OaumMnuana cTy1eHTOB U BbIMMYCKHUKOB «Bbicmiasi imray, 2 stam, 2021 r.

Hanpasienue: «290. Teopust urp»
Bpems BpinosiHeHus — 180 muH.

MakcumaabHubii 0aaa — 100,

3ananue 1 (15 6ay10B).

«Kod¢e 1 yucTbie paBHOBeCHUsD)

OxoHoMmucT-(atanuct Ilerss o0okaeT ciay4aiflHOCTb, HO B MIPax INPU3HACT TOJBKO PAaBHOBECHS B
YUCTBIX cTpaTerusx. OH 3710ynoTpediseT kode 1 XoueT 10BepUTh 00pbOY € ITOM BpeTHON MPUBBIYKON
CIIy4aro.

ITets xo4eT COKpaTuTh cpeaHee moTpedaeHue kode m0 oaHON yamku B aAeHb. Kaxapiii nenp [lers
coOupaeTcs TeHEepUPOBaTh Ha KOMIIBIOTEPE OJIHY CirydaiiHyto* urpy ¢ 20 urpokamu u 21 9ucTeIMH
CTpaTEerusIMM y Ka)KJ0ro U3 HUX, pellaTh 3Ty UTPY, U HEMEAJICHHO BBHINMBATH CTOJBKO Yallek Kode,
CKOJIBKO y UT'Pbl OKa)KeTCsl YUCThIX paBHOBecHil. To ecTh B kakue-To Auu Ilere nmpuaercs oboiTuch
6e3 kode, a B KaKre-TO OH CMOXKET HACIaJUThCS HECKOJIbKUMU YalllKaMu.

Hocturaer au Ilers cBoelt nenu?

*JIns Kaxkaoro mpogmiis YUCTBIX CTPATEruid, MOJE3HOCTH UIPOKOB --- HE3aBUCHMBIEC CllydyailHble
BEJIMYMHBI pABHOMEPHO pacnpeeneHublie Ha [0,1].

“Coffee in pure equilibria”

The fatalist-economist Peter loves randomness, but in games he recognizes only equilibria in pure
strategies. He abuses coffee and wants to entrust the fight against this bad habit to chance.

Peter wants to reduce his average coffee consumption to one cup a day. Every day Peter is going to
generate one random* game on the computer with 20 players and 21 pure strategies for each of them,
solve this game, and immediately drink as many cups of coffee as the game has pure equilibria. That
is, on some days Peter will have to do without coffee, and on some days he will be able to enjoy several
cups.

Will Peter achieve his goal?

*For every profile of pure strategies, the players' utilities are independent random variables uniformly
distributed on [0,1].

3apanmue 2 (10 6a110B).

«/IBaxkabI 1BA»

Mapuna u Jluma TpeHUpYIOTCS peliaTh 3ajJa4d Ha CMENIaHHble cTpaTeruu. OHU yXKe Mopeliaan
HECKOJIBKO UTp 2X2 ¢ HyNEeBOW CyMMO# 0e3 paBHOBECHS B UUCTBIX CTPATETUSAX U OOHAPYKUIHU, YTO
WTPOKHU BCET/Ia CMENIMBAIOT CTPATETUH C OJJUHAKOBBIMU BEPOATHOCTSIMH.

Bcerna nu takoe npoucxoaut? Ecnu ga, qokaxuTe; €CIu HET, HAAUTE yCIOBUE, PU KOTOPOM 3TO
BEPHO.

“Two by two”

Marina and Dima train to solve problems on the equilibrium in mixed strategies. They have already
solved several 2x2 zero-sum games without equilibrium in pure strategies and found that players
always mix strategies with the same probabilities.

Does this always happen? If yes, prove it, if not, find a condition under which this is true.
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3ananue 3 (25 6a1710B).

«3amauya na HoOea»

B 2019 roay cocTosicst ayKITMOH IO TIPOJIaXKe IpaB Ha BBUIOB Kpada. bbuto 50 0lMHAaKOBBIX JIOTOB H
10 yyactHukoB. Kaxaplifi ydyacTHHUK XOTeNnl KynuTh A0 10 JOTOB HE BBIIIE OMNpPENCIEHHON IEHBI,
Pa3IMYHOM JUISl KaX/I0T0 Y4aCTHUKA, HO OJMHAKOBOM JIJIsl K&KJ0T0 JIOTa (MHAUBHIyalIbHAS LIGHHOCTD )
91, 87, 81, 66, 51, 50, 48, 38, 32, 29 MmunoHoB pyoOiei. [leHHOCTH U CIPOC YIACTHUKOB SBJISFOTCS
oOmuM 3HaHueM (common knowledge).

OpranuzaTtop pemmya MOpojaBaTh KaXKIbIM JIOT Ha OTAEIBHOM AaHIJIUHCKOM ayKIMOHE C
(buKcUpoBaHHBIM 1IAroM B 1 pyOuib (pa3Mep 1ara MO>KHO CYMTAaTh OECKOHEYHO MalibiM). Ho pu aToM
OpraHM3aTOp CPaBHHUBACT JBa (hopMaTa MPOBEICHUS AYKIIMOHA: ITOCIICIOBATEILHBIN 1 TTapalIeIbHBIN.
B nocnenoBatensHoM opMaTe JTOTHI MPOAAIOTCA 1O MOPAIKY Ha 50 OTIEIbHBIX TOPTax, U CIEAYIONINe
TOPTY HAYMHAIOTCSA TOJBKO IMOCIE OKOHYAHUS MPEAbIAYyHIMX. B mapaiiesbHOM JIOTHI MPOAAOTCS
OJTHOBPEMEHHO, TaK YTO KaXKIbli YYAaCTHMK MOXKET Y4acTBOBaTh B JIIOOBIX TOprax, M BCE TOPIH
3aKaHYMBAIOTCS KOT/1a HA Ha OJIVH JIOT CTaBKa HE MOBBIIIACTCS.

Kakoii popmart nmpunecér 601bIyI0 BRIPYUKY B paBHOBecHHU Hailla coBepIieHHOM Ha MoAbIrpax?

“Nobel problem”

In 2019, an auction was held to sell the rights to catch crabs. There were 50 identical lots and 10
participants. Each participant wants to buy up to 10 lots, no higher than a certain price different for
each participant, but the same for each lot (individual value) 91, 87, 81, 66, 51, 50, 48, 38, 32, 29
million rubles. The values and the demand of the participants are common knowledge.

The organizer decides to sell each lot at a separate English auction with a fixed step of 1 ruble (the
step size can be considered infinitely small). However, the organizer compares two auction formats:
sequential and parallel. In the sequential format, the auctions are conducted one by one, i.e., the next
one starts only after the previous has ended. In parallel, lots are sold at the same time, so that each
participant can participate in any bidding; the biddings end once nobody wants to increase further any
of the bids.

Which format will bring the highest revenue in subgame perfect Nash equilibrium?

3ananue 4 (15 6an10B).

«MeHnbl111e 3HaelIb, Kpenye CIUIIb)»

3una 1 HuHa UrparT B UTpy ¢ KOHEYHBIM YHCIIOM YHCTBIX CTPATETHil M BBIUTPHIIIAMHU, 3aBUCSIIIUMU
OT clly4yallHOro cocCTOsIHMS (Opesl MU pemka ¢ BepositHocThio 1/2). Hanmpumep, 3una u Huna -
MHBECTOPBI, U YCIIEITHOCTh MHBECTHIIMN KaKI0M U3 HUX 3aBUCHUT KaK OT JIEWCTBUI KOHKYPEHTKH, TaK
Y OT TOTO MOMJET JIX PHIHOK "BBepX' min "BHU3".

PaccmoTpuMm nBa BapuaHTa Urpsl. B mepBom 3uHa 3HaeT peann3anuio ciydaifHoro coctosuus, a Huna
He 3HaeT (HO 3HaeT 4To 3WHA 3HaeT). Bo BTOpoMm, 00e eBOYKM HE 3HAT peanu3anud. [lycth
PaBHOBECHBIE BHIUTPHIIIN 3UHBI V1 U V2, COOTBETCTBEHHO.

[Ipenmnosnaras, yTo paBHOBECHE B UTPE €IUHCTBEHHO, OTBETHTE HA CIIEYIOIINIA BOIIPOCHL:

(a) (10 6anmoB) Mosxet 1 V1 ObITh MeHbIIIE V2, €CIIH UTpa ¢ HYJIEBOM CyMMON?

(b) (5 6ammoB)ToT ke BOMPOC JJ1s1 TPOU3BOJIHHBIX UTP?

“The less you know the better you sleep”
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Zina and Nina play a game with a finite number of pure strategies and payoffs depending on a random
state (heads or tails with probability 1/2). For example, Zina and Nina are investors, and the success
of their investments depends both on the actions of the competitor and on whether the market goes
"up" or "down".

Consider two variants of the game. In the first, Zina knows the realization of a random state, but Nina
does not know (but knows that Zina knows). In the second, both girls don't know the realization. Let
Zina's equilibrium payoffs be V1 and V2, respectively.

Assuming there is only one equilibrium in the game, answer the following questions:

(a) (10 points) Can V1 be less than V2 if the game is zero-sum?

(b) (5 points) The same question but for the arbitrary games?

3ananue 5 (20 6a/710B).

«JuemeHTapHo, Barcon!»

JIBa JIorMKa CHIAT B OJTHOM KOMHATE W UTPAIOT B TaKyto Urpy. MM maju JBa 1e/IbIX HEOTPHUIATEIbHBIX
YHcia, IPO KOTOPBIE U3BECTHO, YTO

(@) (7 6amnoB) yncna oTIIMYAOTCS He OoJiee yeM Ha 1 ¥ 00a uKcia He MPEBOCXOINT 5.

(b) (13 6annoB) UKcaa OTIMYAIOTCS HE OoJiee yeM Ha 2.

Kaxyro MUHYTY JIOTHMKOB CIPAIIMBAIOT, 3HAIOT JIM OHU YUCIIO MapTHepa. TOT, KTO MEPBbIM y3HAET
YHCJIO TTApTHEpa --- BEIMTpaji. KTo U3 JTOTMKOB BBIMTPAET B 3TOW UTPE U Kak?

“This is elementary, Watson!”

Two logics sit in the same room and play the following. They get two non-negative integer numbers,
one for each, about which it is known that

(@) (7 points) the numbers differ by no more than 1 and both numbers do not exceed 5.

(b) (13 points) the numbers differ by no more than 2.

Every minute, logics are asked if they know the partner's number. The one who is the first who knows
the partner's number is the winner. Which logics will win in this game and how?

3ananue 6 (15 6as10B).

«C Hor Ha roJ10BY»

[Tycth A - urpa ¢ HyneBoi CyMMOM U KOHEYHBIM YHCJIIOM YHCTHIX cTpaTeruil. O0o3HauuM uepe3 -A
(“munyc A”) urpy, re Bce BbIUTPBILIN IOMEHSIIN 3HAK.

(a) (5 6amtoB) beiBaeT nmu Tak, uto 3HaueHue V(A) He paBHO -V(-A)? IlpuBeaurte mpumMep HIN
JOKQKUTE, YTO MPUMEPOB HET.

(b) (10 6annoB) ToT xe BOmpoc, €Ciu AOMOIHUTENHHO H3BECTHO, UTO B A y KaXKJOTO U3 UTPOKOB €CTh
ONTUMAaJIbHAS CTPATETHs, UCTIOJIB3YIOIIAs BCE YUCTHIE C MOJIOKUTEIHLHON BEPOATHOCTHIO.

“Turn upside down”

Let A be a zero-sum game with a finite number of pure strategies. Let's denote by -A (“minus A”) the
game where all the payoffs have changed their sign.

(a) (5 points) Is it possible that the game value V (A) is not equal to -V (-A)? Give an example or prove
the impossibility.

(b) (10 points) The same question if it is additionally known that in (a) every player has an optimal
strategy that uses all pure strategies with positive probabilities.
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