variables X1, ..., X,, with constant variance 02 > 0 and increasing
mean E[X;] = Bi. Two estimators are suggested for S.

. . €]
b= n—1
f= (Xn—1+ Xy) — (X1 + X)
B 2(n —2) '

(a) (5%) Is f consistent?

(b) (5%) Compare the mean squared error of the two estimators for the case n = 4.

Let’s start with finding mean and variance of both estimators.

s Bn—pB

E(B) ==L =,

»n_ (Bn=1)+p8n)—(8+28) 2Bn—48
E(5) = n—2 _2(n—2)_5‘
Both estimators are unbiased. 02
A o
Va/r(ﬁ) = m
Var(,@’) = 40° = i

4n—2)2 (n—2)2%

$ is unbiased with lim,,_,c Var(B) = 0. Hence, f3 is consistent.
As the estimators are unbiased, their MSEs are equal to their variances. If n = 4, then

202 202

MSE(B) = Var(B) = A-1E- o

MSE(B) = Var(f) =

10. Let X1,..., X, be independent normal random variables with mean p and variance o2.
Consider two tests for Hy: p = 1,02 = 1.
Test 1. Reject Ho if |[X — 1| > 2, where X = %Z?:l X;.
Test 2. Reject Hy if 30, (X; — 1)2 > 14.68.
Calculate the probability of type I error for
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(a) (5%) test 1;

. 2 X -1 X -1
PIX-1>2)=P(|5——|>2)=1-P(-2<|5—|<2) =1-0.9545 = 0.0455.
3 1/3 1/

(b) (5%) test 2.

Z?:1(Xi —1)? has chi-squared distribution with 9 degrees of freedom, so

9
P (Z(Xi -1)2 > 14.69) =0.1.

i=1

Good luck!




