Bricmag ura Teopus urp 2026

IIpodunn: «Teopusi urp» KO/, - 290
ITamsmu Andpess Bpemsena
Bpewms BoimosiHeHus 3a7iaHus — 180 MUH., 93bIK — PYCCKUN WJIW aHTJIMACKUIA.

Pemmmre Bce 3a/Ja41. Beca 3a/la4d, B TOM 49HUCJIE KaxK/I0I'O IIOJABOIIPOCa, ITPUBEIACHBI B CKODKAax.

NacTpyKIiun.

e Perrenne MoxkeT ObITH IIPEJICTABIEHO KAK HA PYCCKOM, TaK M HA aHIJINHCKOM si3bike. Hukakmx
JIOTIOJIHUTEIbHBIX OaJLIOB, BIpOYeM, KaK U MTPadoB, 3a pelleHne Ha aHIVIMUCKOM S3bIKE He
IIPEIyCMOTPEHO.

e Pemenne 10/2KHO OBITH XOPOIO CTPYKTYPUPOBAHHBIM, H3JI02KEHO TI'DAMOTHBIM SI3BIKOM, &
mouepk — pacro3naBaeMbiM. OTBeThI HA KaueCTBEHHBIE BOIIPOCHI JOJI2KHBI OBITH yOEUTETHHO
apryMeHTUPOBAHbI, HO JJIMHHBIE PACCYKJICHU, He OTHOCAIINECSd K CyTH Jiejla, MOT'yT HETaTUBHO
MOBJIUATH Ha OIEHKY.

e Bce maru B pemieHnumn J0JI2KHbBI OBLITH O6OCHOB&HI)I, BCE€ BbIHHUC/ICHUA JOJI2KHBI IIPUCYTCTBOBATL B
pa60Te. KaJH)KyJIHTOpaMI/I IIOJIb30BaTbCA 3allpEIICHO.

e YepHOBUKU HE IPEYCMOTPEHbBI, PellleHrne cpa3y opopMIIgeTcsa Ha IUCTOBUK.

e Ec/u npuBejieHHOe pellleHne BJISeTC HEBEPHBIM, TIePeYepPKHUTE ero (IepevepKHyTOe pelleHne
He TIPOBEPSIETCsI) U MPUBEUTE KOPPEKTHYIO BEPCHIO.

e [Ipy Ha/JIMYNKM HECKOJLKUX BAPUAHTOB PEIIEHUs] OJTHOI'O U TOTO Ke 3aJaHus, ITPOBEPAIONTNI
caM OIpeJIesIIeT, KaKoe U3 PEIIeHHH MOIC’KUT MIPOBEPKE, a alle/UIAINHA ¢ TPOCHOOil ITPOBEPUTDH
JpYTOli BapUaHT PeNeHns He TPUHUMAIOTCS.

Yoavuu!

Bamaga 1. HoBoroguue paBHoBecusi (20 6as110B)

(a) IOpa un fna namsm xpacusoe Toxkaectso 2026 = 2! — 2 % 11 u Tenepb xoTaT NpUIYMATH
cebe TemarudecKyio urpy Ha Hosbrit rom. Mrpa moskHa OBITH Ha JIBYX HIPOKOB, Y KaxKIOTO U3
UT'POKOB JIOJIZKHO ObITH 11 uncerhix crpareruit. Pedsara xoTdaT, 4ToObl B Urpe 0b110 Kak MuUHUMYM 2026
pasroBecuit Hama (BKII0O9ar0TCsl KAK pABHOBECHsI B YHCTBIX, TaK U B CMEIIaHHBIX cTpaTerusx). [Ipn
9TOM peddATa He XOTAT, YTOObI paBHOBeCHil ObLI0 OeckoHedHo MHOTO. [loMorure pedbsitam npujymMaThb
IIOIXO/IATILY IO HOBOI'OJIHIO UIPY!

(b) Iloka pebsra jgymasm HaJ UIPOii, K HUM IIPUCOEIMHUIACH DJIMHA U MPEJJIOKIIIA TIPULYMATh
JIPYTYIO UTPY Ha TPEX UI'POKOB. UTOOBI He Je/IaTh UTPY CJUIIKOM CJIOXKHOMI, pedsTa Pernmin OCTABUTD
IO JIBE YUCTBIX CTPATETNH Y KaXKJIOI'0 UTPOKA; YCJIOBUE HA KOHEYHOCTD YMC/I1a PABHOBECUI COXPAHIETCS.
DJIMHY UHTEPEeCYIOT MOJTHOCTHIO CMEIIaHHbIe PABHOBECHST: 3TO PABHOBECHSI, TP KOTOPBIX KarKIbIi
U3 UI'POKOB UCIOJB3YET KaXK/IYI0 YUCTYIO CTPATErHiO ¢ HEHYJIEeBOH BepOATHOCTHIO. MoryT Jjin pebsaTa
HPUIyMaTh MOJAXOAAIIYIO UTPY, B KOTOPOW €CTh XOTd Obl JIBa Pa3/JUIHBIX ITOJHOCTHIO CMENTaHHbIX
paBHOBECHsI, HO YUCJIO BOOOIE Beex paBHOBecuit KoHewuno?! Eciin na, npuBenute npumep, eciam HET —
JIOKAXKHTE.

New Year’s Equilibria (20 points)

(a) Yura and Yana found the beautiful identity 2026 = 2! — 2% 11 and now want to come up with
a themed game for New Year’s. The game should be for two players, each with 11 pure strategies.
They want the game to have at least 2026 Nash equilibria (including both pure and mixed strategy
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equilibria). However, they don’t want an infinite number of equilibria. Help them come up with a
suitable New Year’s game!

(b) While the boys were thinking about the game, Elina joined them and suggested coming up
with another game for three players. To keep the game simple, the boys decided to keep each player
to two pure strategies; the condition of a finite number of equilibria remains. Elina is interested in
completely mixed equilibria: these are equilibria in which each player uses each pure strategy with
non-zero probability. Can the friends come up with a suitable game in which there are at least two
distinct completely mixed equilibria, but the total number of equilibria is finite? If so, give an example;
if not, prove it.

Penienue.

a)

g mpumepa MOTYT HOJOWTHU UI'PhI KOOPJIUHAIMY, HAIIpUMep cjejytomiasd. [lycTh urpuku nmeror
N YUCTBIX CTpPATEruil, S; - CTpPATEruu MepBOro UI'POKa, t; - crparerun Broporo. Ilycrs dynkiun
BBIUTPBIIIA 000MX MUTPOKOB 3aJIaI0TCs OJIMHAKOBO: 1 B CiIydae, ecjii HOMepa cTpaTeruii copmaaaioT, ()
nHade.

Lifi=y
0,if 7 #£ J

Haiinem Bce paBHOBecust B Takoil urpe. ljist 5TOro mocMOTpUM Ha, JIYUIIUH OTBET B 3aBUCUMOCTU
OT CTpaTeruu OINIOHEHTA.

[TocMOTpUM €O CTOPOHBI IEPBOrO UI'POKA: IIYCTh BTOPOIl UrpaeT crpareruto » ., fBit;, rae [ -
BEPOSATHOCTH BBIOOpa 1ucTOil cTparernn ¢;: » . f; =1, 8; > 0.

Torma BBIMIPBIN [EPBOrO Mrpoka paseH ui(q) = Y . o;f;, Tae «; - BEPOSTHOCTL BBLIOOpA
qUCTON cTpareruu s;. JIerko BuieTh, 4TO MEPBBIi JTOCTUTAET MAKCUMAJIBHOIO 3HAYEHUS] BHIUTPHIIIA
B TOM CJIy4ae, €CJIU UT'PAeT C HEHYJIEBOW BEPOSTHOCTHIO TOJHKO CTPATErnU, KOTOPbIE MPUBOIAT K
MaKCHMaJIbHOMY 3HadeHuto [3;. To ectb «; > 0 — ¢ € arg max; 3;. Irpa cummerpuvnas, mosToMy B
J060oM paBHoBecuu Hbsima Takrke BbIOJHAETCH yeyoBue [; > 0 — ¢ € arg max; «.

[IycTh mepBBIit UTPOK UTI'DAET C TOJIOYKUTETHLHBIMU BEPOSATHOCTSIMU CTPATETUN U3 MHOYKECTBA
M C {s1,..,8,}, M # (), a Bce ocTaiabHbIE CTPATETUY - € HYJEBBIMU BEPOSATHOCTAMHU. [ToKazkem, 9To
Jtst ioboro M paBHOBecHe CYNIECTBYET U €IMHCTBEHHOE.

N3 BBIBE/IEHHOTO paHee yCJIOBUsI CJIE/IyeT:

uy (i, ) = ua(si, tj) =

sieM— o >O—>5i:max?:15j

Kpowme Ttoro,
si ¢ M —0; =0—1¢argmaxao; — ;=0
J

N3 mocneanux ABYX YCJIOBWII CJIe/IyeT, 9TO €JIMHCTBEHHasl BO3MOXKHasi B paHBOBecum Hsra

CTpAaTEerus:
ﬁi _ ﬁ, if S; € M
0,if s, ¢ M

W3 cummeTpun mojtydaeM aHAJIOTHIHOE YCJIOBUE HA CTPATErNH IIEPBOTO UT'POKA: Bce cTparerun u3 M
B PaBHOBECHH HUT'PAIOTCA PABHOBEPOATHO. TaKiKe JIETKO MTPOBEPUTH, UTO MOTYIHIOCH JefICTBUTEIHHO
paBHOBecre H»smma: HUKTO M3 UIDOKOB HE MOXKET YBEJUYUTH BBIUTDBIII, OTKJIOHUBIIUCH OT CBOEN
CTpaTeruu.

Beero cymiectByer 2, — 1 HEmycThIX MOAMHOKECTB {S1,...,5, }, II0O9TOMY 0DIliee 9UCI0 PaBHOBECHUIT
Hsmra pasno 2" — 1.

B ycnoBusax wmarmeit 3ayiaun n = 11, 3HauuT B Takoit urpe oOyger 2047 pasuosecuit Hama, gro
6osibirie Tpebyembix 2026. IIpumep moctpoem.
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b)

Taxue urpsr cymecTByioT. PazbepeM, Kak MOXKHO JOWTHU JIO OJTHOTO U3 TOJIXOJIANINAX ITPUMEPOB.

PaccmoTpuM cuMMETpUYHYIO UT'PY W ITOCTAPAEMCs HAWTU MPOCThIE KOHCTPYKITMH CUMMETPUIHBIX
pasHOBecuii. [IycTh y KaxK10r0 U3 Tpex UrpoKoB ecThb 10 jBe crparerun: A u B.

[Iycth BBIMTpHBINT OT cTparernu A 3aBUCHT OT JEHCTBUIl IPYTUX UTPOKOB U PaBEH:

® ag, ecyim 0ba oroHeHTa chirpaan A
® (1, €CJIU OJMH ONIIOHEHT chirpas A, npyroit onmoHeHT chirpa B
® ay, ecsiu 0ba ONIOHEHTa chirpaiu B

[Iycrs B paBHOBeCcHH Kaxk/Iblil urpaer cMmemannyio crpareruto pA + (1 — p)B, rie p € (0,1). D1o
paBHOBecue peasmsyercs, ecan u(A) = u(B).
[To namemy HabpOCKY UTPHI MMOJTyYAETCH, 9TO

u(A) = agp® + 2a1p(1 — p) + az(1 — p)?

1 310 norpsicaroriie, BeJib MbI ITOJIYYUJIA HACTOsIIEe KQIPATHOE ypaBHEHUE, Y KOTOPOI'O MOYKET
obTh JBa KOpHs! JlaBaiiTe cienaem B kKak cTpareruro, KoTopasi JaeT rapaHTUPOBAHHBIN Pe3y/IbTaT:
u(B) = 0. Torga ycaoBre Ha HCIOIB30BAHNE MOJTHOCTHIO cMeranuoit crparerun u(A) = u(B):

aop® + 2a1p(1 — p) + az(1 —p)* =0
[Tocie mpeobpa3oBanumii Moy IaeM:
(CLO — 20,1 + (12>p2 + 2(&1 — ag)p + a9 = 0

Ham Hy»KHBI J1Ba CMeIIaHHBIX PABHOBECHsI, TO €CTh JiBa KOpHs ypoBHeHus Ha orpeske (0,1).
Ham pgocrarouno momoOparh 1000 mpumep, g 1ogbopa  KOIOAUIMEHTOB MOXKEM
BOCIIOJTb30BaThCs, HAIIpUMep, TeopeMoit Buera:

. 2(a1—a2)
ap—2a1+az

— as
p1p2 = ap—2a1+az

p1+p2 =

[IycTh XOTHM MOJyYUTh KOPHU P = }l, Py = %. Torna /g BBITIOJIHEHUS YCJIOBUS Ha MTPOU3BEJICHIE
KODHEel MOJIoNJIeT as = 3, ag — 2a1 + as = 16. Tenepnb npoBepgeM BBITIOJIHEHUE YCJIOBUSA HA CyMMY:

—ﬂ% =1, otryaa 2(ay — a1) = ag — 2a1 + ag. lHozacrasnsiem as = 3, ag — 2a; + ag = 16:
2(3—ay) =16
ag — 2a; +3 =16

, OTKY/JIa JIETKO TIOJIy9aeM Gy = 3,a1 = —9, g = 3.

IIpumep urpsbl.

[Iycrh y KaxK10ro U3 Tpex UIpoKoB ecTh JBe uncrble crparerun A u B. Ilpu Beibope crparerun B
BeIUTPHINT (hukcupoBauHbiii u paser (. [Ipu Beibope crparernu A BBIUTPBIINT 3aBUCUT OT JE€HCTBUIM
JAPYTUX UTPOKOB U PABEH:

[ ] 3, ecsii 00a, OIIIOHEHTA, ChII'paJin A nam oba onmoHenTa ChbIT'PpaJIx B

e —5, ecjiu OJWH OIIOHEHT chirpasl A, npyroii onmoHeHT chirpai B
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Kaxk 6bL10 110Ka3aHo paHee, B TaKOil urpe OyJeT JBa MOJHOCCTHIO CMEIaHHbIX CUMMETPUIHBIX
PABHOBECHSA: KarKJIblil UTpaeT %lA + 3B (paBHoBecue 1) u KazKplil Urpaer %A + 1B (paBHoBecue 2).

Jl1s oIHOrO CYacThs OCTAIOCh IIOKa3aTh, YTO YUCJIO BCEX paBHOBecuilt konewano. Hampumep,
MOYKEM ITIPOCTO HAWTU BCE PABHOBECHSI.

[IycTh ommoHeHTh nepBoro urpoka urpaior peA + (1 — po) B u p3A + (1 — p3) B. Torna Bbmrpbimmn
[EPBOI0 OT JIBYX YHCTHIX CTPATEruii:

u1(A) = 16p2ps — 8(p2 +ps) + 3

B pasuoecun, ecsin ui(A) > 0, 1o nepsbriii coirpaer A; ecam ug(A) < 0, To nepsblii coirpaer B;
MOKET UrpaTh JI0OyIo cMech crpareruit mpu ui(A) = 0.

PacemoTpuM  cilydaif, Korja OIIIOHEHTHI WUIPAIOT YHCTbIE CTPATerud, TO €CTh Py €
{0,1},p3 € {0,1}. Pasbop derbipex ciaydaeB JaeT UeThIpe PABHOBECHS B UHCTBIX CTPATETHUSIX:
(A,AA), (B,A,B),(B,B,A), (A,B,B). PasernctBa ui(A) = 0 1Ipu YUCTHIX CTPATETHSIX OMIOHEHTOB
HUKOIJIa He BO3HUKAET, MO3TOMY HET DPABHOBECHUI, IJie TOJBKO OJUH MIPOK UIPAET CMEIIaHHYTO
CTPATEruio.

Ocra/ioch pacCcMOTpeTh CUTYaIMIo, KOrJla KaKk MUHUMYM JIBa UI'POKa UCIIOJIb3YIOT CMEIIaHHYTO
crparerufo. [IycTh 3T0 BTOpOil M TpeTwii UTPOKH. YCJIOBHE HA TO, UYTO BTOPOM M TPETUl MOTYT
CMEIINBATD:

16p1ps — 8(p1 +p3) +3=0

16p1ps — 8(p1 +p2) +3 =0

Berarem u3 nepporo ypasaerus Bropoe u mnoayauM (16p; — 8)(ps — p2) = 0.

Ecnu 16p; — 8 = 0, To ectb p; = 0.5, TO IpH MOJICTAHOBKE B JII000OE U3 yPaBHEHUI CHUCTEMBI
[oJIydaeM, UTO JieBad JacTh He paBHA HYJIO, TO e€CTh perrenuit ¢ p; = (0.5 HET. DTO 3HAYUT, UTO
p3 — p2 = 0, TO ecThb Py = p3 = p.

Ecnmu mnepBbiii Takyke uUrpaeT CMEINIAHHYIO CTPATErWio, TO MOXKHO IIPOBECTU aHAJOTMIHOE
paccyKjieHne U MOJIYIUTh p; = py = p3 = p. Ho Besipb 9TO TO camMoe ypaBHEHUE, ¢ KOTOPOTO MbI
HavanHam!! Mbl 3HAEM, 9TO y HEro ecThb JiBa PENIeHus p = }l up= % pu p € (0,1).

Ecnu ke mepBbIit UTpaeT YHUCTYIO CTApTETrwWio, TO mojacTaBiageM p; = 0 win p; = 1 B cucremy
U U3 JIMHEIHOCTH I0JIyYaeM eJMCTBEHHOe perieHue jiyjisg p. MoKHO aKKypaTHO MPOBEPUTDH, UTO B
ciayuae p; = 0 zefictBuresibHo mostyauM pasHoBecue Harma, a B ciydae p; = 1 npu HEOOXOIUMOM JIst
HEOTKJIOHEHUSI BTOPOI'O0 U TPETHErO P OTKJIOHUTCSI MIE€PBbI - 9TO HE PABHOBECHE.

Bce ciyuan, u obiiee unciio pasHoecuit Hama koneuno. Bor onu Bce:

(A,AA)

(A,B,B)
(B,A,B)
(B,B,A)

3 5 3 )

B,-A+-B,-A+-B
(78 +8 ) +8)
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Barlpdailpiasly
4 4 74 4 4 4

['1ie 1Ba oc/IeTHEX - MOJTHOCTBIO CMenTanibie. Bripouem, /s pereHus 3a/1auu u He Hy2KHO HaXOUTh
BCE PEIIEHNUS - 9TO Mbl CJEJIAJN CKOpee JIJisi HAIVISTHOCTH - JIOCTATOYHO 0OOCHOBATH KOHEYHOCTD YUCIa
pPaBHOBECHIT JTIOOBIM CIIOCOOOM.

[Ipumep mocTpoew.

OTBer: ja, pedaTa MOTYT HPHUIYMATD MOJAXOSAILYIO UTPY.

Kpurepun. a) makcumym 10 6) makcumym 10

a) 3a POPMYJIMPOBKY MI'PbI, HO HENOJHOE JIOKA3aTEeJbCTBO MOXKHO OBLIO MOJYUIUTH JI0 5 GAJIOB.
KTo-TO IIpUBOIUI UTPYy, U Cpasy ToBOpWII, u4To B Heil 211 — 1 paBHOBecuii, HO He yKa3bIBaJl KaKue
CTpaTeruu 6y,ZLyT HCIIOJIb30BAaTh UI'POKH U KaK 9THU PaBHOBECHUA HaUTH.

6) e gesmscs: ecam npumepa Her, To 0. 3a MHTYHIUIO GAJIBl HE CTABUJINCH. Db paboTh,
KOTOPBIE TTPUBOJININ CUCTEMY YpPaBHEHUIT B OOIEM BHJI€ M FOBOPUJIN, ITO U3 9TOTO MOXKHO CJIE/IaTh
BBIBOJ| O CYIIIECTBOBAHUU UT'Pbl ¢ KOHEYHBIM KOJIMYECTBOM pelteHuil (paBHoBecuii). AsreGpandeckue
ypaBHEHUsT He 00si3aHbI UMETH PEIeHusT B JeHCTBUTEIbHBIX IHCIaX, TeM O6ojiee B uHTepBaje ot 0 10
1. Be3 cucrembr ¢ 3a1anabIMU KO3 DUIMEHTAMI U JIEMOHCTPAIINEN CyIeCTBOBAHUA JIBYX PEIIeHui
6aJLJIbl HE CTABUJINCD.

Bamaua 2. 3a Mot cuér (15 6asIoB)

Ommaa, Hacrs u Jdarra cobpasich B Kade oTmnpas3aHoBaTh JeHb poxkaeHust daunbl. Hactsa n Jdama
PEIININ, 9TO CYeT OILIATAT Ta U3 HUX, KTO IPOUTrPAeT B CJELYIOILYIO UI'PY. DJINHA BLIOMpPAET Iejioe
qucyio or 1 1o 10. Hacta u [arma mo odepean Ha3bIBAIOT Hejble guciaa or 1 go 10, naumnas ¢ Hacru.
[Tocste KazK 0l MOMBITKYA DJIMHA 9€CTHO TOBOPUT BBIIIE €€ YHCJIO0 WK HixKe. Ecn Ha3BaHO BHIOpaHHOE
DJIMHON YMCJI0, TO UTPa 3aKAHIUBACTCA. YT IaBIIUil INCIO CTAHOBUTCS IOOEIUTEIEM, & BTOPO —
[IPOUTDABIIUM.

Kaxkoe uncio Hy:kHO Ha3BaTh Hacre Ha mmepBOM X0y, €CJIM U3BECTHO, UTO, KarKIasl IEBOYKa
X04eT BbIUI'DATh U HE OIlJIaYNBaTh quT? HpI/I 9TOM 9JII/IH& HE dBJIdeTCd CTpaTeru4eCKUM UI'PDOKOM U
BBIOMPAET YUCJIO CJIydaifHo.

It’s on me (15 points)

Elina, Nastya, and Dasha gathered at a cafe to celebrate Elina’s birthday. Nastya and Dasha
decided that the loser of the next game will pay the bill. Elina chooses a whole number from 1 to 10.
Nastya and Dasha take turns naming whole numbers from 1 to 10, starting with Nastya. After each
guess, Elina honestly says whether her number is higher or lower. If Elina’s chosen number is called,
the game ends. The person who guesses the number correctly wins, and the other loses.

What number should Nastya name on her first turn if it’s known that each girl wants to win and
not pay the bill? Elina isn’t a strategic player and chooses her number randomly.

Pemenne'.

BeejieM HECKOJIBKO TIOHSITHI:

® ( — 3araJlaHHOE YMCJIO

e JlyimHa mMHTEpBaJa — KOJUYECTBO YUCEJI, KOTOPbIE eIlé He ObLIM IIPOBEPEHbI WU OTCEYCHDI
DnHONI

e w(n) — dyHKIUS, MOKA3LIBAKOIIAS BEPOSITHOCTb BBIMI'PATH, €CJAM B HAJae XOJa MPUIIES
MHTEPBAJI JIJINHBI 1 (MHOTJIa «MHTEPBAJI N> B AHAJOIMIHOM 3HAYEHNN )

Haunem peneaue ¢ KOHIa:

e [Ipumén unrepsas amuab n = 1, Torga w(l) =1

1ABTOpCKOe penienue He ABJIAeTCA JIAKOHUYIHbIM, aJIbT€pHaTUBHBIEC BEPHbBIC PEIICHUA 3aCHYUTHIBAJINCDH
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e [Ipumén unrepsan mmubl n = 2, torga w(2) = % (BepOSITHOCTH yrajaTh YUCJIO U3 JIBYX
paBHa 3, €CJIM HHCIO He YTaJaHo, TO X0 HEPEXOIUT K CJICYIOMIEMY HIPOKY, OH aBTOMATHYCCKH
BBINTDBHIBAET)

o [Ipumén naTepBas JIUHBI N = 3, TOTJa €CTh /IBa BAPUAHTA:

a. Ha3BaTb CpejiHee 4uciio,

0. Ha3BaTh KpaiiHee YUCJIO.

— Jlna BapuaHTa a.: ¢ BEPOATHOCTHIO % mobea, ¢ BePOITHOCTHIO % POUTPHIINT (TaK Kak
w(l) =1)

— Mg BapuanTa 6.: ¢ BEPOSITHOCTBHIO % 1mo6esa, ¢ BEepOSITHOCTHIO % nepe/iada MHTEpBaJIa

2

JUIHHBL 2 IPOTUBHUKY, TO €CTh BEPOSTHOCTD BHIMTpaTh 1 —w(2) = % [Hoyaum %~1—|—§'% = £

ITomyaem, 9TO ONTHMANbHEE HA3BATH Kpafinee 4mncio, Torga w(3) = 2.
e [Ipumén uaTepBasl JUIMHLL N = 4, TOT/Ia JBa BAPUAHTA:

a. Ha3BaTb CpejiHee 4uciio,

6. Ha3BaTh KpaiiHee YUCJIO.

- L[IIH BapHuaHTa a.: C BEPOATHOCTbLIO 71; HO6€,ZLa, C BEPOATHOCTBIO le IIPOUT'DHIII, C BEPOATHOCTbLIO
1

1
5 Hepejiavta HHTEPBaJIa JIJIMHbL 2 IPOTUBHUKY, TO €CTh BG%OE{THOCTB BeIUIPATh 1 —w(2) = 3

1 1 1.1 _
[omynm BeposTHOCTD BhMrparh 7+ 1+ 7.0+ 5 -5 = 3.

— Jlnsg BapuaHTa 0.: ¢ BEPOSITHOCTBIO i obej1a, ¢ BePOSITHOCTHIO % nepejiaia nHTepBaJia JJINHbI
11

3 MPOTHUBHUKY, TO €CTh BEPOSITHOCTh BHIUIpaTh 1 — w(3) = % [Tomyunm 411 14 % "3 =3

[Momy1aaem, 910 He BayKHO, 9TO JejaTh, Toraa w(4) = %
e [Ipumén uaTEpPBAJ JJIMHBL N = 5, TOT/Ia TPU BapUaHTa:

Ha3BaTb CpeJaHee 9IucCJIo,
Ha3BaTb BTOPOE C Kpalo,

B. Ha3BaTb KpaﬁHee YHCJIO.

— Jlna BapumaHTa a.: ¢ BEPOSITHOCTBHIO % 1mo6esa, ¢ BEepPOSITHOCTHIO

JIJTUHBI 2, TIOJIyIUM BEPOSITHOCTb BBIUTPATH %

nepejgada nHTepBaJia

[SAFSN

— Jlna BapuanTa 6.: ¢ BEPOSATHOCTBIO % robejia, ¢ BEPOATHOCTHIO % repe/iada MHTEpBaJIa
1 2
JUIMHBL 3, ¢ BEPOATHOCTBIO ¢ IIPOMIPBIIIL, MOJIy UM BEPOSTHOCTH BBIMIDATh £

— Jls BapmaHTa B.: ¢ BEPOSITHOCTBHIO % obejia, ¢ BEPOSITHOCTHIO % repe/iatda MHTepBAJIA

JJIMHDBI 4, IIOJIy9YUM BE€POATHOCTH BBIUI'DATDH %

ITosmyuaenm, 9To He BasKHO, 4TO JenaTh (a. i B.), Torga w(5) = 2.
e [Ipumén uarepBas JuHbL 1 = 6, TOT/Ia TPU BapUaHTa:

a. Ha3BaTh CpeJiHee YUC/IO,
0. Ha3BaTh BTOPOE C Kpalo,

B. Ha3BaTb KpaﬁHee YHCJIO.
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— /g BapuanTa a.: mobes1a ¢ BEPOATHOCTHIO %, C BEPOsATHOCTBIO = Ilepejlada MHTepBaja 2, C
1

3 1, 1,1 _
BEPOATHOCTLIO ¢ IIepeJlatia MHTepBaJla 3. BepositHOoCTb BBIMTpATH sTe1Ts~= 3

[N )

— Jls BapuanTa 0.: 1100€/1a ¢ BEPOATHOCTHIO %, C BEPOSATHOCTBIO % IPOUTDBIII, C BEPOATHOCTBHIO
4 1, 1,1 _1
¢ Hepesiada nHreppaJa 4. BeposdTHOCTDb BBIUTPATH sTe1Ts= 3

— Jlns BapmaHTa B.: 1100€/1a ¢ BEPOSITHOCTHIO %, C BEPOSITHOCTHIO g repe/iava MHTEpBaJIa o.

1,1 ,1_1
BepostitnocTs BRIMIDATh ¢ + 5 + ¢ = 5.

[Tosryaaem, 9ro He BayKHO, UTO Jies1aTh, Torga w(6) = %
o [Ipumén naTepBas AJIUHBL N = 7, TOrJa YeThIpe BapUAHTA!

Ha3BaTbh CpejHee YUCJIO,
Ha3BaTh TPeThe C Kpaio,
B. Ha3BaTh BTOPOE C KPaIlo,

I. Ha3BaTb KpaliHee 4ucJo.

— Jlna Bapuanta a.: £+ 2.2 =1
— Jna sapuanta 6.0+ + 2.2+ 2.2 =12
— s sapuanra B.: £+ 4+ 2.2 =2
— Jlns Bapnanra . £ 4+ 2.1 =12

e

[Tostywaem, 9ro He BayKHO, UTO JiesiaTh, Torga w(7) =
e [Ipumén narepsas IIUHBL 1 = 8, TOrJA YeThIpe BAPUAHTA!

Ha3BaTbh CpejHee INCJIO,
Ha3BaTbhb TPEThE C KPalo,
B. Ha3BaTh BTOPOE C KPalo,

I. Ha3BaTb KpaliHee duc/Io.

— Jlns BapnanTa a. : + 5 -3+ 53 =3
— Jns Bapuanta 6. § + 2.5+ 22 =12
— Jlnsa BapuanTa B.Z% g-%:%l
— Jns BapmanTa 1.: 5 + £ -2 =%

[Mony1aaem, 910 He BayKHO, 9TO JeJIaTh, TOraa w(8) = %
e [Ipumén uaTepBas JJIMHBL N = 9, TOT/Ia NATH BAPUAHTOB:

Ha3BaTh CpeJiHee YnCJIO,
Ha3BaTh YeTBEPTOE C KPalo,
B. Ha3BaTb TPEThE C Kpalo,
I. Ha3BaTbhb BTOPOE C KPAalo,

. Ha3BaTb KpaﬁHee YHCJIO.

©loo
N =
Nelld}i

— /[lng BapuaHTa a.: % +
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— Jns Bapuanta 6. § + 2 -5+ 22 =13
—,HJIHBapI/IaHTaB.Z%+%-%+g-%:g
— st BapuanTa r.: %—i—g-%:g
— Jlns Bapuanta Ji.: § + 5 -5 =2

ol

[Tosywaem, 9ro He BayKHO, UTO Jies1aTh, Torgaa w(9) =
o [Tpumén uarepsas juuasl n = 10, TOrjga nsiTh BAPUAHTOB:

Ha3BaTh CpejiHee YnC/Io,
Ha3BaTh YeTBEPTOE C KPalo,
B. Ha3BaTh TPEThe C Kpalo,
I. Ha3BaTbhb BTOPOE C Kpalo,

J. Ha3BaTb KpaiiHee 4ucCIo.

— .14 1, 5 2 _ 1
Hns Bapuanra a.: 35+ 53t 155 = 3
_ L, 3 1,6 1 1
Hna Bapuanta 6. 75+ 75 31t 15° 35 = 3
— 12 1, 7 3 _ 1
Hnsa Bapuanra B.: 35+ 353t 10" % = 3
— Jlng BapmanTa T.: & 4+ 5.1 =1

10 T102 7 2
— .19 4 1
g Bapuanra 1.0 15 + 15 5 = 3

[Tostyaaem, 9To He BasKHO, 4TO Jesiarh, Torma w(10) = % MozkHo Ha3BaTh JI060€ YUCIIO.

Kpurepun.

e Bepnoe perenne — 15 6aj1ios.
e Bepnoe paccmorpenue ciaydas Jijisl HTepBaja U3 3 ducesl — H 6asIoB.

e OrcyTCcTBHE BBITUCAHHOTO BEPHOTO OTBETA MIPU BEPHOM pelleHnr — mrpad 3 Oasia.

Bamaua 3. IIpocroit HuMm (15 6ansios)

Mama n Butsa cky4aior na 6epery mMops B (peBpaJie, rJe IIaBaTh 0Ka3aJI0Ch XOJI0/IHO, HO 3aTO
MOKHO CKOJIBKO YTOJIHO UTPaTh B Kamyiku. OHEU PEIiin, Kak 1 KaxK/Iblif T/l KOTJIa OHU IIPUE3KAI0T
B OTIIYCK, CHI'DATh B HUM, U Marira npe/iyiozknia oOHOBJIeHHYI0 Bepcuio. OHU CHIEAI0T OJIHY Ky4dy U3
2026 kamueit u OyJIyT 1O OvYepe i OpaTh U3 Hee KAMYIIKUA. 3& OJMH X0/ MOXKHO B3SITh JII0OOE MTPOCTOE
YUCJIO KaMHEH U OJINH KaMeHb, HO HIYero He 6parhb Hesib3d. Haunnaer, nanpumep, Burta. Urpoxk,
KOTOPBII He MOXKET CJIeJIaTh XO/I, IPOUTPbIBAET.

Ecnu n1pysbs urpaior onTuMabHO, TO KTO JIOJKEH M00eUTh B 910l urpe? Onuimre paBHOBECHYIO
CTpATETHIO.

Simple Nim (15 points)

Masha and Vitya are bored at the seaside in February, where it’s too cold to swim, but they can
play pebbles as much as they want. They decided to play nim, as they do every year when they go on
vacation, and Masha suggested an updated version. They’ll make a pile of 2026 stones and take turns
taking stones from it. In one move, they can take any prime number of stones or one stone, but they
can’t take nothing. For example, Vitya starts. The player who can’t make a move loses.

If the friends play optimally, who should win this game? Describe the equilibrium strategy.

Pemnenne.
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HanomuuMm, 9T0 MpOCTHIM Ha3bIBAETCS HATYPAJIbHOE YHUC/I0, OOJIbIee 1, KOTOpoe JeTUTCA TOJTBKO
Ha 1 u Ha cebd.

[Tokazkem, a0 mepBbiil Urpok (Buts) BeiurpeiBaer. [lepBbiM X070M OH MOXKET B3sTh 2 KaMHS,
JIOBeJIs 1ncJio Kamueir 10 2024 - gucia, KoTopoe geauTces Ha 4. 3areM OH MOXKeT Ha Jitoboit xoa Marn
OTBeYaTh TaK, YTOOBI OCTAIOIIEeCs IUCJIO KaMHell Bcerya jenunochk Ha 4. [leiicrBurensbio, ecau Mara
BO3bMeET 2 KaMHs, TO Burs MoKeT B OTBET TOXKe B3ATb 2 KaMHs. ¥y JPYTIUX HPOCTHIX YUCEJ OCTATOK
ot jeyenusd Ha 4 pasen 1 waum 3. Ilostomy ectm Marra Bo3bMeT YUCIO p KaMHEH, UMeOIee OCTaTOK 1
npu fejernn Ha 4, Buta Moxker B3aTh B 0TBeT 3 KaMHs. Ecim ke Marra Bo3bMeT 9nCI0 p KaMHeld,
UMeIoIllee OCTATOK 3 mpu JejeHun Ha 4, Bura moxker B34Th B orBeT 1 KameHb. [locKombKy dmcio
KaMHeil rocsie xojia Butu Bce Bpemst HeoTpUIATEILHO, JeUTCS Ha 4 U yMEHbBIIaeTcsd, TO B KaKOH-TO
MOMEHT TIOCJIe ero Xoja octanercs () KaMHell, 1 OH 110Oe uT.

Kpurepun.

1. AHajm3 BBIUTDBINIHBIX U TPOUTPBINIHBIX TT03uMuii (10 3 6asios)

3 Gasia — BCe MO3UIUN (BBIUTPBIIIHBIE ¥ [TPOUTPHIITHBIE) ¢ KOHIA OMPE/IeJIeHbI TIOJTHOCTHIO 1
6e3 ommbok 1 0a/uT — YacTh MO3UIUI MPOIYIIeHa, HO BCe 3alUCaHHble — KOPPEKTHBI () 6asl/ioB —
CYIIECTBEHHbBIE OIMMUOKN B OIIPEJIC/IEHUN TTO3UITUIT

2. OObsiCHEHNE MEXaHUKU ONTUMAJILHOl crparerun (10 10 6ajuios)

8 GAJIIOB — JIAHO KOPPEKTHOE U JIOTHIHOe 0ObsICHEHNe cTpaTernd (Kak U [modeMy OHa paboTaer) 2
6anma — OTHEeIBHO JTIOKAa3aHO, UTO CTPATernus paboTaeT M MPOCTBIX YHCET

3. ©opMyMpoBKa ONTUMAJILHOl cTpaTeruu B oTBere (10 2 6ajlion)

2 basuta — crparerus cOpMyJIMPOBaHa MOJHOCTHIO 1 Oa/ul — cTparerus ONMUCAHA YACTUIHO
(mampumep, 6e3 mepBoro xoja win HeroyiHo) 0 6a/I0B — cTparerus He cpOopMyIUpOBaHA

4. HexkoppexrHerit orBet 6e3 pemienus (0 6asios)

Ecm mpocto ykazaHo, KTO BRIUIPHIBAET (HAIPUMED, «BbIUTpaeT Buts» ) 6e3 KOPPEKTHOTO PeIeH st
u nosicuennss — () 6asIIOB 3a BCIO 3a/1a9y

Bamada 4. Kamuna, Heiipocers, Besynpeunocts (15 6assioB)

[ernanbHas nucciieoBaTeIFHUIA KOMIIbIOTEPHOTO 3peHns Kammra co3mana HeifipoceTh, KOTOpas 1O
JINILYy YeJIOBEKA MOYKET OIpPEJe/INTh, MOKAXKeT OH KaMeHb, HOXKHHUIIBI Uu Oymary. MHoro xkesaromumux
OBLIIO IOCOPEBHOBATHCS C HEHPOCETHIO B “KaMEHb-HOXKHUIIBI-OyMara’, HO HHTepPeC OBICTPO PO IaJl:
HeffpoceTh Oe3yIpevHo TOHNMAJIA HaMepeHusl JIto/iell u Beeria mobexxqasa. [Ipuriocsk 3BaTh Ha TOMOIIH
Yemmmona Mupa 10 “KaMeHb-HOXKHHITBI-Oymara’. HeMInon ymMeer JiepKaTh KaMEHHOE JIUIO, KOIJia OH
XO0YeT BBIOPOCHUTH “HOKHUIBI Mau “Oymary”’, m HeifipoceTh He TIpeIyTaibiBaeT ero Hamepenne. OHAKO,
KOI'JIa OH XOYeT BLIKMHYTH “KaMmeHb’, ¢ BepoaTHOCcThbI0 H50% HeiipoceTh IMOHMMAEeT ero HaMepeHHd,
oKasbIBaeT “OyMary”’ u mobeKIaer.

Yemmuon sBjisieTcst OOJIBITUM CIIenuaIncToM B Teopuu urp. OH perui pazpadoTarh CTPaTeruo,
KOTOpasg yduTbiBaJia Obl ero cjabocTb repeli Heiipocerbio. l'enmaibnas Kamwmia joraaiach o
cTparernu deMImoHa, TMOITOMY TakKKe 3ajajia aJTOPUTM HeHpOCeTH: ¢ KaKOW BepOSITHOCTHIO
BBIKH/IBIBATH “KaMeHb’, “HOYKHUILI WJIn “OyMary”’, ecjau He yAaJIoCh CINTaTh JIUIO 1eMIINOHA.

[IpuxomuT BpeMst MaT4da, ONTUMAJIbHBIE CTPATErMH Hali/IeHbl. TOT, KTO IPOUTPLIBAET B UT'DE, ILIATUT
nobesure o mouery. Haitiure matoxkuianue Beirpbiiina KaMusibl B OTJIEIbHO B3ATON UIPe.

Kamila, Neural Network, Impeccability (15 points)

Kamila, a brilliant computer vision researcher, created a neural network that can determine
whether a person will throw rock, paper, or scissors based on their face. Many people wanted to
compete with the neural network at rock-paper-scissors, but their interest quickly faded: the neural
network flawlessly understood people’s intentions and always won. They had to call on the World
Rock-Paper-Scissors Champion for help. The champion maintains a poker face when he wants to
throw scissors or paper, and the neural network doesn’t predict his intention. However, when he wants
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to throw rock, the neural network has a 50% chance of understanding his intentions, throwing paper,
and winning.

The champion is a great expert in game theory. He decided to develop a strategy that would
take into account his weakness against the neural network. The brilliant Kamila figured out the
Champion’s strategy, so she also set the neural network algorithm: what is the probability of throwing
"rock,paper,"or "scissors"if the Champion’s face is not detected.

The match begins, and the optimal strategies have been found. The loser pays the winner a coin.
Find Kamila’s expected value for winning this particular game.

Pemnenne.

Dopmasuzyem urpy: cHadasa Jemruon (ou ke HesloBek, nepBblii UIPOK) JIeJIaeT X0/ - 331y MbIBAET,
aro u3 Kamus (R), Hoxkuun (S) u 6ymaru (P) emy nokasars. B ciaydae, eciim Hemnnon nemaer xof R,
TO JAJIBIIE XOJI Je/laeT Ipupojia: ¢ BeposatHocThio 0.5 HelipoceTh cunTbiBaeT HaMepeHUE U BHIUTPHIBAET
- YenoBek TepseT moHeTy, a HeitpoceTh eé moJrydaer; ¢ BepoATHOCTBIO (.5 TIEPexXo/ M B IOJILITPY
(G, TIpeJICTaBJISIONLYIO CODOI OOBIYHBIE “KaMeHb-HOKHUIBI-OyMara”, riae xoj1 jgenaer Heitpocers 6e3
JIOCTOBEPHOI'O 3HAHUS, UTO MOKayKeT Ye0BeK, HO ¢ BepaMi OTHOCUTEIHHO TOT0, ¢ KAKON BEPOATHOCTHIO
Oyaer BbIOpaHa Kakjas u3 crpareruit. B ciyuae, eciim YesoBek jiestaer xoi S uian P, 1o Mbr
BCeryia okasbiBaeMcs B ojpirpe G. O6osnaunm crparerun Heifpocern (Broporo nrpoka) MaJIeHbKAMI
OyKBamu: r, s, p.

HeitpoceTb MOXKeT HCIOMB30BATH BCE CTPATErHH € HEHYJIEBOW BEPOSATHOCTHIO, TOJIBKO €CJIU OYIeT
HOJTIyIaTh OT HUX PABHBIN OKUjIaeMblil BEIUTPHINT. Tak Kak mojgsirpa G mpejcTaBisger codoit 00bITHbIE
“KaMeHb-HOXKHHUIIbI-OyMary”’, TO HECJIOXKHO IOKa3aTb, YTO €JIUHCTBEHHOW CHUTyallleil, KOrJaa 9TO
BO3MOZKHO, SIBJISIETCS PABHOBEPOSITHOE TOSIBJICHNE KAXKJIOTO U3 TPEX 3HAKOB CO CTOPOHBI OIIOHEHTA.
[Iycrs HesoBek-Yemmnnon ucmnonb3yer crparernn R, S, P ¢ BEpOSATHOCTIAMU T, Y, Z COOTBETCTBEHHO,
rae © + y + z = 1. Bamerum, 910 ¢ BepoATHOCTHIO (.52 MBI OKa3bIBaeMCsI B MOJBITPE, Tie mobeaa
apromarndecku yxoaut Heitpoceru. Torya ycioBue Ha paBeHCTBO BEPOATHOCTEN BBINAIEHIS KAXKIOTO
u3 3HaKoB oT YesioBeka B mojibirpe G:

0.5z Y z
1-05r 1-05z 1-05x

OTKy/1a JIerKo HAXOIUTC peIleHne T = %, y=2z=

Tenepb ocTaaoch yOeIUThCsI, UYTO HAMIYTCAd TaKue BeposaTHOCTU X00B HelipoceTn, aro HYemosek
He Oy/IeT OTKJIOHATHCS OT BHIOPAHHON CTPATErrH.

YetoBeK MOXKET UTPaTh KayK/IyI0 U3 YUCTBIX CTPATErwil ¢ HEHYJIEBOI BEPOATHOCTHIO TOJIHKO TOTJIA,
KOTJIa OYKUJIa€Mble BBLIUTPBINK OT HUX oJuHaKOBHI. Ilycts HeitpoceTs B urpe, rie He ymaaoch CIuTaTh
Hamepenne YesioBeka, UrpaeT KaMeHb, HOXKHUIILI U OyMary ¢ BEPOSTHOCTAMU @, b, C COOTBETCTBEHHO,
a+ b+ ¢ = 1. Torma oxxutaemMble BBIUTPBINTH UeJ0BEKa OT YUCTBIX CTPATETHIL:

N

u(R)=05%(b—c¢)+05%(—1)=05(b—c—1)
u(S)=c—a
u(P)=a—>5

Yenosue na urpy YesnosekoM cmernanubix crparernit u(R) = u(S) = u(P) u equnudnas cymma
BEPOATHOCTEN IIPeACTaBIIAEeTCA B BUJE CUCTEMBbI JIMHCHHBIX ypaBHCHUI.

a+0.5b—1.5¢=0.5
20—b—c=0
a+b+c=1

L,c = . PaBHOBecHe JI0BOJIBHO

soboribiTHOE: HeftpoceTh HaumHaeT dalie urparTh HOXKHUIBI U peyke OyMary, TeM CaMbIM CO3/IaBasd

Permaem crcremy mo0bIM cIOCOOOM W TIOTyYaeM a = %, b=

10
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y HesroBeKa MOTHBAIIMIO TTOKA3bIBATH KAMEHb, HECMOTPs Ha TO, YTO €r0O IOBEJEHNE B 9TOM CJIydae
MOKET OBITH TTPOCYUTAHO.

Mpbr nmamnuim paBHOBeECHE HSH.I&, OCTaJIOCh BBIYUCJ/IUTL BBLIUTPLIININ CTOPOH MW BbBIFACHUTL, YTO

HeitpoceTs B cpejiHeM BBIMTPBHIBAET }l 3a urpy. urepecno, aro eciim 061 YesloBEK COBCEM OTKa3aJICA OT

“ b} 1 o o
KaMHA ', TO OH IIPOUT'PDbIBAJI 6bI HE MCHBIIIC 3 3a UI'PYy 1IPpU IIPpaBUJIBHOU UI'DE HeI/IpOCGTI/I - IIPOBEPKa

9TOro (hakTa MpeJyIaraeTcsi BCeM 3alHTEPECOBABINNCS YUTATE/ISIM B KAYeCTBe YIIPaXKHEHUs - )
OTrBer: %.
Kpurepun.
110 3 6aJLI0B
1o 5 6aJ110B
10 5 6aJ110B

110 3 6aJIIOB

34 MIPaBUJIbHO HAPUCOBAHHOE JIEPEBO UT'DHI;

3a yCJIOBHUsS Ha MOUCK BEpPOsTHOCTEH BbIOOpa cTpareruit YeMmmoHoMm;
3a OYKMJIaeMbI€ BBIUI'PHINN 1eMITHOHA;

3a pacyeT IeHbl UTPHI.

Bagaua 5. IleneBoit npuem (15 6ay110B)

Ha TpéxcroponHeMm pBIHKE IEJIEBOTO MPUEMA €CTh aOUTYPUEHTHI, BY3bl U 3aKA39IUKU, UX HAJ0
pasbuTh Ha TPOIKHU, B KOTOPBIX OHU OY/IyT CBA3aHBI B3aMMHBIMU 00st3aresibeTBami. (st mpocToTh
Oy/ZeM cunTaTh, 9TO y KarKJOr0 By3a M KayKJIOI'O 3aKa3uMKa TOJBKO OJTHO MECTO LIS 3aUUCTIEHU, 1
YHCJI0 ATeHTOB € KaXKJI0il CTOPOHBI ojinHaKOBoe. ) [Ipenodrenns y areHToB JIpyr OTHOCUTEIBHO JpyTa
[UKJIMNIHO-JIEKCUKOT PahnaecKue:

— V KaXKJI0TO aDUTypHEeHTa €CTh HEKOTOPhIE CTPOTHE MPEIIIOUITEeHNUs] OTHOCUTEIHLHO 3aKA3INKOB
(cormacHo 3apiLiaTe U KOJIUIECTBY KOPIIOPATHBOB), & BY3bl UTPAIOT BTOPHYHYIO POJIb;

— ¥y KaxKJIOro 3aKa34rKa eCTh CTPOrHe TPeJIIIOYTEeHNsI OTHOCUTEIBHO BY30B (COTIACHO PEITyTAIlWN ),
a adUTYyPUEHTHI UT'PAIOT BTOPUYHYIO POJIb;

— Y KayKJIOro By3a €CTh CTPOTUE MPENOYTEHIs] OTHOCUTEILHO aDUTYPUEHTOB, U 9TU MPEIIOUTEHNUST
onuHAKOBEI (coracHo basam EI'D), a 3akasunkn 3HadeHus me UMeIOT.

Bompoc: Oyzer i — 11 JTI0OBIX TPEANIOYTEHNN CTOPOH — CYIIECTBOBATH CTAOMJILHOE COYeTaHUe,
TO eCTh Takoe pasbueHue Ha TPOWKHU, YTO HU OJHA WHasi OJOKUPYIOIIasi Tpoiika (abUTypHEHT, BY3,
3aKa349MK) HE MPEIMOYTET OTKA3ATHCS OT CBOMX 0DSI3aTEICTB B MCXOMHOM COYCTAHUU U BMECTO ITOTO
codeTaThbcs JpyT ¢ apyroMm? B Ookupyroreit Tpoiike KaXKJI0MYy JIOJI?KHO CTATh HE XY2Ke, a KOMY-TO
JIOJIZKHO CTaTh CTPOro Jiydiie. Tpedyercs J0Ka3aTh WA ONPOBEPTHYTH CYIECTBOBAHUE.

Targeted Admissions (15 points)

In a three-sided targeted admissions market, there are applicants, universities, and clients. They
must be divided into triads, bound by mutual obligations. (For simplicity, we will assume that each
university and each client has only one available slot, and the number of agents on each side is the
same.) The agents’ preferences relative to each other are cyclical-lexicographic:

— each applicant has certain strong preferences relative to clients (based on salary and number of
corporate events), while universities play a secondary role;

— each client has strong preferences relative to universities (based on reputation), while applicants
play a secondary role;

— each university has strong preferences relative to applicants, and these preferences are the same
(based on Unified State Exam scores), while clients are irrelevant.

Will there exist — for any preferences of the parties — a stable combination, that is, a partitioning
into triads such that no other blocking triad (applicant, university, client) would prefer to abandon
their obligations in the original combination and instead combine with each other? In the blocking
triad, everyone should be no worse off, and some should be strictly better off. This existence must be
proven or disproved.

Penienne.

CymecTBOBaHIE UCKOMOTO CTAOUIBHOIO COUETAHUS JIOKA3BIBACTCS KOHCTPYKTUBHO TIPU TTOMOIII
aJropuTMa THIila Ton-IUKIoB (top trading cycles). CHauasa mocTponM cTabHIBHOE COYETaHHe, TI0TOM
IOKazKeM €ro CTabMJILHOCTD.

11
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[TocTpoenne crabuiabHOro coveranud. Bo3bMEM caMOro MpeIIIOYTHUTETHHOIO JIJIT BY30B
aburypuenta (TakoWl eCTb, TaK KaK y BY30B OJWHAKOBBIE IpeanodrTenus). Hasmadmm sTomy
AbUTYyPHUEHTY CaMOTO MPEIIOYTHTETLHOTO JIJI HETO 3aKa39nKa. JTOMY 3aKa39NKYy HA3HATUM CAMBIi
IPEIIOYTUTEbHBIN I Hero By3. Mbl 0Opa3oBasy MepByIO TPOUKY. YOnpaeM 3TUX TPOUX AreHTOB W
MIOBTOPSIEM IIPOIIE/IYPY: BBIOMPAEM CAMOIO MPEINOYTUTETHLHOrO a0UTYPUEHTA, HA3HAYAEM €My €ro
CaMOro MPeIIOYTUTETLHOIO 3aKa39NKa U CAMbIH IIPEeIIOYTUTEIbHBIN JIJIA 9TOr0 3aKa34NKa BY3.

JlokazkeM CTaOUJIBHOCTH IIOCTPOEHHOT'O COYETaHUA TI0 WHJYKIIUA -— COTJIACHO TOPSJIKY
opmupoBaHUs TpoeK B ajropurme. PaccMoTpuM mepBbiil UK (1epByo cOPMUPOBAHHYIO TPOTKY ).
Hwu onun arenT m3 9TOro nukKjaa He MOYKET CTaTh YJIEHOM OJIOKUDYIONIE TPONKU: B MEPBOM ITUKJIE
abUTypUEHT BBIOPAJI JIydIlero 3aKa3unuKka, 3aKa3quK BeIOpaJl JIydmuii By3, JJist 9TOr0 By3a (Kak u Jist
BCEX) 9TO JIYUIIUi aOUTypPUEHT.

[IycTh BIJIOTH 710 TIUKJIA ¢ UHJIEKCOM k-1 HUM OJIUH M3 areHTOB He sBJIAETCH YJIEHOM OJIOKUPYIOIEit
TPOWKM, KOTOPOMY CTaJIO JIydIle, JIOKAyKeM 3TO JIJIsd IUKJIa ¢ uHjaeKcoM K. J[ng mporuBopedns, mycThb
CYIIECTBYeT OJIOKUPYIOIIasi TPOiKa ¢ yIacTHeM areHTa U3 IHUKJIa ¢ UHJEKCOM K. DToMy areHTty He
MOIJIO CTaTh Xyke (pa3 OH B GJOKUPYIOIIEH TPOHKe), HO U He MOIJIO CTaTh Jiydiie (Tak Kak HUKTO
u3 OoJiee pAHHUX I[UKJIOB HE BXOJUT B OJIOKUPYIONLYIO TPOHKY IO MPEJIIOJIOKEHHUIO), TIOITOMY OH
ocTaJics B 0e3pa3/Iminu, TO €CTh MOJIYYU B OJIOKUPYIOIIEH TPOiTKe TeX Ke areHToB, YTO U B ITUKJIE
¢ nnjekcoM k. Takum ob6paszoM, MbI JIOKA3aJIM, YTO OJOKUPYIONasd TPOHKa COBIAJIAET C UCXOIHBIM
nuKJaoM ¢ uHjgekcom k. IIporuBopeune.

CiresroBaTeibHO, OJIOKUPYIONIMX TPOEK € YUACTHEM areHTOB U3 INKJIa C MHJIEKCOM K He CYIecTBYeT.

Kpurepun.

15 6aJLI0B - MPaBUJILHBII OTBET U €CTh KOPPEKTHOE JIOKA3ATETHCTBO

5 GAJIJIOB - IPABUJIbHBIN OTBET, €CTh MOIBITKA JOKA3ATEIbCTBA, HO OHO HEKOPPEKTHOEHEIOJTHOE

1 Ga/1 - mpaBUJIBHBIN OTBET, HET JIOKA3aTEIbCTBA,

0 6as1710B - HENPaBUJILHBII OTBET

Banada 6. BurBa He Ha ku3Hb, a HA cMepTh (20 6assioB)

JIBe KOMIIAHUM OYEHb XOTAT BBITECHUTH JIPYT Jpyra ¢ pbiHKa. C OCTAJIbHBIMU KOHKYPEHTaMU
OHU YK€ PAacCIpaBWINCh. Kcanm MM Bcé Ke yJIacTCs BbIJIABUTH ONIIOHEHTA, TO IOJE3HOCTH OT
MOHOIIOJILHOTO TIOJIOZKeHUsT Kaxk ias oreHuBaeT B 270 y.e. lyiss TOoro 9To0bl BBIJIABUTE OIIIOHEHTA,
HY?KHO IPUHUMATh HEKOTOPBIE CEPhE3HbIE U 3aTpaTHbie Mepbl. COOTBETCTBYIOIIAS UT'PA TIOTEHIIUATBHO
MOZKET IPOJIOJIZKATHCA JIOJITO U yCTPOEHA CJIEIYIONM 00pa3oM. B MoMeHT 1 nepBasg KOMIIAHHUSA PEIIAET,
BKJIQIBIBATHCSI JIU B OOpHOY MPOTHB ommoHeHTa. Ecam oHa cpa3y OTKayKeTcs M, COOTBETCTBEHHO,
C/IacTCs, TO OHA JIOJI?KHA YHTH ¢ PBIHKA, OHa HUYEro He TPATUT U He TOJIydaeT, a ONIOHEHT BBIUTPAET
270 u urpa 3akon4unTcd. Ecim ona penmT BJIOXKUTHCA B 60pHOY, TO 310 cTouT eif posuo 100 emunmIy
[I0JIE3HOCTHU, KOTOPbIE HEBO3BPATHBI IIPU JIIOOOM JTaJIbHEHIIEM PA3BUTUU COOBITHIA.

B momenT 2, eciin mepBasi KOMIIaHUA He CJAJaCh paHee, TO BTOPasd KOMIIAHWUS JIOJI2KHA, PEITUTb,
crout Jji boporhesi. Boprba crout Takke 100, a caaThbcss MOXKHO OECILIATHO, HO TOT/Ia BHIUTPHIBAET
nepBasi KOMIIQHUS.

B momenT 3, ecsin BTOpas KOMIAHHUS HE CJIAJacCh, TO XOJ CHOBA IEPEXOIUT K IePBOii, 1 OHa CHOBA
JIOJZKHA PeuThb, Tpatuth Jjin eit eme 100 eaunui; Ha 60pudy. U Tak masee o odepenu. 3arparbl
KoMITaHuM HakKarumBaoTcd 1o 100 3a KaxKblil 1epuo/i, KOrja MMEHHO OHA IPUHUMAET pelleHue
BJIOKHUThCA B 60pb0y. B ToT MOMeHT, Koryia Kakas-Jimb0 KOMIIAHUs CIACTCH, UI'Pa 3aKOHYUTCA U €e
OIIIIOHEHT IOOEINT.

MakcuMaabHbII OI0/I7KeT, KOTOPBIi KaxK1asd KOMIAHUA MOXKET MOTPATUTH Ha OOPLOY B CyMMe 3a
CBOU XO/Ibl, OTPAHUYEH U SIBJISICTCs YacTHON MHMOpMAIeil KazK, 101 KOMIAHUN, HEU3BECTHOMN OIIIOHEHTY.
Bromxker Moxker ObITH OO MasienbKuil, pasublii 200, mub0 Oosibioi, pasabii H500. BiomkeTsr MOXKHO
CYUTATDH CJAYYARHBIMUA BEJIMIUMHAMU, TIPUYIEM JIJId IIEPBOI KOMIIAHUU BEPOSTHOCTD OOJIBLIIIOTO OI0/IzKeTa
pasua 0.8, a gy Bropoit 0.95. 9Tu anpropHble BEPOATHOCTHA W3BECTHBI O0EMM KOMIIAHUSM, TAKKe
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KaxKJ1asi KOMIIaHUA 3HaeT cBoit OrozkeT. [Ipn Tparte meHer Ha 60pbOY KOMIIAHUsT HE MOXKET B CyMMe
BBIITH TpaTaMi 3a IPEJIE/Ibl CBOErO OIOIKETa.

NzBecTHBI MeXKTyHAPOIHBIN aHAJIMTUK O3HAKOMUJICS C CUTYAIMel U 3asBUJI, YTO, 110 €r0 MHEHUIO,
COBCEM CKOPO TepBasi KOMIIAHHUS 3aiiMeT MOHOIIOJIbHOE ITOJIOZKEHNE Ha 9TOM PBIHKE. DTO BBI3BAJIO
HEKOTOpbIE COMHEHHUsI MECTHOTO coobiecTBa. OupegennTe, CTOUT Ji BepuTh dkciepty?! Ecan na,
TO IIOCTPONTE COOTBETCTBYIOIEe paBHOBecHe. Kcn HeT, TO MOKaxKuTe, 9TO TaKas KOH(MUrYpalis
HEpaBHOBECHA, U IPEI0KUTe Oojiee 000CHOBAHHBIN ITPOTHOS.

A Life-or-Death Battle (20 points)

Two companies desperately want to drive each other out of the market. They've already dealt
with the remaining competitors. If they do manage to squeeze each other out, each estimates the
utility of a monopoly position at 270 units. To squeeze out the other, they must take some serious
and costly measures. This game has the potential to last a long time and is structured as follows. At
moment 1, the first company decides whether to invest in the fight against the other. If it immediately
refuses and, therefore, surrenders, it must exit the market, spends nothing, and gains nothing, while
the other company wins 270 units, and the game ends. If it decides to invest in the fight, this costs
exactly 100 units of utility, which are irrecoverable no matter what happens next.

At moment 2, if the first company hasn’t surrendered earlier, the second company must decide
whether to fight. Fighting also costs 100, and surrendering is free, but then the first company wins.

At time 3, if the second company doesn’t surrender, the turn passes again to the first company,
and it must again decide whether to spend another 100 units on fighting. And so on, one after the
other. A company’s costs accumulate by 100 for each period in which it decides to invest in fighting.
When one company surrenders, the game ends and its opponent wins.

The maximum budget each company can spend on fighting, combined across its turns, is limited
and is private information for each company, unknown to its opponent. The budget can be either
small, equal to 200, or large, equal to 500. Budgets can be considered random variables, with the
probability of a large budget for the first company being 0.8, and for the second, 0.95. These prior
probabilities are known to both companies, and each company also knows its own budget. By spending
money on competition, the company cannot exceed its budget.

A renowned international analyst has reviewed the situation and stated that, in his opinion, the
first company will soon achieve a monopoly position in this market. This has raised some doubts in
the local community. Determine whether the expert’s assessment should be trusted. If so, construct a
corresponding equilibrium. If not, demonstrate that this configuration is not equilibrated and propose
a more reasonable forecast.

Pemienne.

Pacemorpum nipoduss crpareruii, mpu KOTOPOM BTOpPasi KOMIIAHWUS CJIAETCS Ha BTOPOM IIare
HE3aBUCMO OT cBoero Owjpkera. llpm 3Tom ob6a Tuna dupmbr 1 OygayT cauTarh, 4TO y (HUPMBI 2
MAAEHDKEUT OIOZKET ¢ BEPOSITHOCTHIO OJIMH, €CJIM BJAPYT MPOHAOIONAIOT, 9TO (pupMa 2 BKJI IBIBACTCS
B 60pBOY BO BTOpPOM Tiepuojie, u 0da Tuia (hbupMbl 1 Beeryia BKJIaIbIBAIOTCS B O0PHOY 70 TeX 1Oop, MOKa
JIbO He MCUEpIaoT CBOU OIOKETHI, MO0 UI'pa He JTOCTUTHET CeAbMOTO rmepuoja. MblI moKaKeM, ITo
9TOT TPOMUIL CTPATEIHIl SIBJIAETCS 9acThio CJIAOOro COBepIlIeHHOTo OaiiecoBa paBHOBECHS.

Pacemorpum cunagasa dupmy 2 ¢ majgeHbKuM OromkeroM. OHa MoxKeT 1modbeauts ¢hupmy 1 ¢
MaJIeHbKUM OIO/2KETOM, ecjiu urpa mepeiiier B 4-it nepuoma. OjHako, ona mpourpaer dupme 1 ¢
6osbImmM GroKeToM. CrieloBaTesIbHO, ee BRIMTPHINT OyseT mbo -100, ecin oHa Jie/1aeT CTaBKY BO 2-M
nepuojie u ciaercs B 4-Mm, 6o -200+(1-0.8)270=-146, ecsin oHa JejaeT CTaBKH J0 TeX IMOp, MOKa
He McUYepIaeT CBOH OromKkeT. 3aMeTHM, 9TO TakK IepBasi (DUpMa BCerja BKJaJIbIBaeTcs 60pb0y, TO
AIIOCTEPUOPHAsT BEPOSTHOCTH €€ BBICOKOTO OIO2KeTa He MEHSIETCS U PaBHA allPUOPHOIA.

Temeps pacemorpum bupmy 2 ¢ boabmmMm 6romzKeToM. OHa MOXKeT mo0eIuTh 1 ¢ MaJeHbKUM
O10/IzKeTOM, ecoin Oy/ieT OOpOThCcsA B 4-M TI€pHojie, U OHA MOXKET 1o0enTh Gpupmy 1 ¢ OOIbITIM
OroKeTOM, ecan OyseT OOpoThes B 4-M W 6-M Ieprojax, IMOCKOJIbKY, €CJIM OHa CJeaeT CTaBKY B
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6-M niepuosie, To dpupa 1 6OJBITNUM OOZKETOM TOIHO Oy/IeT 3HATH, UITO Y (DUPMBI 2 TOXKE OOJIBIIION
OIO/IKeT, TaK YTO B KOHIIE KOHIIOB HET CMBICJIA NBITATHCA €€ TepPeOuTh, U, CJACJ0BATEIbHO, YCTYIIUT B
7-m niepuojie. Eciu doupma 2 ¢ 601bimmM O10/2KeTOM BKJIa IbIBaeTCsd B 00phOy BO 2-M u 4-M Iepuojiax,
HO ycTynaeT B 6-M, TO ee BBIUIDBINI Oy/IeT TaKUM Ke, KaK y (DUPMbBI 2 ¢ MaJIEeHBKUM OIO/IZKETOM,
KOTOpasl CcjejyeT Toil ke crpareruu, T.e. -146. [losTomy HaM HY?KHO PacCMOTPETb TOJILKO CJIydail,
Korma pupma 2 ¢ 6OJIBIINM OI0JIZKETOM JlejIaeT CTaBKU BO 2-M, 4-M u 6-M nepuogax. B atom ciaydae
ee BbITpHIIT Oyaer paser -200 + (1-0.8)270 + 0.8(270-100)=-10<0. CaemoBatesbho, dhupma 2 ¢
OOJILIITIM OI0JIZKETOM IPEJIIIOUTET YCTYIUTh B TIEPUOJIE 2.

Haxoner, Mbl mpoBepsieM, SBJISETCs JIM HAIlla TOCTYJIUpyeMas crpaTerus hupMbl 1 ceKBEHIHATHLHO
paruonasibHO. Eciu urpa gocruraer 7-ro mepuoga, To dpupMma 1 ¢ 60bIIM OIOIKETOM TOYHO
y3HAET, 9TO OHA cOpeBHYyeTcs ¢ (pupMoii 2 ¢ 6OIBIIUM OIOJPKETOM, U, CJIEJIOBATEILHO, yeTynaeT. B 5-m
epuojie, yIuThiBasi, 9T0 dhupma 1 ¢ 6osbmm OI0/ZKeTOM cauTaeT (MMeeT Bepy), U4TO UrpaeTr MpOTHB
dUpMBI 2 ¢ MaJICHBKUM OIOJIZKETOM TI0 HaIllell TIPeJINOChLIKe, OHA TOYHO BJIOXKUTCA B 00pb0y. B 3-Mm
nepuojie pupma 1 ¢ OoJIbITIM OI0/IZKETOM BCET/Ia BKJIAJIBIBAETCSI B OOPBHOY, MOCKOJIBKY HE3aBUCUMO OT
TOTO, 4TO AejaeT pbupMa 2 ¢ HU3KUM OIOIKETOM B B 4-M 1epuoie, pupma 1 ¢ OOJIbIITNM OI0IKETOM
[IOJIy 9AET MOJIOZKUTEIbHBIN 0XKITaeMblil BIUTPhIiL. OcTaeTcs MpoBepuTh, Oyier jin hupma 1 ¢ HUBKUM
OIOIZKETOM BKJIA/IBIBATLCS B O0pLHOYy B 3-M mepuojie. YUUThIBas €e Bepy, UTO OHa IMPOTHBOCTOUT
dupme 2 ¢ MaIeHBKIM OI0JIZKETOM C BEPOATHOCTHIO OJnH, hupma 1 ¢ HU3KUM OIOIZKETOM BJIOYKUTCS
B OOpBbOY TOT/Ia U TOJIBKO TOTJIa, KOTJla OHa CYUTAET, 9TO pupMa 2 ¢ HUBKUM OIOPKETOM CJIACTCS B
cJIeTyIoneM Iepuojie. B mpoTuBHOM ciydae oHa mpourpaeT 1 noryduT Beurpsi -100. Pupma 2 ¢
HUBKUM OIOJIZKETOM CJACTCA B 4-M MEPUOJIe TOTJIA U TOJILKO TOIVIA, KOTJIa €€ BBIUI'PBIII OT OOPHObI,
pasubiii -100+(1-0.8)270, MeHbIe HyJisi, a 9TO TaK. 3HAYUT, JefAcTBUTEHHO dbupMa 1 ¢ HU3KUM
OI0/IZKETOM 0043aTe/IbHO BJIOXKHUTCA B O0phOY B 3-M 1epuose. Hakoner, Mbl yxKe yCTaHOBUIU, YUTO,
yaIuThIBasi Bepbl pupMbl 1, bupma 2 ¢ JT00BIM OI02KIeTOM ¢1aeTcst Bo 2-M mepuose. CregoBaTebHoO,
dupma 1 mpu gr060M OIOKEeTe 005A3aTE/ILHO BJIOKUTCA B 00phOY B 1-M mepuo/ie.

OrMernM, 9TO TaK KaK UI'DA 3aKAHIMBAETCd Y2Ke II0CJIe MEPBOIO IMEepUoja, TO JasbHeire
Bepbl UTPOKOB HEJIB3sl IPOBEPUTH 110 (popmysie Baiteca, a 3HaUT B claboOM PaBHOBECUU OHU MOTYT
OBITH COBEPIIEHHO JIIOOBIMU. B 9TOM KOHTEKCTEe MBI MOXKEM CUYUTATh HAIIETrO SKCIepPTa pPa3yMHO
[IPE/ICKA3BIBAIONINM CUTYAIINIO, €CJIM He 3a/1aBaThcd 00Jiee IyDOKO BOIIPOCOM, OTKY/ia y hUpMbI 1
MOT'YT BO3HUKHYTH B JAJIbHENIIEM TaKue BEPHI, YTO IMEHHO ONIOHEHT ¢ HU3KUM OI0/I2KETOM Oy/1eT
BKJIAJIBIBATBCS B OOpbOy. A Takue Bepbl MOI'YT BO3HUKHYTb, HAIIPUMED, U3 AHAJOTUU C TUITAIHOMN
JIBYXIIIANOBO# MOJIE/IbIO TIOKEpa, B KOTOPOil MPH IJIOXUX KapTax (hupMe CTpaTernvdecKu BBITOJIHO
6s1ecboBaTH U MOJTHATH CTABKY.

B urpe cymecryer erie oHo 6aiiecoBo paBHOBECHE, KOTOPOE HAILIA HEKOTOPbIE YYaCTHUKU: OHO
HAXOJINTCsI OOPATHON MHIYKIIEH, B KOTOPOM KJIIOUEBbIE PACCY2KJIEHUsT TPOUCXOAAT B MOMEHT D JIJId
dupmbl 1 ¢ GoabmUM OIOKETOM: OHA OCO3HAET, YTO B CJIEYIONINI MOMEHT BpeMeHu dupma 2 ¢
OOJILIITM OIO/I?KETOM TOYHO BJIOXKUTCS B OOphOY, a dpupma 2 ¢ MaJeHbKUM OIO/2KETOM HE CMOXKET,
MMO3TOMY MOZKET OINEHUTh OKHUIAEMYIO MOJIE3HOCTH OT Mpoo/kenns 6oprobl. Torma dpupma 1 B Hit
MOMEHT BPEMEHU C JII0ObIM OI0JI2KETOM TOXKe He BJIOKHUTCA. /lajiee MOXKHO 1oKa3aThb, 9TO (pupMma 2
¢ J1I00BIM O10/I2KeTOM BJIOyKUTCA. Torma doupMme 1 He BBINOIHO BKJIAJIBIBATHCS B MOMEHT 3, dupme 2
BBITOJTHO BKJIAJIBIBATHCA B MOMeHT 2, u hupMe 1 jrydrie caacres cpasy. [Ipu srom BHe TpaekTopun
urpbl GOPMUPYIOTCH COOTBETCBYIOIINE MTOBEJIEHUIO BEPHI, OHU CUJILHO COIVIACOBAHBI. DTOT MPOrHO3
Pa3BUTHS COOBITHI CIIPABEJJINB, OJTHAKO, N0 3AMBICAY ABMOPOS 3a0a4U, MHTEPEC COCTOST B TOM, ITOOBI
O00bACHUTD, KaKas JIOTUKA JIEJKUT B OCHOBE ITPOTHO3a IKCIIEPTA.

Kpurepun.

[Tosubrit 62711 CTABUIICA TOJBKO €CJIM COJIEPYKAJIOCH OOOCHOBaHNE PABHOBECHOCTH IIPEJICKA3AHUS
9KCIIepTa.

o 15 6asu10B cTaBUIJIOCH IIPH ITOJTHOM OObSICHEHUU BTOPOI'O PABHOBECHS C YTBEPKJIECHUEM, TTO
9KcepT He npaB. Ecmm ObLn HENoTHbIE ONUCAHUS BEP, TO CTABUJICH HEIOHDLIN OaJLI.
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7-8 6aJlJIOB CTABWJIOCH 33 HaJUYUEe HEKOTOPBIX BEPHBIX Wi, OJIHAKO ONIMOKW ITPU OMUCAHUU
PaBHOBECUM.

3 GaJjuta CTAaBUJIOCH 3a PACCMOTPeHne 4 caydaeB ¢ TMoHoN nHdopMarumeii (pasHbie KOMOMHAIIIH
OIO/PKETOB) M BBIBOJ| HA OCHOBE YaCTOTHI BCTPEYAHUS CJIyIaeB.

15



