Teoriya-igr

Bonpoc MHd)O

YBa)kaemble yyacTHUKMU!

OnuMnuagHoe 3agaHue Nno HanpaeneHuto «Teopus Urp» COCTOUT TOJIbKO U3 UHBAPUAHTHOM YacTUu. 3To
03HAuaeT, YTO BaM HY)XHO MoCTapaTbCs PeLnTb BCe 3aia4M M OTBETUTb Ha BCe BOMPOCDI, YTO6bI
npeTeHAoBaTb Ha NPU30Bble MeCTa.

Bce 3afilaHus BbINOMHAIOTCSA B 3TOW CUCTEME: pelleHUsi BHOCUTE B CrieLiuanbHoe none s oTeeToB. Ecnu
pelueHue TpebyeT ykazaHus hopMyn, rpadmKOB U CXEM, MOXKHO BbIMOMHUTL PeLLEeHMe Ha YNCTbIX ucTax A4
U 3arpy3uTb GoTo/ckaH paboTbl B KOHLE COCTSI3aHus (Ha 3To y Bac 6yfeT 15 MUHYT).

B nocnepgHue 15 MUHYT, Korga TaiiMep NOACBETUTCA KPAacHbIM, BbINOJHATb 3aZaHUs 3anpeLy,eHo: 3To
BpeMs OTBef,eHO Ha 3arpy3Ky ¢aitnos. Ecnu cnpaBuUTech ¢ 3aaHUAMM paHblUe, MOXXeTe He AoXKuaaTbeA
nocnegHux 15 MUHYT, a HaUMHaTb 3arpy)kaTb (aitnibl M 3aBepluaTb paboTy, HO C MOMEHTa Havyana
¢doTorpampoBaHusa/cCKaHUPOBaHUA AenaTb MOMETKU B paboTe yXXe He pa3peLuaeTcs.

O6paTuTe BHUMaHMUE Ha TO, YTO YEPHOBUKM K NMPOBEPKe He NpuHMMaloTca. Micnonb3oBaHne CTOPOHHUX
pecypcoB U CnpaBoYHbIX MaTepuasnoB CTPOro 3anpeLLeHo.

Bepum B Baw ycnex!

Bonpoc 1
Bann: 15

KameHb-Ho)XHULbI-6yMara. OgHa pyka (15 6annos)

B nepBoi1 cepun BTOPOro ce3oHa U3BECTHOro cepuana repov BbIHYXXEHHO UrpatoT B UTPY, KOTOPYIO B
poccuiickoM nepeBofe Ha3Banu «KameHb-HOXHULbI-6yMara. OfiHa pykax. MpaBuna aTou uUrpbl
3akJoyatoTes B cnegyiouieM. Urpoku ogHOBPEMEHHO, UCMOb3ysl BE PYKU, BbIGUPALOT fBa CUMBONA U
nokasbiBaloT ApYr Apyry. 3aTeM oJHOBPEMEHHO y6upatoT ofjHy pyKy 3a CruHy. B utore nobegurenn
onpegensieTca cTaHAapTHbIMU NpaBuUnamMu Urpbl «KameHb-HOXXKHULbI-6yMara». KaMeHb no6exaaeT
HOXXHULbI, KOTOPble, B CBOIO 04epeb, NobexaaloT 6ymary, a 6ymara no6expaaeTt kKameHb. Ecnm o6a urpoka
NoKa3sbIBaloT OMHAKOBbIE€ CUMBOJIbI, TO Urpa 3aKaH4YMBaEeTCs HUYbel. CUMTanTe, YTO BbIMIPbILL UTPOKU
oueHuBatoT B 1, npourpbiw B (-1), a HUuYbto — B 0. HaiiauTe paBHOBecue Hawa coBepLieHHOe No NoAbirpam B
OaHHOW urpe.

Rock-paper-scissors. One hand (15 points)

In one famous series (s2:e1), the heroes are forced to play a game that was called "Rock-Paper-Scissors.
One Hand" in the Russian translation. The rules of this game are as follows. Players simultaneously, using
both hands, choose two symbols and show them to each other. Then they simultaneously put one hand
behind their backs. As a result, the winner is determined by the standard rules of the game "Rock-Paper-
Scissors". Rock beats scissors, which in turn beats paper, and paper beats rock. If both players show the
same symbols, the game ends in a draw. Consider that the players value a win at 1, a loss at (-1), and a draw
at 0. Find the subgame perfect Nash equilibrium in this game.
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Bonpoc 2
Bann: 12

MNo6egutenb nonyyaet Bcé (12 6anno.)

B npocTpaHCTBEHHOI MOJENU NOIMTUYECKOIN KOHKYPEHLUM n3bupaTesiu paBHOMEPHO pacnpefeneHbl Ha
otpeske [0,1] n ronocytoT 3a 6nmxaiilero KaHauaaTa. Mpu HECKONBbKMUX PaBHOYAANEHHbIX KaHAUAaTax
u36upaTtenu BbIGUpPaOT MeXy HUMU paBHOBepoATHO. Mobefa kaHAWAaTa onpeaensieTcs NpocTbiM
60/bLUMHCTBOM FOJIOCOB, NPY PAaBEHCTBE r0JIOCOB Y HECKOJIbKMX KaHAUAATOB NobeauTenb Bbi6UpaeTcs
paBHOBEepPOATHO. [oKaXuTe, YTO ecnu KaHAUAATbI 3aMHTepecoBaHbl TOMbKO B nobege (a He B fone
rosocoB), TO B Urpe, B KOTOPOW KaHAUAATbl OAHOBPEMEHHO U HE3AaBUCUMO BbIGUPAlOT CBOK NO3ULUIO Ha
oTpesKe, Npy Nt60M KONIMYEeCTBe KaHAWAATOB CyLLLECTBYET paBHOBecHE Mo Hally B YUCTbIX cTpaTerusx.

The winner takes it all (12 points)

In a spatial model of political competition, voters are uniformly distributed on the interval [0,1] and vote for
the closest candidate. When there are several equally distant candidates, voters choose between them with
equal probability. The winning of a candidate is determined by a simple majority of votes; if several
candidates have the equal number of votes, the winner is chosen randomly with equal probability. Show that
if candidates are interested only in the winning (and not in the share of votes), then in a game in which
candidates simultaneously and independently choose their position on the interval, there is a Nash
equilibrium in pure strategies for any number of candidates.

Bonpoc 3
Bann: 20

Mapu MNpoccmeiicTepa (20 6anno.)

UcTopudeckas BcTaBka: Hukonai Bacunbesny Abauymes, rpoccmerictep u yemnmoH CCCP o watlkam, 1o6un
npegnarate napy mactepam criopta: criopua 4yto u3 10 napTuii poOBHO S BbIMrpaeT M POBHO 5 npourpaer.
HaunHan nrpatb B LaLIKy, €C/IM MOHUMAaJI, YTO BbIUIPbILL B IaPTUN HE CBETUT, EPeK/I0YasICcs Ha No44aBKu.

Mpo [peBHtolo Urpy n3BecTHO, YTO B HEE UrpatoT ABOE U YTO CYLL,ECTBOBAsO AiBe BEPCUM UTPbl: NpsAiMas U
o6paTHas. MpaBuna 6b1IM A6CONIOTHO OJMHAKOBbI, 3@ UCKJTFOYEHWEM TOr0, YTO B NMPSIMOI BEPCUMN UTPbI
no6exxzaeT TOT, KTO NEPBbIN YHUUTOXUT (PULLKKU CONEpPHUKA, a B 06paTHOIN nobexkaaeT TOT, KTO NepBbii
n3baBuTca oT cBoux uwiek. B o6enx Bepcuein [ipeBHel Urpbl 06a3aTenibHO No6exaaeT KTO-TO U3 ABYX
UrpOKOB, HUYbSl HEBO3MOXKHA, B OT/IMYME OT LUAXMaT U LuaLLeK.

FpoccMeicTep OTNNYHO UFPaeT Kak B NPSAMYIO, TaK U B 06paTHYto Bepcuto [ipeBHel Urpbl. OgHaXabl OH
npeanoxwun Mactepy napu. 'poccmeiictep U MacTep cbirpatoT WwecTb NapTui B npsamyto [ipesHioto Urpy.
'poccmeiicTep roBopuT, YTO BbIMFPAeT POBHO B Tpex napTusx. Ecnu tak u npoucxogut, To Mactep paet emy
npu3, BO BCEX OCTasIbHbIX C/ly4asix Npu3 TaKom e LieHHoCTUu poccmeiicTep oTaaeT MacTepy. 3To 3HauuT,
yTO ecnu poccmericTep yxxe BbiMrpan Tpu naptum, To Mactep 6yaeT cneuunanbHO CTPEMUTLCA K
NnopakeHuto B CnegyoLwwmx napTusix.

Mepep KaXkaov NapTUei UrPOKU aHANM3UPYIOT TEKYLLUIA CYET B MaTye U peLuatoT, KaKyto CTpaTeruto
BbI6paTh: YHUUTOXaTb (PULLKM conepHMKa UM M36aBNATLCA OT CBOMX. ECiM 0AUH U3 UrpoKoB peluaeT
YHUUTOXKaTb (DMLLKM COMEepHUKaA, a APYroi M36aBnsiTbCA OT CBOMX, TO 06a JOCTUraloT CBOMX Lenei. Ecnu xe
UrpoKM Bbi6panu Ha NapTUIO OAMHAKOBbIN MaH, To FpoccMeiicTep AOCTUraeT CBOEN LieNu B NapTim ¢
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BepoATHOCTbIO p > 0,5 (Beab OH 0AMHAKOBO OT/IMYHO UrpaeT Kak B NPAMYIO, TaK U B 06paTHYIO0 BEPCUI0
[LpeBHeit Urpbi).

Hampgute BEPOATHOCTb TOro, 4To FpoccmeﬁCTep BbINOJIHUT Napw.

Grandmaster's Bet (20 points)

Historical insert: Nikolai Vasilyevich Abatsiev, grandmaster and champion of the USSR in checkers, liked to offer
bets to masters of sports: he bet that out of 10 games he would win exactly 5 and lose exactly 5. He started
playing checkers, if he realized that there was no chance of winning the game, he switched to giveaways.

It is known about the Ancient Game that it is played by two people and that there were two versions of the
game: direct and reverse. The rules were absolutely the same, except that in the direct version of the game
the winner is the one who first destroys the opponent's pieces, and in the reverse version the winner is the
one who first gets rid of his own pieces. In both versions of the Ancient Game, one of the two players must
win, a draw is impossible, unlike chess and checkers.

The Grandmaster plays both the direct and reverse versions of the Ancient Game very well. One day, he
proposed a bet to the Master. The Grandmaster and the Master will play six games of the direct Ancient
Game. The Grandmaster says that he will win in exactly three games. If this happens, the Master gives him a
prize, in all other cases the Grandmaster gives a prize of the same value to the Master. This means that if the
Grandmaster has already won three games, the Master will specifically strive to lose in the next games.

Before each game, the players analyze the current score in the match and decide which strategy to choose:
destroy the opponent's pieces or get rid of their own. If one of the players decides to destroy the opponent's
pieces, and the other to get rid of his own, then both achieve their goals. If the players have chosen the same
plan for the game, then the Grandmaster achieves his goal in the game with a probability of p > 0.5 (since he
plays both the direct and the reverse version of the Ancient Game equally well).

Find the probability that the Grandmaster will fulfill the bet.

Bonpoc 4
Bann: 13

CtabunbHble cocepiku (13 6anno.)

Moppyru Anuca, benna, Bepa u Mans 3acensitotcs B 06LeXxXutune. B 06LLLeXXUTUN eCTb KOMHaTbI, B KaXk0M
M3 KOTOPbIX MOTYT pasMeCcTUTbCA MO ABe AeBYLUKM.

Y peByLieK eCTb CTPOrue NpegnoyYTeHns B OTHOLLEHMM COCEA0K MO KOMHaTe: 9TO 3HaUuT, UTO KaXkgas U3
ZeBYyLLEK MOXXET OTPaHXXMpoBaTb NOAPYr OT 60/1ee NPUATHBIX COCEAOK K MeHee NPUATHbIM, NpuyYem
HUKaKu1e U3 cocefloK He 6yAyT OAMHAKOBbIMM MO NPEANOYTUTENBHOCTU. [N KaXKA0MN U3 feBYLUEK XXUTb C
noApyroi nyylue, YeM ¢ He3HaKOMOI AeBYLUKOW UK OLHON. B 06LLeXXUTUM BOCTAaTOYHO MHOTO KOMHaT,
NoaToMy NoAPYru MOTyT MEHATbCA coceAKaMM, He flOXXULAACh COrylacusa CBOel TeKyLLeil coceaku, 1
3aceIMTbCA B HOBYIO MYCTYHO KOMHaTy.

HazoBeM pasbueHue AeByLUEK Ha Napbl COCeA0K CTabUNbHbIM, EC/IU HUKaKKe U3 AeBYLIEK He 3a6I0KUPYIOT
pas6ueHue, T.e. He 3aXOTAT NepeforoBOpUTbCS U oTcenuTbes. Hanpumep, nyctb ans Anucbl Bepa 6onee
npusTHas cocepka, yeM benna, a ana Bepbl Anuca 6onee npuaTHasa cocefika, yeM ans. Toraa pasébueHue
Ha napbl cocefiok Anuca --- benna u Bepa --- F'ans He 6yaeT cTabunbHbiM: Anuce 1 Bepe BbirogHo
O0TKa3aTbCA OT TEKYLLUX COCELOK B NONb3y APYr APYra, NO3TOMY OHM 06beAUHATCA B napy Anuca --- Bepa u
n3Ha4yanbHoe pa3bueHue pacnagetcs. [yctb N --- KOIMYECTBO CNOCO60B Pa3bUTb YETbIPEX MOAPYT HA
cTabuibHble Napbl cocefoK. HalguTe Bce BO3MOXHble 3HaYeHUs N npu BCeBO3MOXKHbIX NPeANoYTEHUAX
noApyr U [OKaXKuUTe, YTO APYrux HeT.

Stable neighbors (13 points)

Friends Alice, Bella, Vera and Galya move into a dorm. The dorm has rooms, each of which can
accommodate two girls.
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The girls have strict roommate preferences: this means that each girl can rank her friends from more
pleasant roommates to less pleasant roommates, and no roommates will be equally preferable. For each girl,
living with a friend is better than with a stranger or alone. There are enough rooms in the dorm, so the friends
can change roommates without waiting for the consent of their current roommate.

We call the division of girls into pairs of roommates stable if none of the girls block the division, i.e. they will
not renegotiate and move out. For example, let Vera be a more pleasant roommate for Alice than Bella, and
let Alice be a more pleasant roommate for Vera than Galya. Then the partition into pairs of neighbors Alice ---
Bella and Vera --- Galya will not be stable: it is advantageous for Alice and Vera to give up their current
neighbors in favor of each other, so they will unite into a pair Alice --- Vera and the initial partition will fall
apart. Let N be the number of ways to split four friends into stable pairs of neighbors. Find all possible values
of N for all possible preferences of the friends and prove that there are no others.

Bonpoc 5
Bann: 15

MeHbLue Bcex, Ho He coBceM (15 6annoB)

Tpoe urpatoT B crieaytoLLyo urpy. Kaxkaplit HasbiBaeT HaTypasibHoe yucio (Lenoe, He MeHbluee 1).
Mo6eXxpaeT TOT, KTO Ha3biBaeT MUHUMAJIbHOE YNCII0, BCTpeTUBLUeecs oauH pa3. (Hanpumep, ecnu Ha3BaHbl
yucna 2, 2 u 3, no6exxaaeT TpeTuit). Ecnn HasBaHbl TPU OAMHAKOBBIX YMCNa, No6eauTeNb onpegenseTcs
paBHOBEPOATHO. HailanuTe kakoe-nM60 CUMMETPUYHOE paBHOBecHe No Hawy (Yncna HasbiBatoTCs
OAHOBPEMEHHO).

The least, but not quite (15 points)

Three people play the following game. Each person names a natural number (an integer not less than 1). The
winner is the one who names the smallest number that occurs once. (For example, if the numbers 2, 2, and 3
are named, the third person wins.) If three identical numbers are named, the winner is determined
equiprobably. Find any symmetric Nash equilibrium (the numbers are called simultaneously).

Bonpoc 6
Bann: 25

B nouckax paBHoBecus (25 6annoB)

PaccmoTpute cneaytowyto urpy 4x nuu. Urpok 1 Bbi6upaeT uncno a us otpeska [-1,1]. Ha gepese urpbl
n3obpaxkeH nogrpad nocse ofHOro KOHKPETHOro Bbi6opa UrpoKa 1, BCe OHM aHaNIorMyHbI MO CBOEN
cTpykType. UHpopMaLnoHHble MHOXKECTBa UFPOKOB 0603HaY€EHbI /IMNCaMU.

Hangure paBHOBecCHe, coBepLueHHOe No noabirpam, Uin NOKaXKnTte, 4To ero He cywecTByerT.
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Searching for equilibrium (25 points)

Consider the following 4-person game (the tree is above). Player 1 chooses number a from the interval [-1,1].
The game tree shows the subgraph after one particular choice of player 1, all of which are similar in structure.
The players' information sets are shown as ellipses.

Find a subgame perfect equilibrium, or show that it does not exist.
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