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Bonpoc MHd)O

YBa)kaemble yyacTHUKMU!

OnuMnuagHoe 3agaHue no HanpaeneHuto «MpuknagHas MaTeMaTuKa U MHpopMaTUKa» COCTOUT U3 ABYX
yacTten:

MHBapuaHTHas YyacTb npepacTaBnieHa 3agaHuamm N2 1-7. X Hy)XXHO BbIMOAHUTb BCEM YYaCTHUKaM.
BapuaTtuBHas 4yacTb paspeneHa Ha TPeKu:

o Tpek «AHanu3 flaHHbIX U UCKYCCTBEHHbIN UHTENNEeKT»: 3agaHus N2 8-10.
o Tpek «duHaHcoBble TeXHOMorMmn»: 3aganusa N2 11-13.

OTBeT Ha 3afiaHus TPEKOB MOXXHO AaBaTb KakK Ha aHrNMMIUCKOM, TaK U Ha PYCCKOM fi3biKe.

Bbl MOXXeTe COCPeAO0TOUUTLCS Ha BbIMOJIHEHUM 3aAaHMiA OQHOMO Tpeka (YTo6bl NPeTeHpoBaTh Ha CTaTyC
aunnomanTa |, I, lll cteneHn) unu noctapaTbCa MakCMMasibHO Pe3ysibTaTUBHO BbINOIHUTL 3aaHUA ABYX
TPEKOB, YTOObI MPETEHAO0BATb Ha CTaTyC MeaanucTa.

Bce 3afjaHusa BbINOMHAIOTCA B 3TOW CUCTEME: PELLEHUS BHOCUTE B CreLmanbHoe rnose AfiA oTBeToB. Ecniun
pelieHue TpebyeT ykasaHus hopMyn, rpadmKOB U CXEM, MOXXHO BbIMOJIHUTb PeLLEeHUe Ha YUCTbIX nucTax A4
U 3arpy3uTb poTo/cKaH paboTbl B KOHLe COCTA3aHUA (Ha 3TO y Bac 6yfeT 15 MuHyT). MMonyyeHHbIi oTBeT
BbINUCbIBAETCA B KOHLIE PELIeHUs U OTAEeNbHO 06BOAUTCA B PaMKy.

Bo BpeMsi BbINONIHEHUS 3aJ,aHUI Bbl MOXKETE:

- N0JIb30BaTbCA YEPHOBMKOM (B KaYecTBe YepHOBMKA pa3peLleHo UCMOob30BaTh YACTbIe JINCTbI Gymaruy,
nepea HayanoM oNMMMNUaAbI MOKaXUTeE UX Ha Kamepy);

- UCNONb30BaTh BCTPOEHHbIN B CUCTEMY KaJIbKYNIATOP;

- Ucnonb3oBaTh TabnuLbl MaTeMaTUYECKON CTaTUCTUKU. CPaBOYHbI MaTepuas MOXKHO OTKPbITb Ha HOBO
BKJ1afiKke/B HOBOM OKHe, 3TO He 6yAeT cuMTaTbCs HapyLleHneM. Micronb3oBaHue ApYrux CpaBoOYHbIX
MaTepuasnoB U CTOPOHHUX PECYPCOB CTPOro 3amnpeLLeHo.

(Ons nepexofa rno ccbisike HAXXMUTE Ha HEE MPaBKOW KHOMKOW MbILLIM M OTKPOMTE CCbISIKY B HOBOW BK/1afiKe/B
HOBOM OKHe. [1py BO3HUKHOBEHUM MPO6JIEM CKOMUPYIATE afiPeC rMNEPCChIIKU U BCTaBbTE BPYYHYHO B
MOUCKOBYH CTPOKY 6pay3epa B HOBOM OKHE)

B nocnepHue 15 MUHYT, Koraa TaliMep NOACBETUTCSH KPacHbIM, BbIMONIHATD 3afjaHUS 3aMnpeLLLeHo: 3To
BpeMs 0OTBeAAEHO Ha 3arpy3Ky daiinoe. Ecnu cnpaButech ¢ 3aaHUsAMU paHblUe, MOXeTe He JOXUAATbCA
nocnefgHux 15 MUHYT, a HAUMHATDb 3arpyXaTb ¢aisibl 1 3aBepluaTb paboTy, HO C MOMEHTa Havarna
tdoTorpacdmpoBaHusi/ckaHMPOBaHMs JenaTb MOMETKU B paboTe yxe He pa3peluaeTcs.

Bepum B Bawu ycnex!
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MepeBeauTe TEKCT C aHIIMIACKOro Ha pycckuid A3biK. [ ynpoleHus BBoga Gpopmyn peKoMeHayem
BbINOJHATbL 3afilaHne Ha 6YMaXKHbIX JIMCTax.

2025-the-higher-league-olympiad---final-stage



Prikladnaya-matematika-i-informatika
4.1. Critic network

We made the tracking error and the control inputs a reward func-
tion of the compensation controller. The reward value can be defined as
follows:

r(e, ch) = eTQCe - r};CRCTPC (42)

where, O, and R, are weight matrix.

To obtain effective control, we focus on the long-term performance
value function J,(e), which can reflect the tracking performance of the
system, instead of only on the value of r at the current moment. We
obtain the long-term performance value function by integrating r from
the present to the future, and its expression can be written as follows:

(6]

Jc(e)=/r(e,rpc)drpc (43)

1

We expect to obtain a compensation control value 77, , which can
minimize the long-term value function, assuming that an optimal value
function exists. From Eq. (43) the optimal value function J*(e) can be
obtained, as follows:

o0

J () = / r(e,tp,)dTp, (44)

t

To find the minimum point of J (e), we take the derivative of the
function to obtain the HJB function as

H*(e, 73 . VJ*) =r(e,7p, )+ VJI*Te (45)

where VJ!T =tialJ* /tiale. The optimal control quantity is the point
when the HJB function equals 0. The optimal compensation control us-
ing the gradient descent method tial H*/tialz}, =0 can be written as:

: 1 :
The = —5 R 'BTVJ! (46)

Bbl MOXXeTe NpUKpenuTbL B OTBET Ha 3TO 3ajlaHue pelleHne Ha imcTax 6yMaru. Ha 3arpysky ¢gaiinos
BbIAeNsIroTCSA nocsiegHne 15 MUHYT cocTsizaHusl. Bbl MOXeTe 3aBepLUNTb paboTy JOCPOYHO U MPUKPENUTD
paiinbi paHbLie, HO Mocsie NpuKpernieHus (hoTorpagupoBaHusi/ckaHUPOBaHNUS) NPOJOIIKATb peLlaTh 3a/jaHusl
3anpeLyeHo.

lNepen 3arpy3Koi B CUCTEMY MOKA)XXUTE Ha KaMePY JINCTbI C BbIMOJIHEHHOW paboTol. 3aTem coTorpagupyiite/
OTCKaHWPYWTE JINCTbI M 3arpy3nTe B CUCTEMY.

Mpu npukpenneHnn ainos HanevaTanTe / CKOMUPYITe U BCTaBbTE B 110J1e OTBETOB (hpa3sy «BbinosiHeHHoe
3aaHue B NMPUKPENIEHHOM JJOKYMEHTEe» UJTU YKaXKMTe MECTO B TEKCTE OTBETa, K KOTOPOMY OTHOCUTCS (hasin
(HanpumMep, «cM. rpagmk Ha NPUKPEnIEHHOM ucTe 1»)
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MepeBeauTe TEKCT C aHMIMIICKOro Ha pycckuii A3biK. [ ynpoleHus BBoga Gpopmyn peKoMeHayem
BbINOJIHATb 3afilaHne Ha 6YMaXKHbIX JIMCTax.
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3.3.1. Propagation of embeddings
Here we tried to propagate the information across different layers.
Because the neighborhood information across different users present
across different layers in a GNN framework. For example the message
passing across a single layer is described below:

Single layer propagation. The item pairs interacted by the user comes
under the direct association and can be considered as first layer. Then
the users having similar taste to the users and their interactions with
the items can be considered as next layer of interaction and so on.
One thing can be understood from here that the pair of items and their
feature information is used to learn the taste of the users which can be
seen as neighborhood information in terms of features for the item pair.
Considering the above scenario for user-item interaction the message
from the item pair p, can be defined as:

msg,.p, =/ (#pr 0 Kur, ) (3)

Here msg,., is the information to be propagated (i.e., message
embedding). f() is the encoding function that is responsible for taking
user and item pair embeddings, as represented in Eq. (3) and uses the
coefficient term 'k, " to regulate the decay factor on every propagation
on edge u, p,. The encoding function in our work is implemented as:

I
MSBuep, = (Wlﬂ’p, + Wile, Oe,)+ Wile; © fjj) (4)

" INGIN,)

Here, W, W5 are two real-valued learn-able weight matrices having
dimensional d' x d, where d' is the transformation size. In contrary to
convolution neural network here the encoding of the user and item pair
interaction is being done on the element wise product (denoted as @ of
the respective embedding). Here we have introduced another weight
matrix in addition to NGCF (Wang, He, Wang, Feng, & Chua, 2019),
i.e. W5, having same dimension which holds the embedding of the side
information for the item pair ‘p,”, where p; is the item pair consists of
two items (i, j). The use of this information is crucial when we have
sparsity in user-item interaction matrix.

Further, : is the graph Laplacian norm, where N, and

v INGING |

N, are the first order neighbors of user v and item pair p,. From

the bipartite graph representation it shows how the item features and
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historical behavior of the user contributes towards the preference(PR
for the item pair). In terms of message passing, k,, can be represented
as a decay factor, where the information prﬂpagate& should reduce with
the length of the path.

Aggregation of information. Since we have multiple layers of user-
item embedding information, the information must be aggregated and
propagated to the next layer. Now here the information (message)
propagated from u's neighbors to reconstruct the u’s embedding infor-
mation. This is basically user-user CF,where message is being passed
from similar users to the user u. The aggregation function for the single
layer can be represented as:

e!!) = LeakyReLU (msg,,_u + ) msg,_ J,-) (5)

JEN,

Here, f:;” denotes the embedding representation of user u for layer-1
or first layer. We have used the LeakyReLU (Maas, Hannun, Ng, et al.,
2013) activation function which is capable of encoding both positive
and negative signals. The existing information possessed by user u is
preserved using msg,, , and the information obtained from neighbor is
aggregated.

For propagating information across multiple layers, we can integrate
more embedding propagation layers to construct high-order connectiv-
ity information. This is very important in CF models, as they capture
the higher order interaction among user-item pairs. The first part
discussed earlier captures only the second-order interaction. Hence, we
can modify Eq. (5) to provide an approach to propagate embedding
information across different layers.

¢! = LeakyReLU (m.sg}f_’_” + E msg' J.) (6)

JEN,

In the above equation the information being forwarded as follows:

i I (= ! - - [} ]
msguij = Ky, (Wli Elfl Dt W:f ]liur.*l[:r b E}c:: "y + H""i:.,{(-‘}. E}L’: ].) )
msg!! = Wll”e::'”

=i

Here WI[”, w!" are two learn-able transformation matrices of di-

(f=1)

p, is the item pair embedding information generated

mension d;; e

Bbl MOXXeTe NPUKPennTb B OTBET Ha 3TO 3aZlaHne pellieHne Ha siucTax 6ymaru. Ha 3arpysky ¢aiinos
BbIAENATCA nocnegHue 15 MUHYT cocTa3aHus. Bbl MOXeTe 3aBepLUNTb PaboTy JOCPOYHO U MPUKPENUTH
¢asinbl paHbLie, HO Mocie nNpuKpernieHus (poTorpagupoBaHus/ckaHUPOBaHNUS) NPOJOIIKATb peLlaTb 3afjaHusi
3anpeLyeHo.
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lNepen 3arpy3Koi B CUCTEMY MOKA)XKUTE Ha KaMePY JINCTbI C BbIMOJIHEHHOW paboTo. 3aTeM coTorpagupyiite/
OTCKaHMPYWNTe JINCTbI N 3arpy3nTe B CUCTEMY.

lpu npukpenneHun ainos HaneyaTanTe / CKONUPYHTE N BCTaBbTe B 10J1e OTBETOB (pa3sy «BbinosHeHHOe
3afaHve B MNPUKPEnIEHHOM JOKYMEHTE» WU YKaXXUTe MECTO B TEKCTE OTBETA, K KOTOPOMY OTHOCUTCA (haiin
(Hanpumep, «cM. rpaguk Ha NPUKPenIEHHOM amcTe 1»)
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MepeBeauTe TEKCT C aHIMIACKOro Ha pycckuid A3biK. [ ynpoleHus BBoga Gpopmyn pekomMmeHayem
BbINOJHATb 3afilaHne Ha 6YMaXKHbIX JIUCTax.

2. Main theorem and its proof

We observe that not every 2K>-free graph is Cs-free. Thus Theorem A can't cover all the 2K,-free graphs. In this paper,
we give the best possible upper bound of the secure domination number in 2K>-free graphs as follows.

Theorem 1. yi(G) < a(G) + 1 for every 2K,-free graph G.

Proof. Let G be a 2K;-free graph. Obviously, Theorem 1 is true if G is complete. Thus we assume G is not complete. Then
«(G) = 2. Let D be a maximum independent set of G. Clearly, D is a dominating set of G with |D| > 2. If D is secure, then
¥5(G) < «(G) < «(G) + 1, and we are done. Suppose D is not secure.

We claim that G[epn(z, D)] is a clique for each vertex z € D with epn(z, D) # ¢. Otherwise, suppose z,z, ¢ E(G) for a
vertex z € D and a pair of vertices z;, z; € epn(z, D). Let D' = (D — {z})U {21, z3}. Then D’ is an independent set of G with
|D’| = |D|, a contradiction.

Moreover, we claim that Glepn(x, D)Uepn(y, D)] is a clique for each pair of vertices x, y € D with epn(x, D)Uepn(y, D) #
{. By the above result, it suffices to prove x;y; € E(G) for each pair of vertices x; € epn(x, D), y; € epn(y, D). Clearly,
Xy, x1¥, y1x ¢ E(G), which implies x,y; € E(G) since G is 2K;-free,

Since D is not secure, assume u is a D-undefended vertex in V(G) — D. Let u; € N(u) N D and w, € epn(u;, D) with
wqll ¢ E(G). We set D* = DU {w,}. Clearly, D* is a dominating set of G.

Next, we claim epn(z, D*) =  for each vertex z € D*. Since D is a maximum independent set, each vertex in
N(wy) N (V(G) — D*) is adjacent to some vertex in D* — {w,}, which implies epn(wy,D*) = @#. By D C D* we
have epn(z,D*) C epn(z,D) for each vertex z € D* — {w,}. Suppose epn(uy, D*) # W. Let x € epn(uy, D*). Then
x € epn(uy, D) — {w,}. We have xw, € E(G) since G[epn(u,, D)] is a clique, a contradiction to N(x) N D* = {u;}. Thus
epn(uy, D*) = @, Suppose v € D* — {uy, wy) such that epn(v, D*) # . Let v" € epn(v, D*). Since epn(v, D*) € epn(v, D)

and G[epn(v, D) U epn(u,, D)] is a clique, we have wyv" € E(G), a contradiction to N(v') N D* = {v}. Thus epn(v, D*) = .
It follows that epn(z, D*) = ¥ for each vertex z € D*, which implies D* is secure. Thus %(G) < |[D*| = «(G)+ 1. O
let A = {uy,...,up), B = {vy,...,vu},m > 1, and H = mK, such that V(H) = AUB and E(H) = {uyjv; : u; €

A vi € B,1 < i < mj}. Assume G, = wiwowswawsw, is a 5-cycle and G, = H. Let G be a graph (see Fig. 1) such that
V(G) = V(G1)UV(Gy) and E(G) = E(G)UE(G)U (xw; :x € A, i € (1,2,3,5}JU{yw; : y € B,j € {1,2,3,4}}. If m = 0, then
let G = G;. We can verify that G is a 2K,-free graph of order 2m + 5 with «(G) = 2 and y4(G) = 3. Moreover, G' = GU nk,
is a 2K,-free graph with «(G’) = n + 2 and y,(G') = n + 3, where n = 1. Thus the bound in Theorem 1 is best possible.

For every disconnected 2K,-free graph with non-empty edge set, each component of it except for one is isomorphic to
K,. As we see, the above sharpness example G’ is disconnected, and the exactly one component with non-empty edge set
is the graph G with «(G) = 2 and y,(G) = 3. In order to avoid the triviality, we need to give a connected 2K,-free graph
with independence number at least 3 as a sharpness example. Thus we propose the following problem.

[nsa perynupoBaHusi pa3Mmepa u3obpaxeHuil ¢ 3a,aHMAMU MOXKEeTe UCNOJIb30BaTb
MacLuTab cTpaHULbl WM OTKPbITb B OTAE/IbHOM OKHe, HO He 3abbiBaiiTe B TaKOM
chnyyae cneauTb 3a TaiMepoM.

Bbl MOXKETE NPUKPENUTDL B OTBET Ha 3TO 3alaHue peLlieHne Ha incTax 6ymaru. Ha 3arpysky ¢asinos
BbIAENAIOTCA nocnegHne 15 MUHYT cocTs3aHus. Bbl MOXeTe 3aBepLINTb PA6OTY JOCPOYHO M MPUKPENUTE
(haiinbl paHbLUIe, HO ocse npukpernaeHus (poTorpagpupoBaHusi/cCKaHUPOBaHUS) MPOJOIXKATh peLuaTh 3ajaHusi
3arpeLyeHo.

lepeps 3arpy3Kos B cCUCTEMY MOKaXKUTE Ha KaMepy JINCTbI C BbIMOIHEHHOM paboToi. 3ateM coTorpadupyvite/
OTCKaHUPYNTe INCTbI M 3arpy3nNTe B CUCTEMY.

Tpu npukpenieHnn paiinos HarneyaranTe / CKONMUPYHTE N BCTaBbTe B 10J1e OTBETOB (ppa3sy «BbinosHEHHOE
3ajaHune B NPUKPEnIEHHOM JOKYMEHTE» WU YKAXXUTE MECTO B TEKCTE OTBETA, K KOTOPOMY OTHOCUTCSA (aiin
(Hanpumep, «cM. rpaguk Ha NPUKPENIEHHOM mcTe 1»)
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MepeBeauTe TEKCT C aHIIMIACKOro Ha pyccKuid A3biK. [ ynpoLeHus BBoga Gpopmyn pekomeHayem
BbINOJHATb 3afiaHne Ha 6YMa)KHbIX JIMCTaX.

Claim 1. Each member of P is a path of two edges.

Proof. Since G is fragile and a (1, 3)-graph, each component of G — E(T) is a path. If the claim is not true, let P € P with
|[E(P)| = 3. Let P =uquy---ug, k>4. Let W = wowj---w;_1w,; be the unique path in T connecting u and usj, where
wo = u and w; = u3. Then C = W + upus3 is the fundamental cycle of uus with respect to T. If dr(w;) =3 for some i,
1<i<t-—1,lete; be an edge incident with w; in C, then T' =T + uzu3 — e; is a spanning tree of G. We observe that
every internal vertex of a path in P is a leaf of T while every endpoint of a path in P UM is internal in T and has degree
2 in T. Thus, P — upus are two components of G — E(T’) and the existence of e; in G — E(T’) does not decrease the number
of components because dr(w;) = 3. It follows that G — E(T’) has more components than G — E(T) does, contradicting the
choice of T. Thus, dr(w;) =2 for every i, 1 <i <t — 1, which implies that C is a hamiltonian cycle of G and G is cubic. Let
D be a smallest cycle in G that contains exactly one edge not in C. Then, G — E(D) is connected, contradicting that G is
fragile. This proves Claim 1.

Claim 2. G contains no triangle.

Proof. Suppose, to the contrary, that R is a triangle in G. Let V(R) = {x1,x2,x3}. Since G is a (1, 3)-graph, there are
yi € V(G) such that yix; € E(G), 1 <i <3. We distinguish two cases.

Case 1. All the three y;'s are distinct. Let G* be the graph obtained from G by contracting R into a single vertex x*. Then
G* is simple and also a (1, 3)-graph. By the minimality of G, G* has a (T*, M*, P*)-decomposition, where T* is a spanning
tree of G*, M* a matching, and P* a set of vertex-disjoint paths of two edges such that |P*| < |M*|.

Let B = {x*y1.x*y2,x*y3} be the set of three edges incident with x* in G*. If |[BNE(T*)| =3, let T = T* + X1X3 + X2X3,
M= M*+x1x3, and P =P*; If | BNE(T*)| =2, say BNE(T*) = {x*y1,x*y2}, let T =T* + x1xX3 + x3X2, M = M* + x1X2, and
P =P If | BNE(T*)| =1, say BNE(T*) = {x*y1}, then y2x*y3 is a member of P*, let T = T* +x1x3+x2x3, M =M"+x2¥2,
and P =P* — yox*y3 + x1x3y3. In any case, |P| < |[M| and {T, M, P} is a decomposition of G, contradicting that G is a
counterexample.

Case 2. Not Case 1. Since G is fragile, G is not the complete graph on 4 vertices, and thus it cannot be that y, = y; = y3.
Without loss of generality, we assume that y; # y, and y; = y3. It follows, since G is a (1, 3)-graph, that there is z €
V(G) \ {x2.x3} adjacent to y», and since G is fragile, z# yy. Let G* be the graph obtained from G by deleting V (R) U {y2}
and adding a new edge zy;. Since G is fragile, G — E(R) is disconnected, which means that zy; is a cut edge of G*. By the
minimality of G, G* has a (T*, M*, P*)-decomposition, where T* is a spanning tree of G*, M* a matching, and P* a set of
vertex-disjoint paths of two edges such that |P*| < |M*|.

Since zy; is a cut edge of G*, we have that zy; € E(T*). Let T = T* — zyq + zy2X2x3X1¥1, M = M* + X1X3 + X3y3, and
P =P*. Clearly, |P| <|M| and {T, M. P} is a decomposition of G, a contradiction. This completes the proof of Claim 2.

ﬂﬂﬂ perynuposaHuda pa3Mepa M306pa)|(e|-|m7| C 3afjlaHUAMUN MOXKeTe UcnoJsib3oBaTtb
MacLuTab CTpaHuUUbl U OTKPbITb B OTAEJIbHOM OKHE, HO He 3abbiBaliTe B TaKOM
cny4yae cneauTb 3a TaﬁMGPOM.

Bbl MOXXeTe NpUKpenuTbL B OTBET Ha 3TO 3ajlaHue pelleHne Ha imcTax 6ymary. Ha 3arpysky ¢aiinoB
BblgensitoTcs nocsiegHne 15 MUHYT cocTsizaHusl. Bbl MOXeTe 3aBepLUNTb paboTy JOCPOYHO U MPUKPENMUTD
asinbl paHbLie, HO Mocie npuKperieHus (poTorpagupoBaHus/ckaHUPOBaHNUS) NPOJOIIKATb peLlaTb 3a/jaHusl
3anpeLyeHo.

Mepes 3arpysKoi B CUCTEMY MOKaXHTe Ha KaMmepy JINCTbI C BbINOHEHHOM paboToi. 3aTeM coTorpagupyrite/
OTCKaHUPYIATe INCTbI 1 3arpy3nTe B CUCTEMY.

Tpu npukpenieHnn ainos HarneyaTanTe / CKONMUPYHTe N BCTaBbTe B 110J1e OTBETOB (ppasy «BbinosHeHHOe
3aflaHue B MPUKPENIEHHOM AOKYMEHTE» U/TU YKaXKUTe MECTO B TEKCTE OTBETA, K KOTOPOMY OTHOCUTCS (haiin
(Hanpumep, «cM. rpaguk Ha NPUKPENIEHHOM mcTe 1»)
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lMepeBeguTe TEKCT C QHIIMINCKOrOo Ha pyCCKVIﬁ A3bIK. Ansa ynpouieHna BBoaa d)opMyn pekomMeHpgyem
BbINOJIHATb 3ajaHue Ha 6yma)|(|-|b|x nucTax.

Conjecture 1 (Akbari et al,, [1]). For a graph G, and a mapping F : V(G) — 2N, if

1
[F(v)] = E(dc('f) -1
for every v € V(G), then G is F-avoiding.
In the same paper, Akbari et al. [1] proved that Conjecture 1 holds for bipartite graphs. Bradshaw et al. made some

progress on Conjecture 1: they [4] proved if |F(v)| < |dg(v)|/3 for every v € V(G), then G is F-avoiding. Ma and Lu [8]
gave a characterization for a connected graph G to have an H-orientation if H: V(G) — 2™ such that

i¢ H(v) impliesi+ 1€ H(v), foreveryie N, ve V(G).

Let g. f : V(G) — N such that g(v) = f(v) (mod 2) for all v € V(G). An H-orientation O of G is called a (g, f)-
parity orientation if H(v) = {g(v),g(v)+2,..., f(v)) for all v € V(G). So a (g, f)-parity orientation O satisfies the following
condition:

g(v)<d}(v)< f(v)anddf(v)= f(v) (mod 2) forevery v e V(G).
A spanning subgraph F of G is called a (g, f)-parity factor if

g(v) =dp(v) = f(vyanddp(v) = f(v) (mod 2)
for every v € V(G). For U € V(G), we use f(U), g(U) to denote 3,y f(v) and >, g(v), respectively.
In this paper, we give a characterization for a graph to have a (g, f)-parity orientation.

Theorem 2. Let G be a graph without isolated vertices, and g, f : V(G) — N be functions such that g(v) < f(v) and g(v) = f(v)
(mod 2) for every v € V(G). Then G has a (g, f)-parity orientation if and only if for any two disjoint subsets S and T of V (G),

nc(S.T)=(f(5) —ec(S) + (ch(v) —eg(T) — g(T)) —qg(5,T)=0 (1)

veT
where g (S, T) denotes the number of connected components C of G — (S U T) such that

f(C)+eg(C)+eq(S.C)=1 (mod 2). (2)

The rest of this paper is organized as follows. Firstly, we employ the technique of subdivision to link parity orientations
with the parity factors. Secondly, we utilize the characterization of these parity factors to prove our main result.

2. Proof of Theorem 2

For completing the proof of Theorem 2, we need the following result obtained by Lovasz [7].

Theorem 3. Let G be a graph, and let g, f : V(G) — N be two functions such that g(v) < f(v) and g(v) = f(v) (mod 2) for every
v € V(G). Then G has a parity factor if and only if for all disjeint subsets S and T of V (G), it follows that

86(S.T)=f(S) — gT) + Y _dc_s(v) —qc(S.T: /)= 0 3)
veT
where q¢ (S, T; f) denotes the number of components C (also called f-odd compenent) of G — (S U T), such that
f(€)+eq(C,T)=1 (mod 2) (4)

Ana perynupoeaHua pa3mMepa M306pa)|(e|-|m7| C 3ajjlaHUdAMUN MOXKeTe UcnoJsib3oBaTtb
MacLuTab CTpaHuubl U OTKPbITb B OTAEJIbHOM OKHE, HO He 3abbiBaliiTe B TaKOM
cny4dyae cneauTb 3a Tal7|Mep0M.

Bbl MOXeTe NpUKpenuTL B OTBET HA 3TO 3aflaHue pelueHne Ha imcTax 6ymary. Ha 3arpysky ¢aiinos
BblgensrTcsa nocsiegHne 15 MUHyT cocTs3aHusl. Bbl MOXeTe 3aBepLUMTL PaboTy JOCPOYHO U MPUKPENUTD
(asinbl paHbLe, HO ocse npukpernieHus (oTorpadupoBaHNs/cKaHUPOBaHNS) NPOZOIIKATb peLiaTb 3afaHus
3anpeLyeHo.

lepen 3arpy3Kos B cCUCTEMY MOKaXKUTE Ha KaMepy JINCTbI C BbIMOIHEHHOM paboToi. 3aTeM coTorpadupyiite/
OTCKaHUPYWTe JINCTbI N 3arpy3nTe B CUCTEMY.

Tpu npukpenieHnn aiinos HarneyaTanTe / CKONMUPYHTE N BCTaBbTe B 10J1e OTBETOB (pa3sy «BbinosHEHHOE
3ajaHue B NPUKPEnIEHHOM JOKYMEHTE» WU YKAXKUTE MECTO B TEKCTE OTBETA, K KOTOPOMY OTHOCUTCSA (aiin
(Hanpumep, «cM. rpagmk Ha NPUKPENIEHHOM mcTe 1»)
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Bonpoc 6
Bann: 10

Let T1,T2,T3,Ta € R satisfy

(11 + a179 + 323 — 24 = by,
2x1 — 2x9 + 623 + 14 = bo,
Ty + 279 + T3 + agTy = bs,
421 + 229 4+ 3x3 — x4 = by.

Find
85(]7;

Ob;

J

for all = and j and arbitrary a,as € R.

Bbl MOXKETE NPUKPENNTDb B OTBET Ha 3TO 3aZjlaHne peLLieHne Ha JiucTax 6ymaru. Ha 3arpyaky ¢aiinos
BbIZENAIOTCA nocnegHne 15 MUHYT cocTs3aHus. Bbl MOXeTe 3aBepLINTb PAa6OTy JOCPOYHO M MPUKPENUTh
(hainbl paHbLLe, HO Mocse npukpernaeHus (poTorpagpupoBaHusi/cCKaHUPOBaHUS) MPOJOIXKATb peLuaTh 3agaHus
3arpeLyeHo.

lNepes 3arpy3Koii B CUCTEMY MOKaXKuTe Ha Kamepy JINCTbI C BbIMOJIHEHHOM paboToi. 3aTem coTorpapupyrite/
OTCKaHUPYIATE INCTbI M 3arpy3nTe B CUCTEMY.

lpu npukpenneHun aiinoB HanevaTtaiTe / CKONUPYITE U BCTaBbTE B 10J1€ OTBETOB (hpa3y «Bbino/IHEHHOe
3ajaHue B MPUKPenIEHHOM JOKYMEHTE» WU yKaXKNTe MeCTO B TEKCTe 0TBeTa, K KOTOPOMY OTHOCUTCSA (pain
(Hanpumep, «cM. rpaguk Ha NPUKPENIEHHOM mcTe 1»)

Bonpoc 7
Bann: 10

Determine all functions f : R — R that satisfy

(f(a) = F(D)) (f(b) — £(c)) (f(c) — f(a)) = f(ab® + bc® + ca®) — f(a®h + bPc + c*a)

for all real numbers a, b, c.

Bbl MOXKETe NPUKPENUTb B OTBET Ha 3TO 3aZjlaHne peLieHne Ha siucTax 6ymaru. Ha 3arpysky ¢asinos
BblAenaTCA nocnaegHue 15 MMHyT cocTs3aHus. Bbl MOXeTe 3aBepLINTb PAa6OTy JOCPOYHO M MPUKPENUTD
(haiinbl paHbLUe, HO rocse npukpernaeHus (poTorpagpupoBaHumsi/CKaHMPOBaHUS) MPOJOIXKATh peLuaTh 3agaHusi
3arnpeLyeHo.

Mepep 3arpy3koii B CUCTEMY MOKaXKUTe Ha KaMepy JIUCTbI C BbIMOJIHEHHOM paboToi. 3aTeM coTorpapupyiite/
OTCKaHUPYWTE JINCTbI U 3arpy3nTe B CUCTEMY.
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lpu npukpenneHun ainnoB HanevaTtaiTe / CKONUPYITE U BCTaBbTE B 10J1€ OTBETOB (hpa3y «BbIno/IHEHHOe
3ajaHune B MPUKPenIEHHOM JOKYMEHTE» WU yKaXXnTe MeCcTO B TEKCTe O0TBETa, K KOTOPOMY OTHOCUTCSA (pain
(Hanpumep, «cM. rpaguk Ha NPUKPENIEHHOM smcTe 1»)

Bonpoc 8
Bann: 10

Solve
Lﬁ‘lza,l‘g—l‘l—?),
i‘g :$1+I2+b,
i3:$2—6$3+1,

for arbitrary a,b,c € R, if
.“171(0) = I‘Q(O) — 1173(0) =il

Bbl MOXXeTe NpUKpenuTbL B OTBET Ha 3TO 3aj/laHue pelueHne Ha imcTax 6ymaru. Ha 3arpysky ¢gaiinios
BbIgensrTCsA nocsegHne 15 MUHyT cocTsizaHusl. Bbl MOXXeTe 3aBepLUNTb PaboTy JOCPOYHO U MPUKPENUTD
pasinbl paHbLie, HO ocsie nNpukpernieHus (oTorpagupoBaHusi/cKaHUPOBaHUS) NPOJOIKATb peLlaTb 3aflaHus
3anpeLyeHo.

lNepen 3arpy3Koi B CUCTEMY MOKA)XKUTE Ha KaAMePY JINCTbI C BbIMOJIHEHHOW paboTou. 3aTeM coTorpagupyiite/
OTCKaHUPYWTe INCTbI N 3arpysnTe B CUCTEMY.

Tpu npukpenaeHnn ainos HaneyaTanTe / CKONUPYIHTe N BCTaBbTe B 10J1e OTBETOB (pa3sy «BbinosHeHHoe
3afaHve B MNPUKPENIEHHOM JOKYMEHTE» WU YKaXXUTe MECTO B TEKCTE OTBETA, K KOTOPOMY OTHOCUTCSA (haiin
(HanpumMep, «cM. rpagmk Ha NPUKPEnIEHHOM ucTe 1»)

Bonpoc 9
Bann: 10
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Let there is a function

1 def my_count(n):

2 s=0

3 for i in range(n):

1 for j in range(i):

5 for k in range(j, 1i):
6 s=s+1

7 return s

Find a short formula to calculate my count(n).

Bbl MOXKETE NPUKPENUTb B OTBET Ha 3TO 3aZjlaHne peLlieHne Ha sincTax 6ymaru. Ha 3arpysky ¢asinos
BblAeNaTCA nocnaegHue 15 MMHyT cocTs3aHus. Bbl MOXeTe 3aBepLIMTb PAabOTy JOCPOYHO M MPUKPENUTD
(haiinbl paHbLUe, HO Mocse npukpernaeHus (poTorpagpupoBaHusi/CKaHUPOBaHUS) MPOJOIXKATh PeLuaTh 3agaHus
3arnpeLyeHo.

Mepep 3arpy3koii B CUCTEMY MOKaXUTe Ha KaMepy JIUCTbI C BbIMOJIHEHHOM paboToi. 3aTeM coTorpapupyiite/
OTCKaHUPYWTE JINCTbI U 3arpy3nTe B CUCTEMY.

Tpu npukpenieHnun painos HarneyaTanTe / CKONMUPYHTE N BCTaBbTe B 10J1e OTBETOB (pa3sy «BbinosHEHHOE
3ajaHune B NPUKPEnIEHHOM JOKYMEHTE» WU YKAXKUTE MECTO B TEKCTE OTBETA, K KOTOPOMY OTHOCUTCSA (haiin
(Hanpumep, «cM. rpaguk Ha NPUKPENIEHHOM mcTe 1»)

Bonpoc 10
Bann: 10

Let n and k be positive integers. Prove that for a;.. .., a, € [1,2*] one has

n

> = 2§4an.
im1 1/a1+...+ai

Bbl MOXXeTe NpUKpenuTbL B OTBET Ha 3TO 3aJlaHue pelleHne Ha imcTax 6yMaru. Ha 3arpysky ¢aiinos
BbIAensIroTCsA nocsiegHne 15 MUHYT cocTsidaHusl. Bbl MOXXeTe 3aBepLUNTb paboTy JOCPOYHO U MPUKPENUTD
asinbl paHbLie, HO Mocsie NpuKpernieHus (oTorpagupoBaHusi/ckaHUPOBaHUS) NPOJOIIKATb peLlaTh 3a/laHusl
3anpeLyeHo.

lNepen 3arpy3Koii B CUCTEMY MOKA)XXUTE Ha KaMepy JINCTbI C BbIMOJIHEHHOW paboTou. 3aTem coTorpagupyiite/
OTCKaHUPYWTE JINCTbI M 3arpy3nTe B CUCTEMY.

Mpu npukpenneHnmn ainos HarnevaTanTe / CKONMUPYITe U BCTaBbTE B 110J1e OTBETOB (hpa3y «BbinosiHeHHoe
3agaHue B MPUKPENIEHHOM JJOKYMEHTEe» UJTU YKaXKMTe MECTO B TEKCTE OTBETA, K KOTOPOMY OTHOCUTCS (hasin
(HanpuMep, «cM. rpagmk Ha NPUKPENIEHHOM ucTe 1»)
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Bonpoc 11
Bann: 10

Calculate

for arbitrary a,b € R.

Bbl MOXKETE NPUKPENUTDL B OTBET Ha 3TO 3aZlaHue peLlieHne Ha incTax 6ymaru. Ha 3arpysky ¢asinos
BblfeNATCA nocnegHne 15 MUHYT cocTs3aHus. Bbi MOXeTe 3aBepLINTb PAa6OTy JOCPOYHO M MPUKPENUTE
(bainbl paHbLUe, HO ocse npukpernaeHus (poTorpagpupoBaHusi/cCKaHUPOBaHUS) MPOJOIXKATh peLuaTh 3ajaHusi
3arpeLyeHo.

lepeps 3arpy3Ko# B cUCTEMY MOKaXKMTE Ha KaMepy JINCTbI C BbIMOJIHEHHOM paboToi. 3ateM coTorpadupyvite/
OTCKaHUPYWTE JINCTbI N 3arpy3nTe B CUCTEMY.

Tpu npukpenieHnn ainos HaneyaranTe / CKONUPYHTE M BCTaBbTe B 10J1e OTBETOB (pa3sy «BbinosHEHHOE
3ajaHune B NPUKPENIEHHOM JOKYMEHTE» WU YKAXKUTE MECTO B TEKCTE OTBETA, K KOTOPOMY OTHOCUTCA (aiin
(Hanpumep, «cM. rpaguk Ha NPUKPENIEHHOM mcTe 1»)

Bonpoc 12

Bann: 10

Let there are uniformly distributed random variables
Iy~ U(O: al))ﬂg? ~ U(OJ a2): Ty ~ U(Oa a3)3$4 i U(OJ a4)3

and aq, as, asg,ay > 0 be given.
Find the exact value of the probability p(z; + xo + x3 + 24 > 1).

Bbl MOXeTe NpUKpPenuTL B OTBET HA 3TO 3aflaHue pelueHne Ha imcTax 6ymary. Ha 3arpysky gaiinos
BblgensrTcsa nocsiegHne 15 MUHyT cocTs3aHusl. Bbl MOXeTe 3aBepLUMTbL PaboTy JOCPOYHO U MPUKPENUTD
(avinbl paHbLe, HO ocse npukpenieHus (oTorpadupoBaHns/cKaHUPOBaHNS) NPOJOIIKATb peLlaTb 3afaHus
3anpeLyeHo.

lepen 3arpy3Koi B cCUCTEMY MOKaXKUTE Ha KaMepy JINCTbI C BbIMOJIHEHHOM paboToi. 3ateM coTorpadupyvite/
OTCKaHUPYWNTe JINCTbI N 3arpy3nTe B CUCTEMY.

Tpu npukpenieHnn paiinos HarneyaranTe / CKONUPYIHTE M BCTaBbTe B 10J1e OTBETOB (pa3sy «BbinosHEHHOE
3ajaHue B NPUKPEnIEHHOM JOKYMEHTE» WU YKAXKUTE MECTO B TEKCTE OTBETA, K KOTOPOMY OTHOCUTCSA (aiin
(Hanpumep, «cM. rpaguk Ha NPUKPENIEHHOM mcTe 1»)
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Bonpoc 13
Bann: 10

Find all functions f : Z — Z such that

n?+ 4f(n) = F(£(n))?
for all n € Z.

Bbl MOXeTe NpUKPenuTL B OTBET HA 3TO 3aflaHue pelueHne Ha imcTax 6ymaru. Ha 3arpysky ¢aiinos
BblgensrTca nocaegHne 15 MUHyT cocTs3aHusl. Bbl MOXeTe 3aBepLUMTbL PaboTy JOCPOYHO U MPUKPENUTD
asinbl paHbLie, HO Mocse npukpernieHus (poTorpadupoBaHns/CKaHUPOBaHNS) NPOJOIIKATL peLiaTb 3afaHus
3anpeLyeHo.

lepeps 3arpy3Kosi B cUCTEMY MOKaXKMTE Ha KaMepy JINCTbI C BbIMOIHEHHOM paboToi. 3ateM coTorpadupyvite/
OTCKaHUPYWTE JINCTbI N 3arpy3nTe B CUCTEMY.

Tpu npukpenieHnn paiinos HarneyaranTe / CKONUPYHTE N BCTaBbTe B 10Jie OTBETOB (pa3sy «BbinosHEHHOE
3ajaHune B NPUKPEnIEHHOM JOKYMEHTE» WU YKAXKUTE MECTO B TEKCTE OTBETA, K KOTOPOMY OTHOCUTCSA (aiin
(Hanpumep, «cM. rpaguk Ha NPUKPENIEHHOM amcTe 1»)

Bonpoc 14

He oueHeH

Ciopa Bbl MOXeTe 3arpy3uTb YepHOBUKU Ha NPOBEPKY

Ha 3arpy3ky ¢aiinioB BbigensiotTcs nocnaegHue 15 MUHYT coCcTs3aHus. Bbl MOXeTe 3aBepLUNTb paboTy JOCPOYHO
Y IPUKPENnTb (aiisibl paHbLLe, HO Mocse npukpenneHus (oTorpampoBaHus/cKkaHMPOBaHHSI) MPOJOMKATh
peluaTtb 3agaHus 3arnpeLyeHo.

lNepen 3arpy3Koii B CUCTEMY MOKa)XXUTE Ha KaMepy JINCTbI C BbIMOJIHEHHOW paboTou. 3aTem coTorpagupyiite/
OTCKaHUPYIATE INCTbI M 3arpy3nTe B CUCTEMY.

Mpu npukpenneHnn hainoB HarevyaTanTe / CKONMUPYIHTE U BCTaBbTeE B 110/1€ OTBETOB (pasy :
YepHOBMKM B MPUKPENIEHHOM AOKYMEHTe
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