Teoriya-igr

Bonpoc MH(I)O

YBa)kaemble y4yacTHUKM!

OnumnuagHoe 3afaHue No HanpaeneHuio «Teopust Urp» COCTOUT TOJIbKO U3 MHBApMaHTHOI YacTU. 3TO O3HaYaer,
YTO BaM HY)KHO MocTapaTbCs PeLunTb BCe 3aAa4y U OTBETUTb Ha BCE BOMPOCHI, YTO6bI NpeTeHA0BaTb Ha
npu3oBble MecTa.

Bce 3afiaHusa BbINOMHAKOTCSA B 3TOW CUCTEME: pelleHUss BHOCUTE B CrieLjuanbHoe none Ans oTeeToB. Ecnu peweHne
TpebyeT ykasaHus ¢popmyn, rpaMKOB U CXeM, MOXXHO BbINOSIHUTb PeLLEeHUe Ha YUNCTbIX nucTax A4 1 3arpysutb
¢oTo/ckaH paboTbl B KOHLIe COCTA3aHusa (Ha 3To y Bac 6yfeT 15 MUHYT).

B nocnepHue 15 MUHYT, KOraa TaliMep NOACBETUTCH KPacHbIM, BbIMONHATD 3afiaHUsA 3amnpeLLLeHo: 3To Bpemst
OTBefieHO Ha 3arpy3Ky ¢aiinoB. Ecnu cnpaBuTech ¢ 3alaHUAMU paHblLLE, MOXKETE He JoXUAAaTbCA nocnegHux 15
MUHYT, @ HauMHaTb 3arpyXaTb (aiinbl U 3aBepLIaTb paboTy, HO C MOMeHTa Hayana

¢oTorpatmpoBaHusi/ckaHMpoBaHus fenatb NOMETKM B paboTe yXKe He pa3peLuaeTcs.

06paTVITe BHUMaHMe Ha TO, YTO YepHOBUKUN K NpOoBepKe He NPUHUMAIOTCA. Ucnonb3oBaHue CTOPOHHUX pecypcoB U
CnpaBOYHbIX MaTepUuasioB CTpPOro 3anpeLyeHo.

Bepum B BaLu ycnex!
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Teoriya-igr

HoeorogHue paBHoBecus (20 6annoB)

(a) IOpa v lHa Hawnu kpacueoe ToxxaecTBo \(2026=2*{11}-2*11\) u Tenepb XOTAT NpuAyMaTb cebe
TeMaTuyeckyto urpy Ha Hoebiii rog. rpa gonxHa 6bITb Ha fBYX UrPOKOB, Y KaXKA0r0 U3 UTPOKOB AOKHO 6biTb 11
YUCTbIX CTpaTeruit. Pe6saTta XoTAT, UTO6bI B Urpe 6b1/10 Kak MUHUMYM 2026 paBHOBecuit Halwa (BKnoyaoTes Kak
paBHOBECMS B YUCTbIX, TaK U B CMeLUaHHbIX cTpaTerusx). Mpu aTom pe6sita He XOTAT, YTO6bI pAaBHOBECHIA 6bIN10
6ecKoHeYyHo MHoro. [oMoruTe pebaTam NpuayMaTb NOAXOASILLYIO HOBOrO4HIOH Urpy!

(b) Moka pe6sATa gymanu Hag Urpoi, K HUM NPUCOeMHUTAcCh INMHA U NPeAJsIoXUNa NpuayMaTb ApYryto Urpy Ha
Tpex UrpoKoB. YTo6bl He ilenaTb Urpy C/ILLKOM C/IOXKHOM, pe6siTa peLlunnmu ocTaBUTb Mo ABE YUCTbIX CTpaTerum y
KaXX[,0ro MrpoKa; yc/oBue Ha KOHEUYHOCTb YNCNa PaBHOBECUI COXpaHsieTcs. NUHY UHTEPECYIOT NOSIHOCTbIO
CMeLUaHHble PaBHOBECUS: 3TO PaBHOBECHUS], MPU KOTOPbIX KaXXAblii U3 UTPOKOB UCMOMNb3YeT KAXKAYH YUCTYIO
CTpaTeruio ¢ HeHyneBoW BepPOATHOCTbIO. MoryT nu pe6aTa npugyMaTb NOAXOASALLYIO UTPY, B KOTOPOIA eCTb XOTS 6bl
[Ba pa3/IMYHbIX NOJIHOCTbIO CMELLaHHbIX PABHOBECUS, HO YMCIIO BOO6LLLE BCeX paBHOBECUi1 KOHeuHo? Ecnu aa,
npuBeauUTE NPUMEP, ECNN HET - JOKAKMUTE.

New Year's Equilibria (20 points)

(a) Yura and Yana found the beautiful identity \(2026=2*{11}-2*11\) and now want to come up with a themed game
for New Year's. The game should be for two players, each with 11 pure strategies. They want the game to have at
least 2026 Nash equilibria (including both pure and mixed strategy equilibria). However, they don't want an infinite
number of equilibria. Help them come up with a suitable New Year's game!

(b) While the boys were thinking about the game, Elina joined them and suggested coming up with another game for
three players. To keep the game simple, the boys decided to keep each player to two pure strategies; the condition
of a finite number of equilibria remains. Elina is interested in completely mixed equilibria: these are equilibria in
which each player uses each pure strategy with non-zero probability. Can the friends come up with a suitable game
in which there are at least two distinct completely mixed equilibria, but the total number of equilibria is finite? If so,
give an example; if not, prove it.
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3a Moii cyéT (15 6annoe)

AnuHa, Hacta u [lawa co6panuch B Kade oTnpasgHoBaTh AieHb poXXaeHus dnuHbl. HacTa u [awa pewwmnu, uto
CYeT OMNaTUT Ta U3 HUX, KTO MPOUrpaeT B ClieflyloLLyto Urpy. nuHa BbibupaeT Lenoe yncno ot 1 go 10. Hacta u
[Jawa no oyepeau HasbIBalOT Lesble yucna ot 1 Ao 10, HaunHas ¢ HacTu. Mocne KaXAoi NonbITKU SnMHa YeCTHO
rOBOPUT BbilLE €€ YACNO NN HUXKe. Ecnu Ha3BaHO Bbi6paHHOe SNMHOI YMCIIO, TO Urpa 3aKaHYMBaETCS.
YrafaBLumit YU4csio CTaHOBUTCA NobeuTenieM, a BTOPOi — MPOUrpaBLLMM.

Kakoe yucno HY>XHO Ha3BaTb HacTe Ha nepBoOM XoAy, eC/in U3BECTHO, YTO, KaXkaaa AeBOoYKa XO4YeT BbIUrpaTtb 1 He
onnayvBaTtb cyeT? anI 3TOM JNMHa He ABNseTcs CTpaTern4eCKumM MrpokomMm n BbI6VIpaeT 4yucno cnyqaﬁHo.

It's on me (15 points)

Elina, Nastya, and Dasha gathered at a cafe to celebrate Elina's birthday. Nastya and Dasha decided that the loser of
the next game will pay the bill. Elina chooses a whole number from 1 to 10. Nastya and Dasha take turns naming
whole numbers from 1 to 10, starting with Nastya. After each guess, Elina honestly says whether her number is
higher or lower. If Elina's chosen number is called, the game ends. The person who guesses the number correctly
wins, and the other loses.

What number should Nastya name on her first turn if it's known that each girl wants to win and not pay the bill? Elina
isn't a strategic player and chooses her number randomly.
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MpocToii Hum (15 6annoB)

Mawa u Buts cky4yatoT Ha 6epery mops B eBpae, rae niaBaTb 0Ka3anocb X0N0[4HO, HO 3aTO MOXKHO CKOJIbKO
YrofHO UrpaTb B KamMyLKWU. OHM peLwnn, Kak U KaXXAblil Fof, KOorfa OHU NpUesXatoT B OTNYCK, CbIrpaTb B HUM, U
Mawa npepgnoxuna o6HoBEHHYIO Bepcuto. OHM caenaroT ofHy Kydy us 2026 kamHein u 6yayT no ouepeam 6patb
M3 Hee KaMyLLKW. 3a OZMH X0, MOXXHO B3ATb /1l060€ NPOCTOE YMC/IO0 KaMHeW UM OAUH KaMeHb, HO HU4Yero He 6paTb
Henb3s. HaunHaeT, HanpumMmep, Buta. Urpok, KoTopbiii He MOXET caenaTb XoA, NpourpbiBaeT.

Ecnun APYy3bA UrparoT onTuMasibHO, TO KTO AOJIDKEH I'IO6e}J,VITb B 3TOM VIFPE? OnuwwuTe PaBHOBECHYIO CTpaTeruto.

Simple Nim (15 points)

Masha and Vitya are bored at the seaside in February, where it's too cold to swim, but they can play pebbles as
much as they want. They decided to play nim, as they do every year when they go on vacation, and Masha
suggested an updated version. They'll make a pile of 2026 stones and take turns taking stones from it. In one move,
they can take any prime number of stones or one stone, but they can't take nothing. For example, Vitya starts. The
player who can't make a move loses.

If the friends play optimally, who should win this game? Describe the equilibrium strategy.
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Kamuna, HeitipoceTb, BeaynpeuHocTb (15 6annoB)
leHnanbHas nccnegoBaTenbHULA KOMNbIOTEPHOTO 3peHus Kamuna cosfana HelpoceTb, KOTopasi Mo inuy
YesloBEKA MOXXET ONpeAesiuTb, MOKaXXeT OH KaMeHb, HOXXHULbI unn 6ymary. MHoro >xenarowmx 6b110
NoCOpPEeBHOBATbCS C HEMPOCETHIO B “KaMeHb-HOXHULbI-6yMara”, Ho UHTepec 6bICTPO Nponagan: HelpoceTb
6e3ynpeyHo NOHMMana HamepeHus noaen u Bcerga nobexxaana. Mpuwnock 3BaTb Ha NoMow,b YemMnuoHa Mupa
no “KaMeHb-HOXHMULbI-6ymMara”. YeMnuoH ymeeT fiep)kaTb KaMeHHOe JIML0, KOrAa OH XO4YeT BbIGpOCUTb
“HOXXHUUbI” Unu “6ymary”, u HelMpoceTb He NpeayragbiBaeT ero HamepeHue. OfHaKo, Koraa oH Xo4eT BbIKUHYTb
“kamMeHb”, c BeposaTHOCTbIO 50% HellpoceTb NOHUMAET ero HaMepeHus, NokasbiBaeT “6ymary” u nobexxaaer.

YeMnunoH aBnseTca 60/bLnUM cneyunasiucTtomMm B TeOpUn Urp. OH pewun paspa60TaTb CTpaTerunio, Kotopas
yyunTtbiBana 6bl ero cnabocTb nepep HeVIpOCGTbIO. FeHnanbHas Kamuna gorapganacb o cTpaTteruum YeMnunoHa,
n u

No3aToMy TaK)Ke 3aana anropuTM HelipoCceTU: C KaKoil BEPOITHOCTbIO BbIKUABIBATb “KaMeHb”, “HOXXHULbI” Unn
“6ymary”, ecnu He yaanocb cuntaTb 1Muo Yemnuona.

MpuxoguT BpeMs MaTya, onTMMasibHble CTpaTerun HalgeHbl. TOT, KTO NpoOUrpbiBaeT B Urpe, NiaTuT nobeguTento
MOHeTy. HailauTe MaToXuaaHue Bbiurpbiwa Kamunbl B 0TAENbHO B3ATON Urpe.

Kamila, Neural Network, Impeccability (15 points)

Kamila, a brilliant computer vision researcher, created a neural network that can determine whether a person will
throw rock, paper, or scissors based on their face. Many people wanted to compete with the neural network at rock-
paper-scissors, but their interest quickly faded: the neural network flawlessly understood people's intentions and
always won. They had to call on the World Rock-Paper-Scissors Champion for help. The champion maintains a
poker face when he wants to throw scissors or paper, and the neural network doesn't predict his intention. However,
when he wants to throw rock, the neural network has a 50% chance of understanding his intentions, throwing paper,
and winning.

The champion is a great expert in game theory. He decided to develop a strategy that would take into account his
weakness against the neural network. The brilliant Kamila figured out the Champion's strategy, so she also set the
neural network algorithm: what is the probability of throwing "rock," "paper,” or "scissors" if the Champion's face is
not detected.

The match begins, and the optimal strategies have been found. The loser pays the winner a coin. Find Kamila's
expected value for winning this particular game.
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Lienesoit npuem (15 6annos)
Ha TpEXCTOpPOHHEM pbIHKe LieNeBoro NpuémMa ecTb abUTYpUEHTbI, BY3bl M 3aKa34MKU, UX HAJL0 Pa3buTb Ha TPOIiKMY,
B KOTOPbIX OHU 6yAyT CBAI3aHbl B3aMMHbIMU 06s13aTenbcTBamMu. ([ins npocToTbl 6yAeM cunTaTh, YTO Y KaXKJ0ro
BY3a U KaXX[10ro 3aKasymka TosIbKO OfHO MeCTO AJISi 3a4YUCIIEHUS, U YUCIIO areHTOB C KaXX[0i CTOPOHbI
ofmHakoBoe.) [peanoyYTeHNUsl y areHToB ApYr OTHOCUTENBHO APYra LUKINYHO-JIEKCUKOrpagmuyeckue:

— Y KaXA0ro abuTypueHTa eCTb HEKOTOPbI€ CTPOr1e NpeanoYTeHUsi OTHOCUTENbHO 3aKa3YUKOB (COrnacHo
3apriaTe U KOJIMYECTBY KOPTNOPaTMBOB), @ By3bl UrPaloT BTOPUYHYHO POJib;

— Y KQXXJI0r0 3aKa34uKa ecTb CTPOrue NpeAnoyYTeHnss OTHOCUTENIbHO By30B (COrnacHo penyTauum), a abUTypUeHTbl
UrpatoT BTOPUYHYIO POJib;

— Y KaXKAO0ro By3a ecTb CTPOrue NpefAnoyYTeHUs OTHOCUTENIbHO aBUTYPUEHTOB, U 3TU NPEANOYTEHNS OAUHAKOBbI
(cornacHo 6annam El3), a 3aKa3unKu 3HaYeHUs He UMEIOT.

BypeTt nu — pns no6bix NpeAnoYTEHU CTOPOH — CYLL,ECTBOBaTb CTabu/ibHOE coyeTaHue, TO eCTb TaKoe pa3bueHune
Ha TPOMKM, YTO HM OAHA UHasA 6/10KMpYloLLas TpoliKa (abUTYpUEHT, BY3, 3aKa3umK) He NpeAnoYTET oTKa3aTbes OT
CBOUX 06A3aTeNIbCTB B UCXOAHOM COYETAHMM M BMECTO 3TOr0 coyeTaTbes ApYr ¢ ApyroM? B 6nokupytoLeii Tpoiike
KaXX,0My AOJIKHO CTaTb He Xy)Ke, @ KOMY-TO I0/IXXHO cTaTb CTporo ny4yuwe. TpebyeTcsa foKasaTb Um
OMpPOBEPrHyTb CyLL,eCTBOBaHMeE.

Targeted Admissions (15 points)

In a three-sided targeted admissions market, there are applicants, universities, and clients. They must be divided
into triads, bound by mutual obligations. (For simplicity, we will assume that each university and each client has only
one available slot, and the number of agents on each side is the same.) The agents' preferences relative to each
other are cyclical-lexicographic:

- each applicant has certain strong preferences relative to clients (based on salary and number of corporate
events), while universities play a secondary role;

- each client has strong preferences relative to universities (based on reputation), while applicants play a secondary
role;

- each university has strong preferences relative to applicants, and these preferences are the same (based on

Unified State Exam scores), while clients are irrelevant.

Will there exist — for any preferences of the parties — a stable combination, that is, a partitioning into triads such
that no other blocking triad (applicant, university, client) would prefer to abandon their obligations in the original
combination and instead combine with each other? In the blocking triad, everyone should be no worse off, and some
should be strictly better off. This existence must be proven or disproved.
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BuTBa He Ha YXU3Hb, a Ha cMepTb (20 6anno.)
[lBe KOMNaHMM 0YeHb XOTAT BbITECHUTb APYr Apyra ¢ pbiHKa. C ocTasbHbIMU KOHKYPEHTaMu OHU YXKe
pacnpaBunucb. Ecnv um Bcé Xe yaacTca BblJaBUTb OMMOHEHTA, TO NOIE3HOCTb OT MOHOMOJIbHOIO MOMOXEHUSA
KaXkpas oueHuBaeT B 270 y.e. 1ns Toro Ytobbl Bbl4aBUTb OMMOHEHTA, HY)XKHO NPUHMMATb HEKOTOpPbIe Cepbe3Hble U
3aTpaTHble Mepbl. CooTBEeTCTBYIOLWAs Urpa NoTeHLUaabHO MOXET NPOA0HKATbCA A,0/IT0 U YCTPOeHa crieflyowum
obpasom. B MOMeHT 1 nepBas KOMNaHWsA peluaeT, BKaAbiBaTbCA M B 60pb6y NpoTUB onmnoHeHTa. Ecnn oHa cpasy
OTKaXXeTcs U, COOTBETCTBEHHO, CAACTCS, TO OHa [O/KHA YUTH C pPbIHKa, OHA HUYEro He TPaTUT U He NnosyyaeT, a
OMMOHEHT BbiUrpaeT 270 n urpa 3akoH4UTCA. Ecnun oHa pelunT BNoXutbes B 60pbby, TO 3TO CTOUT el poBHo 100
eAVHML, NOJIe3HOCTH, KOTOPble HEBO3BPATHbI NPU NII060M fanbHeNLweM pasBUTUN COBbITUIA.

B MOMeHT 2, ecnu nepBas KOMMNaHUA He caanacb paHee, TO BTopasd KOMNaHnUA AO0J/XXHa pelnTb, CTOUT JIn
60p0TbCF|. Eopb6a ctout Takxe 100, a caaTbCcst MOXKHO 6eCI'IﬂaTHO, HO Toraa BbiUrpbiBaeT nepBasd KOMNaHuA.

B MoMeHT 3, ecniv BTopasi KOMMNaHUA He cianacb, TO X0, CHOBa NepexoauT K NepBoW, M OHa CHOBA A0/KHa
pewunTb, TPaTUTb N et ewwe 100 eanHuL, Ha 60pb6y. U Tak fanee no oyepeau. 3aTpaThl KOMMNAHUN
HakannueatoTcs no 100 3a KaXKAblil nepuop, Korga MMeHHO OHa NPUMHUMAET peLLEHUNE BNIOXXUTbCS B 60pbby. B TOT
MOMEHT, KOrfja Kakasi-nm6o KoMnaHusi cAacTCs, Urpa 3aKOHYMTCA U ee ONMNOHEHT NobeaunT.

MakcuManbHbIi 610[>KeT, KOTOPbI KaXkasi KOMMaHWUA MOXET NoTPaTUTb Ha 60pb6y B CYMMe 3a CBOM XOAbl,
orpaHuYeH 1 iBAsieTCS YaCTHOMN HOpMaLMen KaXkxaoM KOMNaHK, HEM3BECTHOW ONNOHEeHTY. BrogykeT MoxeT
6bITb M60 ManeHbKui, paBHbIi 200, NM60 60NbLLOI, paBHbI 500. BrogXXeTbl MOXKHO CUATaTb CiyyYyaliHbIMU
BeSIMYMHAMMU, MPUYEM AJ1A NepBO KOMMNaHMKU BEPOATHOCTb 60/1bLLOro 6toaykeTa paBHa 0.8, a ana BTopoit 0.95. 3Tn
anpuopHble BEpPOSITHOCTU M3BECTHbI 06eMM KOMMNAaHUAM, TaK)Xe KaXkas KOMNaHuA 3HaeT cBoii 6roaxkeT. MNpu
TpaTe AeHer Ha 60pb6by KOMNaHUsi He MOXXET B CyMMe BbIMTU TpaTamu 3a NpeAenbl CBOEro 6oaxeTra.

MN3BeCTHbI MeXAYHAaPOAHbI aHaIMTUK 03HAKOMMUJICA C CUTYaL et U 3asiBUI1, YTO, MO €ro MHEHUIO, COBCEM CKOPO
nepeasi KOMNaHUs 3aiMeT MOHOMOJIbHOE MOJIOXKEHNE Ha 3TOM pbIHKE. ITO BbI3BaJI0 HEKOTOPbIE COMHEHUS
MeCTHOro coobuiecTsa. Onpegenute, CTOUT JiM BepUTb aKcnepTy? Ecnu Aa, To MOCTPoiiTe COOTBETCTBYHOL Ee
paBHoBecue. Ecnv HeT, TO MOKaXKMTe, UTO TaKas KOHpUrypaLms HepaBHOBECHA, U NpeAsioXuTe 6onee
060CHOBaHHbI NPOrHo3.

A Life-or-Death Battle (20 points)

Two companies desperately want to drive each other out of the market. They've already dealt with the remaining
competitors. If they do manage to squeeze each other out, each estimates the utility of a monopoly position at 270
units. To squeeze out the other, they must take some serious and costly measures. This game has the potential to
last a long time and is structured as follows. At moment 1, the first company decides whether to invest in the fight
against the other. If it immediately refuses and, therefore, surrenders, it must exit the market, spends nothing, and
gains nothing, while the other company wins 270 units, and the game ends. If it decides to invest in the fight, this
costs exactly 100 units of utility, which are irrecoverable no matter what happens next.

At moment 2, if the first company hasn't surrendered earlier, the second company must decide whether to fight.
Fighting also costs 100, and surrendering is free, but then the first company wins.

At time 3, if the second company doesn't surrender, the turn passes again to the first company, and it must again
decide whether to spend another 100 units on fighting. And so on, one after the other. A company's costs
accumulate by 100 for each period in which it decides to invest in fighting. When one company surrenders, the game
ends and its opponent wins.

The maximum budget each company can spend on fighting, combined across its turns, is limited and is private
information for each company, unknown to its opponent. The budget can be either small, equal to 200, or large,
equal to 500. Budgets can be considered random variables, with the probability of a large budget for the first
company being 0.8, and for the second, 0.95. These prior probabilities are known to both companies, and each
company also knows its own budget. By spending money on competition, the company cannot exceed its budget.

A renowned international analyst has reviewed the situation and stated that, in his opinion, the first company will
soon achieve a monopoly position in this market. This has raised some doubts in the local community. Determine
whether the expert's assessment should be trusted. If so, construct a corresponding equilibrium. If not, demonstrate
that this configuration is not an equilibrium and propose a more reasonable forecast.
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