eV JIATA
W BHITTYCKHWKOB

KPVITGPVIVI OLIeHMBAHMA 3aJlaHMUM 3aKJIIOUYMUTEIbHOI'0 3Tara
I10 HaITpaBJIEHUIO «Teopvm urp»

3agaHNs 110 HaIIpaBJIEHWIO COCTOSUIV TOJIBKO M3 MHBapVWaHTHOWM YacTu. [ Toro,
uTOOBI ITpeTeHI0BaTh Ha CTaTychl MefaivicTa, guruioManTa I, 11, Il crenenn,
y4acTHMKaM HeoOXoAMMo HaOpaThk HambosIbIlee ynciio 0aJUIoB 3a Bee 3aaHs.

Howmep samanusa MaxkcymabHbIV Oarut Yuér B pentTuHre 1o
HaIlpaBJIeHUIO
1 10 v
2 20 v
3 20 v
4 20 v
5 15 v
6 15 v

Hwxe B moKyMeHTe HpeAcTaBIeHbl YCIOBWS, PelIeHWs VI KpUTepuy OLeHMBaHMA
Ka’XOoV 13 3a1a4.
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IIpodunn: «Teopusi urp» KO/ - 280
ITamsmu Andpess Bpemsena
Bpewms BoimosiHeHus 3agadug — 180 MHUH., sI3bIK — PYCCKUA MJIN aHTJIMACKWIA.
Pemmre Bce 3amaun. Beca 3aja4d, B TOM duc/ie KaxkJI0ro IIOJIBOIIPOCaA, IIPUBEIEHBI B CKOOKaX.

NacTpykiuu.

e Permmenne MoxKeT OBITH PEJICTABICHO KaK HA PYCCKOM, TaK U Ha aHIVIMIACKOM s3bike. Hukakmx
JIOTIOJTHUTEIbHBIX OaJIJIOB, BIpOYeM, KaK U MITpadoB, 3a pelleHne Ha aHIVIMICKOM S3bIKEe He
ITPEJIYCMOTPEHO.

e Pemenne 10/2KHO OBITH XOPOIIO CTPYKTYPUPOBAHHBIM, U3JI0?KEHO TI'PAMOTHBIM S3BIKOM, &
OYepK — paciiodnaBaeMbIiM. OTBEThI Ha KaueCTBEHHBIE BOIPOCHI JOJI2KHBI OBITH YO€IMTE/IbHO
apryMeHTUPOBAHBI, HO JIIMHHBIE PACCYKJIEHNs, He OTHOCIIINECS K CYTH Jiejla, MOT'yT HETaTUBHO
MMOBJIUATH Ha OIEHKY.

e Bce maru B pereHnn JI02KHBI OBITh 0OOCHOBaHbI, BCE BBIYUC/ICHHS JIOJ?KHBI IIPUCYTCTBOBATDH B
pabotre. KanbKkyasgropaMu mo/Ib30BATbCS 3aIIPEIIEHO.

e YepHOBUKHU HE MPETYCMOTPEHBI, PelleHre cpa3y opopMIIgeTca Ha IUCTOBUK.

e Ecim nmpuBesieHHOE pellleHne SBJISeTCS HeBEPHBIM, TIepeIepKHUTE ero (IepevdepKHyTOe pellieHne
HE TIPOBEPSIETCs) U MPUBEINTE KOPPEKTHYIO BEPCHIO.

e [Ipy Ha/JIMYIUKM HECKOJBKUX BAPUAHTOB PEIIEHUsI OJTHOTO U TOTO Ke 3aJaHusl, ITPOBEPAIONTNI
caM OIpeJIesIeT, KaKoe U3 PEIICHH MO/IC?KUT MIPOBEPKE, a alle/UIAINHA ¢ TPOCHOOi TPOBEPUTDH
JpYToli BapUaHT PENeHns He TPUHUMAIOTCS.

Yoauu!

Baga4da 1. Cekper yernoctu. (10 6asioB)

Teopus urp copepKuT B cebe MHOTO KPaCUBBIX U HEOUeBUIHBIX dakToB. OJHO T0KA3ATETHCTBO
cymecTBoBaHUS paBHOBecus Hama vero crout! Ecte u gpyrue npumepsr HeoueBHIHBIX TeopeM. Pobepr
Yuscon nokazan B 1971 romy, 94To mouTH BCe KOHEYHBIE UTPHI IMEIOT HEYeTHOe YncjIo paBHOBecuit Hama.
[Ipo a1y Teopemy, CMBIC]I CJIOBOCOUETAHUS TIOYTU BCE M MHTYUTUBHYIO HHTEPIIPETAIINIO JIOKA3ATEIHCTBA
MBI pacckazkeM B aiiie ¢ pereHusMu 3aa49 ouMiuaibl. K cqacTbio, OT yYaCTHUKOB OJIMMITUATHI
He TpebyeTcs J0Ka3aTh Ty CJI0KHYIO TeopeMy. B paMKax 3Toil 3a/1a9 Mbl JIUIIH TOKAXKEM, YTO B
dopmyIMpoBKe TEOPEMBI HEJTH35 3aMEHUTD TTOUTH BCE Ha BCE.

[IpuBeuTe TprMep UIPHI HA JIBYX UT'POKOB ¢ KOHEYHBIM HYHCJIOM YHUCTBIX CTPATETrHil, KOTOpas
UMeeT:

1. 6eckoneunoe uuc/io paBuoecuit Hama;

2. KOHeYHOe YeTHOe Yucjo paBHosecuit Hama.

He 3abyipre mokazaTsb, 9TO BaIll IPUMeP MOIXOIUT O/ YCIOBHE!

[Ipumeuanmne: PaBroBecumem Hama MBI cunTaeM Kak paBHOBECHE B UHCTBIX CTPATETHAX, TaK U
paBHOBeCHE B CMEITaHHBIX CTPATErHIX.
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The Secret of Evenness. (10 points)

Game theory contains many beautiful and non-obvious facts, i.e. the proof of the existence of the
Nash equilibrium. There are other examples of non-obvious theorems. In 1971, Robert Wilson proved
that almost all finite games have an odd number of Nash equilibria. We will tell the meaning of the
phrase almost everything and the intuitive interpretation of the proof in the file with solutions to
the problems of the Olympiad. Fortunately, the participants of the Olympiad are not required to
prove this complex theorem. We ask you only to show that in the formulation of the theorem it is
impossible to replace almost everything with everything.

Give an example of a two-player game with a finite number of pure strategies that has:

1. an infinite number of Nash equilibria;

2. a finite even number of Nash equilibria.

Don’t forget to show that your example fits the condition!

Note: Nash equilibrium can be both in pure strategies and in mixed strategies.

Pemnenne.

1. [Ipumep nHa GeckonedHoe uncsio paBHosecuit Hama.

ty ty
s1 10,0050
S9 | 0;0 10,0

Jlerko BuIeTh, 9TO Pe3yJIbTAT UTPhI HE 3aBUCUT OT BBIOOPA CTPATErnii, IO3TOMY UTPDOKU MOTYT
UrpaTh JIIOOYIO CMeCh CTpaTeruii u 3To OyjeT paBHOBecreM Harma.
2. [Ipumep Ha yerHOE umMca0 papHOBecuii Hamra

tq to
s1 100100
So | 0;0 | 1;1

9T0 cuMMeTpUIHas urpa. Ecin onmoHeHT urpaeTr IepByo CTpaTeruio, TO UI'POK B JIIOOOM CJiydae
nostyautT 0, a 3HAUUT MOXKET UrpaTh JIOOYIO cTpaTernto. Ecin onmmoHeHT ¢ HeHY/IeBO BEPOATHOCTHIO
UCIIOJIB3YET BTOPYIO CTPATETHUIO, TO ONTUMAJIbHBIM OTBETOM JII UTPOKA OYJET MCIIOIb30BAHUE BTOPOI
crparernn. OTCI0/Ia HECTIOKHO 3aK/TFOYUTh, YTO €CTh POBHO JiBa HabOpa CTpaTeruii, Mpu KOTOPBIX HU
OJINH U3 UTPOKOB HE OTKJIOHUTCH: (S1,t1) U (S, o). [Ipumep Ha aBa paBHOBecust Hama mocrpoen.
JlonoTHUTEIHHO TTPUJIAraeM:

Kpurepun.
1.1. [IpaBuibHBI puMep 6€3 J0Ka3aTeIbCTBa - 2 OaJjiia, IPaBUIbHBIN IPUMED C T0KA3aTeIHCTBOM
- b 6aJsoB.

1.2. IlpaBuibHblil TpuMep 6e3 J10Ka3aTe/IbCTBa - 2 DaJslia, PaBUIbHbIN IIPUMED C J0Ka3aTeIbCTBOM
- 5 6asoB.

Bamaua 2. Topoma. (20 6asioB) T'opoga — urpa, B KOTOpOit HIPOKH 10 0YE€PE/ HA3BIBAIOT OO,
Ha3BaHue KOTOPOro HAYMHAETCA Ha Ty OyKBY, KOTOPOH OKAHYMBAETCA HA3BAHHE MPEJILIIYIIETO TOPO/IA.
[lepBblit UTPOK B CBOII MEPBBIil X0/ MOXKeT Ha3BaTh JiI000i# ropoj. Heb3st HasbIBaTh ropoja, KOTOPhIe
ObLIM HAa3BaHbI paHee JIIOOBIM U3 UT'POKOB. [IponrpuiBaeT UrpoK, KOTOPHIN HE MOXKET CIesIaTh XOJI.
Hpysbs A u b xxuByT B ctpane A6ab6a. OHU perm/in ChIrpaTh B TOPOJia, IPUIeM OHU JOTOBOPUIIACH
UCIOJIb30BAThH B UT'PE TOJIBKO ropojia cBoeli crpanbl. Ckazounas crpana Ababba mpumedaTebHA TEM,
9TO B ee ajipaBuTe €CTh TOJIBKO JiBe OYKBbI: A n B. /Ipy3bs oTimaHO 3HAIOT reorpaduio CBoell CTpaHbl:


http://www.dklevine.com/archive/refs4402.pdf
https://mindyourdecisions.com/blog/2014/10/07/game-theory-tuesdays-why-most-games-have-an-odd-number-of-nash-equilibria/
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€CTb a MOpPOJIOB, KOTOPbIEe HAYMHAIOTCI Ha A 1M 3aKaHYMBAIOTCHA Ha A
ecTh b ropoioB, KOTOphIe HAYMHAIOTCI Ha A 1 3akaHINBaOTCA Ha B
€CTb € TOPOJIOB, KOTOPble HAUMHAIOTCA Ha b 1 3akanunBaiorcs Ha A
ectb d TOpPOIOB, KOTOPhIe HaUMHAIOTCA Ha b 1 3akandnBatorcs Ha b
a, b, ¢, d - mesble HeoTpuIaTeIbHBIE Yncia. [lepBolit xox gesaer urpok A. OuuimmTe MHOXKECTBO
Becex (a, b, ¢, d), npu KOTOPBIX ¥y UI'POKA B eCTh BBIMIPHIIIHASI CTPATErUSI.

Shiritori. (20 points) Cities (shiritory, jielong) is a game in which players announce a city whose
name begins with the letter that ends with the previous city’s name in turn. The first player may
name any city on her first turn. You cannot name cities that were previously named by any of the
players. The player who cannot make a move loses.

Friends A and B live in country Ababba. They decide to play cities, and they agree to use only the
cities of their country in the game. The fabulous country of Ababba is notable for the fact that there
are only two letters in its alphabet: A and B. Friends know the geography of their country very well:

- there are a cities that start with A and end with A

- there are b cities that start with A and end with B

- there are c cities that start with B and end with A

- there are d cities that start with B and end with B

a, b, ¢, d are non-negative integers. Player A makes the first move. Describe the set of all (a, b, c,
d) for which player B has a winning strategy.

Penrenne.

[Ipexk e Bcero 3ameTnm, ITO I UI'PHI JTOCTATOTHO 3HATH MEPBYIO U MOCJIEIHIO OYKBBI BCEX
ropojios. ITosromy naMpOpMaIig 0 KOJIMIecTBE TOPOJIOB € TIepBOil OyKBO# = U 1oc/ietHeit 6yKBoit y
JUISE BCEX X, Y U3 aJipaBUTa TIO3BOJIAET OJTHO3ZHAYHO ONPEJIEIUTD, Y KOTO M3 UI'POKOB €CTh BBIUTPHIITHAA
CTpaTerus.

Benomorareibaoe yTBepiK ieHme

[Iycre y i-ro Urpoka eCTh BBIMTDBIIIHAS CTpaTerus B urpe ¢ mapamerpamu (a,b,c,d). Torma y i-ro
UI'POKA €CTh BBIUTPBIIIHAS CTpATerusi B urpax ¢ napamerpamu (a + 2,b,¢,d) u (a,b,c,d + 2).

JlokazaTeabcTBO

[TycTb y i-ro urpoka ecrTb BBIMIDBINIHAS CTpaTerus s B urpe ¢ napamerpamu (a,b,c,d). Ilycts
JI00aBJISIETCS JIBA HOBBIX IOPOJIA, KOTOPbIE HAMUHAIOTCH U 3aKAHINBAIOTCS Ha OJIHY U Ty Ke OYKBY
(mycTh 17151 onpejiesieHHOCTH Ha OyKBY A, muist 6yksbl b anamornano). [locrponm crpareruio §, KoTopast
IPUBEJIET §-T0 UTPOKa K 1100e/ie B HOBOIT urpe ¢ mapamerpamu (a + 2,b,¢,d).

Haszosem cmapowmu ropojia, Koropbie 6butu B urpe (a,b,c,d) u no6vimu j1Ba 106ABIEHHBIX TOPOJIA.
BoiarpbiiiHas crparerus § jiist i-1o urpoka B urpe (a + 2,b,¢,d): eciiu OImoHeHT HA3BIBAET Cmapbill
ropoji b0 ¢ = 1 U MBI JieJlaeM IEePBBI X0/ B UT'Pe, TO HA3bIBAEM T'OPOJ COIJIACHO CTPATErHH S;
€CJIN OIIIOHEHT HA3BIBACT HOBbIY TOPOJ, TO TAaKKe Ha3biBaeM Ho6bil Topoa. O0bsicHUM, mToYemMy
S obecneunBaeT 100ey -My HUI'POKY. Ec/mm omIIIoHEHT 3a BCIO UI'PY HE Ha3BaJl HU OJHOTO HOB020
ropojia, TO Urpa cBesach K urpe (a,b,c,d), rie i-blif UIPOK BCerjia CJIeJ0BA CTPATETUN S, KOTOPast
SIBJISIETCs BRINTPHBINIHON. OTCIona clielyer, 9To i-blif UTPOK mobexkpaer. Ecan B KaKo#-T0 MOMEHT UI'PBI
OIIIOHEHT HA3BAJ HOGWL TOPOJI, TO i-blif HI'POK TOXKE HA3BIBAET HOGWI( TOPOJ (IIOC/IE Yero J0CTYIHBIE
HOBbE TOPOJIA 3AKAHUYNBAIOTCS ). 3aMETUM, U4TO 008 HO6bLL MOPOJA HAYUHAIOTCA U 3aKAHIMBAIOTCS
Ha OJIHY U TY Ke OyKBY. DTO 3HAYUUT, 9TO HA CJIEYIOIIUI XO/I TOC/Ie MCIIOIb30BAHUS HO8020 TOPOIA
OIMTOHEHT OKAa3aJICsd B MPOUTPHIIIHON JJTsT cebs TIOJBITpe ¢mapoti UTPHI, T.K. i-bIii UTPOK MCIOJIb30BAJ
BBINTPBINIHYIO B CMapoti UTPe CTPATETNIO S, a MCIIOJIb30BaHNE HOBVIL NOPOJIOB paHee He ITOBJIEKJIO
3a 00Ol cMeHy OYyKBBI, Ha KOTOPYIO OIIIOHEHT JOJIKEH HaduHaTh ropo. OTciofa caemayeT, UTo i-blii
UTPOK TTIOOEKJIAET.

BemrpeliiHas cTpaTerust mocTpoeHa, 3HAYUT Y 1-I'0 UTPOKAa, €CTh BBIUI'PHIIIHAS CTPATErdsl B UI'Pax
¢ mapamerpamu (a + 2,b,¢,d).

Canencrsue
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Jlns1 onpeesienns odbeauTe st UIPhl JOCTATOYHO 3HAThH 3HAUEHUs b, ¢ 1 YeTHOCTH a, d.

Bocrionb3yemed stuM 1 paszbepeM 4deTwIpe cirydad, Korja a,d pasubl 0 mim 1.

Cayuaii 1. (0,b,¢,0)

Urpa B 3TOM Cilydae 1MOXOxKa Ha MUHI-TIOHT: OJUH UI'POKOB BCETIa BBIHYKJIEH HA3BIBATH IOPOIA
A...6, a apyroit ropona B...a. Bemurpaer Tor, y Koro B 3amace 6oJibie roposos. IlepBblit HIpok cBOMM
[EPBBIM XOJ0M MOXKET BbIOpaTh, XOUET OH Ha3biBaTh ropoja A...60 uiu B...a.

Ecmu b > ¢, To mepBbIil UIPoK Ha3bIBaeT TOpoi Buaa A...0 U BBINTPHIBAET.

Ecim b < ¢, TO 1IepBbIit ITPOK Ha3BIBAET TOPOJL, BUIA B...a 1 BRIMTPHIBAET.

W jumms B citydae b = ¢ mepBBIil NTPOK MPOUTpaeT HE3aBUCUMO OT TOIO, KaKOi TOpPOJI OH HA30BET.
Do 3naunt, uro B urpe (0,b,6,0) y BTOporo urpoka ecrb BHIUIPHIIIHAS CTPATEIHS.

Cayuaii 2. (1,b,¢,0)

Ecnmu b > ¢, TO nepBbIii UTPOK BBIUTPBIBAET, UCIIOJIb3Ys TAKTUKY ITUHT-IIOHT U3 PEJBLIYIIEro
cIydasi: BCerja Ha3blBaeT ropoja A...0, BRIHYKas BTOPOTO UI'POKa OoTBedaTh b...a. B 91o0it curyarmm
y BTOPOI'0 UI'POKa PAHbIIE 3aKAHIMBAIOTCA TOpPO/ia TUIA b...a ¥ OH MPOUTPHIBAET.

Ecmm b < ¢, To mepBbIii MIpOK IEPBBIM XOJIOM Has3biBaeT A...a, IOC/e 9ero urpa BHOBb
CBOJUTCS K IHMHI-IIOHTY, I'Jleé BTOPOMl MIPOK BBIHYXKIEH MIparTh ropojaMu A...6 W mpourparb, T.K.
10 TIpe/irnoJioxkenuto b < c.

Coywait 3. (0,b,¢,1)

AHajIoruIHO cIydaio 2, y mepBOTO UTPOKa €CTh BBIUTPBINIHAS CTPATErusl MpH JIOOBIX b, C.

Coywuaii 4. (1,b,¢,1)

Ecmu b < ¢, TO 11epBblii UI'POK IEPBLIM XOJI0M Ha3bIBaeT A...a, IOCJIe Yero UCIOJIb3yeT TaAKTUKY
[IMHT-TIOHTa, OTBeYasi Ha ropojga A...0 ropogamu B...a. Bropoit urpok BbIHYK/I€H UI'DATh TOPOIAMU
A...6 u mpourpaTh, T.K. IO IPEIOJIoKeHno b < c.

Ecmu b > ¢, To mepBbIit UTPOK TEPBBIM XOJI0M Ha3biBaeT bB...0, moc/ie 9ero ncrnoab3yer TaKTUKY
IIIHT-TIOHTa, OTBedast Ha ropoja b...a ropomamu A...6. Bropoit urpok BbIHY?K/I€H UI'DATh TOPOJAMU
b...a u npourparhb, T.K. IO IPEIIIOIOKEHIIO b > C.

Brisox

Y BTOPOro Mrpoka ecTh BBIMIPBHINIHAA CTpaTerus Juilb B ciaydae 1 npu b = c¢. C moMoIbio
CJIEJICTBUS W3 BCIIOMOTaTETHHOTO YTBEPIKIEHNsT MBI 3aKJIIOYUAEM, 9TO Y BTOPOI'O UTPOKA €CTh BBIUTPHIII
TOIJIA U TOJILKO TOTJIa, Korjaa b = ¢ u a, d SBJISAIOTCS YeTHBIMHU.

Otset: (2m, k, k,2n), tae m,n, k - 1ieJible HEOTPHUIIATEIHHBIE THUCIIA.

Kpurepun.

e [IpaBUIbHBIN OTBET U KOPPEKTHOE U TojIHOe perenne — 20 6asoB,

e JlokasaHa 9eTHOCTH a ¥ d, €CTh yCJIOBHE b = ¢, HO MOTPeOOBAHO OT b JOMOJIHUTEILHOE YCJIOBUE
gernoct — 10 6asLIoB,

Hoxkazana mocraroanocts (2n, k, k,2m), npu k,m,n € Z, #o He joKazaHa HeodbxoauMocTs — 10
6aJLIIoB,

Hokazana yerHocTb a u d, HO HeT ycjaoBus b = ¢ (KpoMe COBCEM MPOCTOro Ciydasi, KOrJa
b= c=0 - rorma 0 6amios), — 5 6aLIOB,

PaccMOTpeHbI TOJLKO OYeHb YaCTHBIC CAydad, HaIpUMep, TOJIBKO CIydail TOMLKO CiIydail
(0,0,1,1) u (1,0,1,0) — 0 6asios,

EcTb npaBuibHBI OTBET, HO HET KOPPEKTHOro perrenns — () 6asoB,

OTBeT SHAYUTEJIbHO OTJINIaCTCd OT IIPAaBUJIbHOT'O UJIN PEIIECHNE COAECP2KUT CYIIECTBEHHBIC OH_H/I6KI/I
— 0 6aJwI0B,
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e Ecjm oTBer npaBmibHbI, HO 000CHOBAHUE HETIOJIHOE (HAIIPUMED, TIOCJIE PACCMOTPEHUS HEKOTOPBIX
CJIyYaeB HAIMCAHO, YTO JJOKA3aTeILCTBO, OUYE€BU/IHO, CTPOUTCH 110 AHAJIOTUU, TIPU 9TOM KaK UMEHHO
OHO CTPOUTCSI HE MOHATHO), TO cHuMaeTrcst 10 10 6asuios.

Bamaua 3. MeaBexuii ppiHoK. (20 6asutoB) Ecre N menseneit u K<N yibes, kaxpiii MeaBeb
N UMeeT KaKOW-To Bec w, > 0, 1 KaxKJblil yJIeil COIepKUT KaKyIo-To Maccy my > 0 Ména. Kakaprii
MeJIBE/Ib BBIOUPAET OJIMH M3 YJIbEB, U ITOCJIE STOI0 MEJ KarKJIOTO YJIbs JICJTUTCS MEXKy BBIOPaBIIMMU
ero MeJIBeJIIMU IIPOIOPIIMOHAJIBHO UX Becy. Bcerma Jim B 9TOi uUrpe CyIiecTByeT paBHOBECHUE IIO
Hommy B aucrsix crparerusx? (To ectsb, Takoe pasbuenne MejBesieil 10 yIbsM, YTO HUKTO He XOUYeT B
OJIHOCTOPOHHEM TIOPSIJIKE MOMEHSITH CBOil yireii Ha Jpyroit.) /lokazkuTe win npuBenTe KOHTPIPUMED.

Bear market. (20 points) There are N bears and k<N hives, each bear n has some weight
w, > 0, and each hive contains some mass my > 0 of honey. Each bear chooses one of the hives, and
after that the honey from each hive is divided among the bears that chose it in proportion to their
weights. Does this game always have a Nash equilibrium in pure strategies? (That is such a division
of bears into hives that no one wants to unilaterally change their hive for another.) Prove this or give
a counterexample.

Pemnenne.

JlokazaTeIbCTBO yCTPOEHO 110 WHTYKITHAH.

Basa waaykmuu. Paccmorpum npousBosibayto mpobiemy (1,5,m,W) co Bcero 1 menBejem,
I = {i;}. Dra npobrema umeer pasHOBecume Harma p, B KOTOpOM MeJBeNb i) 3aHUMAaeT Hanbosee
HPEeOYTUTEbHBIA (GOJIBINOIT) yireii s U moJiydaeT Bech MeJl u3 Hero mys(p) = ms.

IMMTar waayknuu. Ilycrs sobast mpobiema pasmepa |[I| < n — 1 (yuciao measeseit) umeer
pasroBecue Hama. Teneps jiokazkeMm 310 Jijis mpobsiembl pasmepa || = n.

Pacemorpum npoussostbiyio pobsemy (1,5,m,W) ¢ |I| = n u ee mogmpobaemy (I \ {i,},S,m, W),
MOJIYIEHHYIO V/IAJIEHHEM MeJIBe/isi C HAUMEHBIIUM BecOM i,. CoryiacHO MPEIoI0OKEHUI0 IIara
UHIYKIIAU, CyIIEeCTBYeT TaKoe pacipejesieHne MejIBeJeit 11, KOTOpoe siBJsieTcsi paBHOBecueM Hatma s
noiipoosieMbl. [Tokaxkem Teneph, uTo jlodaB/IeHne 7, K HOAIPObIeMe He HAPYITUT CTaOUILHOCTH [i.

CMITINM M€JIBEJIs i, C TAKUM YJIBEM S, KOTOPBIil 0beciednT eMy HaubOJIbIlee KOJIMIEeCTBO MeIa
[PU YCJIOBUM, UTO JIPYIUe MeJBEU PACIIPEIEIEHbI COIJIACHO [ JIJIs JIFOOOTO JPYIroro yibs s’ # S Mbl
JOJIZKHBI IMETD

Wy, > m. Wy, .
Zie,u(s) w; + Wy Zieu(s/) w; + Wy

[Tocyie Toro Kax Mbl pacupenenin MeJBels i, B yjaeil s, “‘craryc’ Bo BceX APYTIUX YJbIX He
U3MEHUJICS, TAK UTO He CYIIECTBYET MeJBes § & (i(S), KOTOPBIii 3aX0Tes Obl OTKJIOHUTHCS B KAKOH-TO
yaeit 8 € S, MOCKOIBKY B IIPOTUBHOM CJIy4ae OH XOTeJs Obl OTKJIOHUTBCSI OT [ TAKKe U B HOJIPODIIEME.

[Tokazkem Terepb, 9TO s MeJBe st j € (i(S) TaKyKe He CYIIeCTBYET HOBOI'O IIPUBJIEKATETHLHOTO
yiabs s € S. IIpeanonokum IpoTuBHOE, 1ycTh (7,8') dBJsiercs Takoii “Giiokupyromeii” mapoit, 4ro
BHAYUT

(2) mg

(1) ms

wj

Dicn(sn Wit w;

wj

Zieu(s) w; + wp .

> my

Ho B sTOM citydae i, Jo2KeH ObLT Obl OBITH CM3TUEH C yiabeM s, a He ¢ S. JleficTBUTENIbHO, TOCKOIBKY
wy, < wj
w w w w;
n Z mg L = . mg J .
Zieu(s’) Wi + Wy ZiEp,(s’) w; + wj wj Zie,u,(s’) w; + wj

W Torya n3 HepaBeHCTBa 2 MbI JaJiee IMOJIydaeM

mg

Wy, w; Wy, w; Wy,
(3) — My J > — - Mg J =
wy ZiEM(s’) w; + Wj Wj ZiEu(s) w; + Wy,
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OObeuHsIs 3T JiBa HEPABEHCTBA, MOJIYYaeM
W, W,
> m, :
D ien(s Wi+ Wn Dicu(s) Wi T Wn

YTO MPOTUBOPEYUT HEPABEHCTBY 1.

Takum obpazom, 1ocsie TOro, Kak MeJIBE/Ib 4, BLIOPAJ yjeil s, He HAIIOCh OJIOKUPYIONINX I1ap
“MeJIBe/Ib-yJIeli”) T.e. MMOJIy9eHO CHOBA PABHOBECHE.

AsroputMudeckasi Bepcusi IIPOUCXO/ISIIIETO — IIPU JIOJ2KHOM OOBbsICHEHMHM MOTJIa
OBbITH 3acumMTaHa KakK pelleHne. PaccMoTpuM KOHKPETHYIO ITpobjemMy pacipesenienns. Bymem
[IOCJIeI0BATEIbHO MITUYUTH MeJBE/Iell B COOTBETCTBUM C MX BeCAMH HAYMHASA C CAMOI'O TSKeJIOro:
KaXKJIbIil MeJBe/Ib BhIOMpaeT HamboJiee MPEeINOYTUTENbHBIN yieil ¢ y4eToM BbIOOpa MPeIbIIy X
MejBe/ielt B ajroputMe. Tak 2Ke, KAK U BbIIIE, MOYKHO MOKA3aTh, YTO HUKTO U3 MeJIBEJell He 3aX04uer
OTKJIOHUTBCS.

Kpurepun.

mgr

e JlokazaTe/IbCTBO CyIecTBOBaHUs paBHOBecus Hala B 4MCThIX cTpaTerusx MOXKHO ObLIO IIPOBECTH
[0 WHJYKIMU UM KOHCTPYKTHBHO (ajropurmudeckn). Oba BapuaHTa JIOKA3aTEIbCTBA TIPU
JIOJIZKHBIX TTOSICHEHUSIX 3aCYUTBIBAJINCH OJIMHAKOBO

e 20 6aJUIOB CTABUJINCH 3a IIOJIHOE U IOJIPOOHOE JIOKA3ATETLCTBO CYIIECTBOBAHUS PABHOBECHUS B
YUCTBIX CTPATErnIX.

e 5 0a/lJIOB CTABUJIMCH 38 MPABUJILHOE PACCMOTPEHUE YaCTHOI'O TIPUMEPA.

e Yacrtuunbie 6Ga/lIbl CTABUJINCH 3a MOIMBITKH JOKA3aTeIbCTBA, €CJAU OHU COIAEPKAJIU BEpHBIE
YTBEPKJIEHUSA, KOTPble MOIVIA Obl IPUBECTU K KOPPEKTHOMY JIOKA3aTEJIbCTBY IPHU JIOJIZKHOM
0DOCHOBAHWN.

Bamaua 4. Houruii 6as(i). (20 6anmos)

B yesmnom ropojie NN na 6asy Becrpedatoress N kaBajiepoB u N j1aM. Y Bcex KaBaJjiepOB H JIaM
CTpOTHE TPENOYTEeHNs] OTHOCUTEIBHO MapTHePOB. g Bcex KaBaepoB U JaM TaHIEBATH XOTsd ObI C
KEM-TO JIy4Ille, YeM CTOATH B OJMHOYecTBe. Bo BpeMs TaHIa ollpejiesieHue rmap MPOUCXOIUT CJIeLYIOIIIM
obpaszom. Ha mepBoM Kpyre mpurialienuii KazkIblii Kapajep IpUurjaiaer cBow “mepByio” mamy (Ty,
KOTOpasi HpaBUTCA eMy Gosibiie Beero). /lama BbIOMpaeT u3 BCeX IPHIVIAIIEHHIT JTydIiee U OTKA3bIBAET
octayibHbIM. OTHAKO OHA HE CIIEMIMT ¢ OTBETOM JIyUIIeMy W3 IPUTVIACUBINNX, OKUJAasl, 9TO B OyIyIeMm
OHa MOXKeT TOJIYYHTh IPUIJIAIeHne oT Oojiee »KeJJaHHOTO KaBaJiepa. Ha BTOpOM Kpyre KazK Iblii
KaBaJsiep, MoJIyIuBIINil OTKa3 UACT K cBoeil “BTopoil” mame (Jydireii, Koropas eIé He OTKa3aJa), u
CHOBa KaxKJiasl JJaMa BBIOMPAET U3 BCEX MPUTJIAIICHUIT JIydIllee U OTKa3bIBaeT ocTaabHbIM, U Tak jasee
MIOKa BCe HE pa300bIOTCd Ha Maphl.

Tax maumnasiach 3agada 4 dunaabaoro srana Otkperroit Onummmaaer BIIID o Teopun urp
2017. Hy:kH0 OBLIO CpaBHUTH JiBa criocoba dhopMupoBaHus nap. B Hamem pemeiike orvcan oJInH U3
CTII0CO0OB.

1ot crocod hopmuposanus nap 3H@EeKTUBHBIN, HO HACKOJIBKO OH ObICTPbIit? Beb 1moka kapaJjepbl
XOIAT OT OJIHOM JlaMe K JIPYTOii, MOYKET 3aKOHIUTHCSI My3bIKa!

[Iycrs N=3.

1. JlokaxkuTe, 9TO HATU KPYTOB JOCTATOYHO, YTOOBI C(POPMUPOBATH BCE TPH IMTapPhI.

2. IlpuBeuTe mpuMep MpPeNIOYTEHU, TPU KOTOPBIX BCE Maphbl OYAYT chOPMUPOBAHBI TOJHKO Ha
IATBIA KPYT.

[Iycts N Tenepb mpousBosbHOE.

3. O6oznaunM gepe3 T(N) MakcuMaabHOE YHCIIO MIATOB, KOTOPOE MOXKET IMOTpebOBaThCs Ha TO,
q100bl N KaBasepo u N jam pasbminck va napel. Ornennre T(N) cBepxy, uem TodHee TeM JIydIIe.

4. Tot ke BOIpPOC PO OIEHKY CHUZY.
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Long dance. (20 points)

In the county town NN, N gentlemen and N ladies meet at a ball. All gentlemen and ladies have
strict preferences regarding partners. For all gentlemen and ladies, dancing with at least someone is
better than standing alone. During the dance, forming pairs occurs as follows. On the first round of
invitations, each gentleman invites his “first” lady (the one that he likes the most). The lady chooses
the best of all the invitations and refuses the rest. However, she is in no hurry to accept the best of
the invitees, expecting that in In the future, she may receive an invitation from a more prefferable
gentleman. On the second round, each cavalier who has received a refusal goes to his “second” lady
(the best one who has not yet refused), and again each lady chooses the best from all the invitations
and refuses the rest, and so on until everyone is divided into pairs.

This is how the task of the 4th final stage of the HSE Open Olympiad in Game Theory 2017
began. It was necessary to compare two methods of forming pairs. Our remake describes one of the
ways.

This method is efficient, but how fast is it? After all, while gentlemen go from one lady to another,
the music may end!

Let N=3.

1. Prove that five rounds are enough to form all three pairs.

2. Give an example of preferences under which all pairs will be formed exactly on the fifth round.

Let N now be arbitrary.

3. Denote by T(N) the maximum number of rounds that may be required for N gentlemen and N
ladies to pair up. Estimate T(N) from above, the more accurate the better.

4. The same question about the estimate from below.

Penitenne.

JlokaxkeM yTBep:KJIeHHe, KOTOPOEe PEIIaeT BCe YeThIpe MyHKTA:

T(N)= N?—-2N +2

Orenka cBepxy

BamernmM, 9TO B KaKJIOM M3 KPYTOB XOTs OBl OJIMH KaBaJep JO0JIKeH IIPUTJIAIIaTh JaMy, IPIIeM Ty,
KOTOpYIO He TIpHuryiamiaj panee. Tak Kak Bcero ectb N2 map KapaJjep-jiaMa 1 Ha KazKJIOM U3 KPYTIOB
XOTs1 ObI OJIMH KaBaJiep MOJXOIUT K JlaMe, K KOTOPOH elre He MOJIXO/HI, TO KPYTOB He MOYKeT OBbITh
6oabme N2, T(N) < N2

Takke JIErKO 3aMETHUTDL, YTO B IEPBBIIl KPYT KaxKiblit u3 N KaBaJjiepoB MOJIXOJIUT K CBOEH 1epBoit
nmame. Mtak, B mepBbIit Kpyr mpobyercs N codeTannii KaBajep-jgaMa, B KayK bl 13 MOCIe Ty IONNX
KPYTI'OB IpoOyeTcss KaK MUHUMYM OJIHO HOBOE coueranme, a Beero coderanuit N2. 3uaunt T(N) <
N?— N +1.

Touny0 OIEHKY HaM IO3BOJISIET MMOJIYIUTh eIlle OJIHO TOHKOe HabJIfojeHne. 3aMeTUM, 9T0 K JaMa, K
KOTOPO# KaBaJjiep MOJXOIUT Ha MOCJIEIHEM KpyTe, He MOTJIa paHee MOJIYYUTh IPEJIOKEHNe OT JIPYTUX
KapaJyiepoB. /leficTBuTeIbHO, BEJIb B IIPOTUBHOM CJIydae 3TOM JlaMe TMPHUILIOCh ObI OTKA3BbIBATH MJIN
HOJIOIIEIIIEMY K Hell KaBaJjepy, Wl KaBaJiepy, KOTOPBIA IMOAX0AU/I K Heil panee. A B 9TOM ciydae
KPYyT' HE MOXKeT ObITh IOCJIEIHIM, T.K. ocTaeTcs KapaJep 6e3 napbi! Mrtak, Ha mocjienneM Kpyre XOTs
ObI OJIMH KaBaJiep MOJIXO/UT K JlaMe, U 9Ta JaMa He MOrJIa paHee IMOJIydaTh MPEIJIOKEHNEe OT JIPYTHUX
KaBaJsIepos. IloydaeTcs, 9To Beero B Iporecce aaropuTMa MozKeT ObITh He 60ee N2 — N +1 codeTanmit
"KaBaJsiep + Jama, K KOTOpBIi mogoren kapaaep'. Kak Mbr ormedasn, B epBbIit Kpyr mpodyercst [N
coueranuii "KaBajep + JgamMa, K KOTOPBIN T0OJI01Ie T KaBajep'n B KayKIblil U3 IMOCIeIYIOMNX KPYToB
npobyercd KaK MEHEMYM OJTHO HOBOE COYeTaHHe, a BCero JIoycTuMbIX coderanuiit N2 — N + 1. Orciona
T(N)<(N?~N+1)-N+1=N?—-2N +2

[Ipmvep na N2 — 2N + 2 Kpyros

Panee mbl nokazanu, uro T(N) < N? — 2N + 2. Yrobsl jokazath, uro T(N) = N? — 2N + 2,
JIOCTATOYHO MTPUBECTU IIPUMEP MPEAMOYTEHN JaM U KaBajepoB, IIPH KOTOPBIX YHUCJIO KPYTOB PaBHO

7
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N? —2N + 2.

ILJIH KazKJ10T'O I/II‘pOKa 6y,ZLeM BBIIINCBIBATDH Hpe,ZLHO‘{TeHI/ISI oT HaI/I60.Hee Hpe,ZLHO‘{TI/ITeJIbHOI‘O napTepa
K HanMeHee. Hampumep, 3anmch m; @ wiwWsws 3HAYHUT, YTO IIEPBOMY KaBaJiepy OOJIbIIIe BCeX HPABUTCS
nepBad J1aMa, 3aTeEM BTOpasl, 3aTEM TPETHII.

mq w1 w2 ... WN—2 WN—-1 WN
mo Wo w3 ... WN-1 w1 wN
ms : ws Wy ... w1 W2 wWN
my—-i1: WN-1 W; ... WN-3 WN-2 WN
my : wWN-1 W1 ... WN—_3 WN—2 WN
w1 - mo ms3 ... Mpy—_1 my mq
Wy ms my ... my ma mo
WN—2: MN-1 My ... MN—g4 MN-3 TMN_2
WN-1: T mo ... MNy-3 MN-2 MN-1
WN - ma meo ... My—_3 MN—2 TMN_1

Herpyano mpoBepuTbhb, 9YTO Ha IIEPBOM 3Talle ¢-blii KaBaJep MOJO0IIeT K 7-0#l JlamMe, KpoMe
N-1ro KaBaJjiepa, KOTOpbIii mojoiger K game N — 1. DTa gaMa ero OTBEPrHET, W JaJjibllie Oyaer
IIPOIIECC IIOXOXKUHA Ha 3MelKy: OJHOI0 KaBaJlepa OTBEPraroT, OH IIOAXOUT K CJCAYIOIIE 10 CBOUM
[IPEIIIOUTEHUSIM JaMe, OHa B CBOIO OUepe b OTBEpraeT KaBaJjepa, KOTOPbIii ObLI ¢ Heil /10 3Toro. Kaxk aprit
KaBaJiep IIOJIONAET K KaxKJI0H JlaMe, KpOMe Wy, K HEl NOJOUJIET JIMIIb OJINH KaBaJiep Ha MOCJIe[HEM IIare.
Nrak, B mporecce agropurma npobyerca N2 — N + 1 map, mpudeM B IepBbIi KPyT Oy/eT HoIpodoBaHo
N map, a B ocTajibHble POBHO ojiHa HOBast. toro kpyros (N2 — N +1) — N +1= N? — 2N + 2.

[Ipumep mocTpoeH, a 3HAYUT yTBEPKIECHNIE JIOKA3AHO.

Otser: T(N) = N? — 2N + 2.

Jl1s1 6oJ1ee HATJIAIHON JIEMOHCTPAIIMHI IIOCTPOEHHOIO IIPpUMepa HIZKe IIOAPOOHO pazdupaeM pereHne
nyskTa 2 (N = 3).

Kpye 1

My TPUTJIAIIIAET Wi, My MPUTJIAIIAET Wy, M3 NPUTJIAIIAET Wy. Bropas jlaMa 0TKa3bIBAET TPETHEMY
KaBaJiepy.

Kpye 2

[Tapsr HA JAHHBIE MOMEHT: My + Wy, Mo + Ws. M3 MOJYIU OTKA3 OT Ws, TOITOMY IPUTJIAIIAET
CJIETYIONLYIO 10 CBOUM TIpEINouTeHus M wi. g mepBoil jgamMbl TpeTuil KaBaJiep JIydllle IepBoro,
O3TOMY OHA OTKAa3bIBaeT IEPBOMY.

Kpye 3

[Tapwr HA JAHHBIT MOMEHT: M3 + Wy, Mo + We. My MOJYYUJ OTKA3 OT Wi, TOITOMY IPUTJIAIIAET
CJIEJIYIOINLYIO TI0 CBOMM IIPEIIIOYTEHUAM wWs. [Ijist BTOPOIt JlaMbl IepBbIi KaBaJiep JIydIle BTOPOro,
[I09TOMY OH& OTKAa3bIBACT BTOPOMY.

Kpye 4
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[Tapbr Ha JJaHHBIT MOMEHT: M3 + W1, M| + Ws. Mo MOJYIUJI OTKA3 OT Wy, IOITOMY IIPUTJIAIIaeT
CJIEIYIOINLYIO 110 CBOUM IIPEIIIOUTEeHUsIM wy. s mepBoii jaMbl BTOpOI KaBaJiep JiydIlle TPEeThero,
IIO3TOMY OHAa OTKAa3bIBACT TPETHLEMY.

Kpye 5

[Tapwl HA JTAHHBIIT MOMEHT: Mg + Wy, M1 + Wy. M3 TOJIYIWIT OTKA3 OT Wi U paHee OT Wy, TOITOMY
BBIHY>K/JIEHHO UJIET K ws. Tenephb Bce mapbl cOPMUPOBAHBL: Mo + W1, M1 + Wa, M3 + w3. BeImoaHeHne
aJIrOPUTMa 3aBEPIIECHO.

Kpurepun.

Bagaua 4.1.

e Bce BepnoO - 5 baIoB,

e Perenue He 10JIHOE, PACCMOTPEHBI HE BCE CHUTYAIMH PACIpE/IeIeHrs Ha IEPBOM Kpyre (Wiu He
BCsl CTPYKTYpa OTKa30B) - 3 OaJuia,

e Pemenne ne nosinoe. O HAKO B XOJIe PEIIeHUs] €CTh BepHbIE YTBEPKICHUs - 1 OasLI.
Bagada 4.2.

e [IpaBuUIbHBII IPUMED C JIOKA3aTEJILCTBOM - & DAJLIOB,

o [IpaBuibublit mpuMep 03 JI0Ka3aTe/ILCTBA - 3 OaJLIa.

Bamaun 4.3 u 4.4.

e Bce Bepno - 10 6asios,

e Periennie BepHoe TOJILKO JIJIs1 OJIHOI OIEHKH (CBEPXY WJIM CHU3Y ), OJHAKO JJIsi BTOPOIi - OIEHKA
Japyras - 8 6aJLI0B,

e Pernenue He BepHOE, OJHAKO B XOJI€ PEIIEHNUsI €CTh BEPHbIE yTBEPXKJIeHHsl. B 4acTHOCTH, TIOICHEHHE
upo N(N-1) - 3 6asuia,

e B kauecTBe perienus npejyiozkena rpybas oneHka Jijis Kpaitnero ciaydait (manpumep N = 1 niu
N?) - 2 6asa.

Bamada 5. Jlyudie 6bITh 3/10pPOBBIM U yMHBIM. (15 6aiioB)

Po6epr Ayman (Urpok 1), Apwsnb Pyb6unmreiin (urpox 2) um Pomkep Maitepcon (urpox
3) paloHAJbHBI B BOIpOCAX 3/paBOOXpaHeHus. Kak TOJIBKO Ha DPBIHOK BBIIYCKAETCS HOBAsI
SKCIIePUMEHTAIbHAS BAKIIMHA OT KOBHUJIA, KAXKJbI U3 HUX JIOJZKEH PEITUTh, JOCTATOYHO JIU OHA
Oe3omacHa I TOro, YTOOBI NPUBUTHCA. [Ipobsiema B TOM, 9TO UMeOIelcs y KaxKI0ro nHopMaImm
HEJOCTATOYHO JJI TOTO, YTOObI OBITH yBEPEHHBIM HaBepHsKa. 3HavaabHO M3BECTHO, YTO BO3ZMOMKHBI
JiBa cocTosiHus Mupa: w = S (To ecTh mpuBUBKa Ge3omnacHa) u w = D (TO eCcTh MPUBUBKA MOXKET
UMEeTh OTJIOKeHHBbIe 110009HbIe 3 derTsl). [Ipu sToM ampuopnasi BEpOATHOCTH TOrO, UTO W = S,
paBHa p > % B nobaBok, Kaxblit urpok ¢ = 1,2,3 obsagaer yactHoit nuadopmanueit m; € {S,D},
MTOYEPITHYTONW OT TailHBIX YHUKAJIBHBIX SKCIEPTOB M3 WHTEPHETa, KOTOPas BEPHA C BEPOSTHOCTHIO
q > p. To ecTb ecyin IpUBUBKA JEeHCTBUTENIHHO He30MMacHa, TO m; = S ¢ BEPOATHOCTBIO ¢ U m; = D ¢
BEpPOATHOCTHIO 1 — ¢. Bostee Toro, npu 3aanHoM w ciydaiiHble BeJIMYMHBI CUTHAJIOB CTATHUCTHYECKH
HE3aBUCHMBI.

1. IlycTh urpoku nNpwHUMAIOT PEIeHus, TPUBUTHCA WM HET, B Takoil ouepeanoctn: CHadasa
Aywman Boibupaer a; € {IpuBUBATHCsI, He TIPUBUBATHCA |, TIOTOM PyOUHINITEHH BBIOUPAET Gg, MOTOM
Maitepcon BbIOUpaeT as, U MpUYeM KaK/Iblil cpa3y HUIIET ITOCT O CBOEM DEIeHNH B COICETU, KOTOPBIi
YUTAIOT BCE JIpyTHe Mepes COOCTBEHHBIM pertenneM. KaxKiplit UIPOK XOYeT OJHOrO: He OIMUOUTLCS U
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c/iesiaTh PUBUBKY, €CJIM OHA Oe30IacHa, HO He JIeJIaTh, €CJIM OllacHa, - B TAKOM CJIydae OH I0JIydaeT
BBIUTDBIII, paBHBIA 1 (M BBIMIPHIINI, paBHbIH 0 B IPOTHBOIOIOKHOM ciydae). Haiimure, Kak BHIOOD
Pybunmreitna OyseT 3aBUCeTh OT Mo U a;.

2. Haiiiure, kak BoIOOp Maitepcona OyeT 3aBUCETH OT a1,do W M3.

3. Ilycrb umetorest N TOMOBBIX MEPOBBIX CHEIUAIUCTOB 110 TEOPUH UT'D, BCE OHU 3HAKOMBI 1 JIPYKAT
B conmajbHoil ceru. [Ipu Kakmx yc/ioBUSIX HA CUTHAJIBI IIPOUCXOIUT UHPOPMAUUOHHBIT Kackad: ecoin
my =S, TO B PABHOBECUU () = Uy = ... = Q) —IPUBUBATHCS’

It’s better to be healthy and smart. (15 points)

Robert Aumann (Player 1), Ariel Rubinstein (Player 2), and Roger Myerson (Player 3) are rational
about healthcare. As soon as a new experimental covid vaccine is released to the market, each of them
has to decide if it is safe enough to participate in vaccination. The problem is that the information
available to everyone is not enough to be sure in its safety. Initially, it is known that two states of
the world are possible: w = S (that is, the vaccine is safe) and w = D (that is, the vaccine can
have delayed side effects). A prior probability that w = S is equal to p > % In addition, each player
i = 1,2,3 obtains a private signal m; € {S,D}, coming from a secret expert from the Internet, which
is correct with probability ¢ > p. This means that if the vaccine is really safe, then m; = S with
probability ¢ and m; = D with probability 1 — ¢q. Moreover, for a given w, the random variables of
the signals are statistically independent.

1. Let the players decide whether to vaccinate or not, in this order: first, Auman chooses a; €
{vaccinate,not}, after that Rubinstein chooses ay, after that Myerson chooses ag, and each player
immediately writes a post about his decision in the social network, which is read by all the others
before their decisions. Each player wants not to make a mistake and to vaccinates if it is safe, but not
to do it if it is dangerous, in this case he gets a payoff equal to 1 (and a payoff equal to 0 otherwise).
Find how Rubinstein’s choice depends on my and aj;.

2. Find how Myerson’s choice will depend on a;,as and ms.

3. Let there be N of the world’s top game theorists, they all know each other and are friends on a
social network. Under which condition on signals an information cascade occurs: if my = S, then in
equilibrium a; = ay = ... = ay =vaccinate?

Pemienne.

s ynobeTBa mepeobO3HAYNM  MHOXKECTBO JIEUCTBUI: IyCTh CTpaTerusd BaKIIMHUPOBATHCS
Ha3blBaeTCs S (110 aHAJIOTUH ¢ COOTBETCTBYIONMM CHIHAJIOM O G€30MAaCHOCTH BAKIIMHBI), & CTPATErHs
He BaKI[MHUPOBaThCs HasbiBaeTcs D (mo anajgoruu ¢ curnaiaom D).

Haiiiem cnavasia paBHOBecHOe JieiicTBre AymaHa, B 3aBUCHMOCTH OT €ro curHaja mi. Mbl nmeem

(1—-p)q
(1—=pg+p(l—gq)

P(w = D|lm; =D) =
DTa BeJMTHHA IPEBBINIACT 1, TAK Kak, [0 YCJIOBUIO 3a1adH, ¢ > p. Takxke

) e (=p(1-q)
P(w = D|m; = S) ~pg+ (L—p)(1—q)

<1
9’

1 1 *
6o p > 5 u q > 5. CrenoBaresbHo, ay = My, TO €CTh AyMmaH Bcerza IoCcTyIHUT B COOTBETCTBUH CO
CBOMM YaCTHBIM CUTHAJIOM.
Teneps paccMoTpuM onTUMa/bHOE AeficTBre PyOuHIITEiHA, B 3aBUCUMOCTH OT JeiicTBust AymMaHa
a1 = My W ero curuaJa ms. Mbl nMeem

P(w:D|m1:D,m2:D):

10
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DTa BeJIMINHA TTPEBBIIAET %, TaK Kak ﬁ > ﬁ > ﬁ. Takke BepHO, ITO
(1—p)gl —q) 1
P(w = D|DS)= P(w= DI|SD) = < =
( D5) =2 5D) (1—=plgl—q)+pa(l—q) 2
u . ,
—p)(1— 1
P(w = D|SS) = 1-pl-¢° _1

p®+(1=p)(l-q? 2
TaK Kak p > % uq > % Cnenosarenbho, ay = D eciin a; = my = D u a3 = S B j1oboM JIpyrom
cIydae.

Haxkowerr, naiigem neficreue Maitepcona B 3aBUCHMOCTH OT €0 4aCTHOM MHMOpPMAIINA 1 JIeHCTBUi
JIBYX IEPBBIX MI'POKOB. B paBHOBecHH BO3MOXKHO TOJIBKO (a1,as2) = (5,5), (a1,a2) = (D,S) mubo
(al,ag) = (D,D)

Ecim Ayman Bakiunupyercst, To jeiicrsue Pybunmrreitna ne pact Maiiepcony HMKakoii HOBOM
nHGOPMAINT — MMOCKOJIbKY PyOuHIITEliH (BHE 3aBUCHMOCTH OT €ro 9acTHON MHMOPMAIINN) TaKKe
BaknmHupyercsa. O1HaKO 9TO 03HaYaeT, 9To u MaitepcoH BeiOeper ag = S ecyin a; = S, BHE 3aBHCUMOCTH
or mg. [leficTBUTENIBHO,

_ _ (1 —-p)g(l1—q) 1
Plw = DIS5D) = (—pa(l—q) +pal—q) 2
P(w = DISSS) = — =P —a" !

pP+(—p—qf "2

Ecmu (aq,a2) = (D,D), To Beibop Maiiepcona Takzke He OyieT 3aBUCETb OT M3, TAK KaK

_ _ (1-p)g’ 1

Plw=PIDDD) = a1 —gp 2
’ _ _ (1-p)g*(1—q) _ (1 —p)g 1
Plo=DIDDR) = 5300 gt —aF T P ipl 0~ 2

Haxkomner, ecim (ag,a2) = (D,S), T0

_ _ (1-p)g(1 —q)? 1
Plw=DIDSS) = A=l —g)? +p(1—q) 2

2
P(w = D|DSD) = (1= p)a(l—d) 51
(1=p)*(1—q) +pg(l —¢)?* " 2
[Tonyuaercsa, uro jys Maitepcona BBIOOD OIpesiesIseTcs ero COOCTBEHHBIM CUTHAJIOM TOJIBLKO B TOM
caydae, Korja (aj,a9) = (D,S); B mporuBHOM ciydae, Maiiepcon HTHOPUPYET M3, BEIOUpast a3 = aj.
MOXKHO IIOKa3aTh, 9TO IIPU MPOU3BOILHOM HHCJIE MIPOKOB PABHOBECHAS IOCIIEIOBATEIHLHOCTD
neiictBuii (aq,as, . . . ,ay) OyI€T 3aBUCETH OT CUTHAJIOB (1M1,Ma, . .., My ) CJAEIYIOMUM 00Pa3OM:

1. Eciu mqy = S, 10 a; = S ansa Beex i = a, ... ,N
2. Ilyctb s1 = D u 1 < h < N TakoBo, 4ro ajg Beex ¢ < h, m; # m;_1. Torma a, = my,.

3. Illyctb sy = D u 1l < h < N TakoBo, 9T0 juid Bcex ¢ < h, m; # m;_1, u m; 1 = m;. Torma
a; = my, 114 Beex j > h.
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[Tosryuaercst, 9To moYTH BCerjia y HAC HACTYHAET UHPOPMAUUOHHBLY KACKAD: CTOUT TOJBKO JIBYM

HUI'POKU IIOAPLAL IIOJIYIUTDh OJMHaKOBbIEC CUT'HAJIBI OTHOCUTE/IBHO COCTOAHUA MUPa, TO BCE OCTaJIbHbIC

UTPOKU HAYMHAIOT KOIMUPOBATH UX IOBEJICHUE, UTHOPUPYS COOCTBEHHYIO YACTHYIO HH(MOPMAIIUIO.
Kpurepun.

o KaxK/Iplii IyHKT BECUT 110 5 6AJIIOB.

e Bo Bcex mynkrax: 1-2 Gajura CTaBUIUCH 3a IPABUJILHBIN OTBET 0€3 0OOCHOBaHUS, JHUOO
C HENPaBUJIbHBIM CJIOBECHBIM OOOCHOBaHWEM 6€3 TOojcYeTa YCIOBHBIX (alOCTEPUOPHBIX )
BEPOATHOCTEH.

e B nynkrax 1 n 2: 1-2 Gajjia CHUMAJJIUCH TPU HAJUYIUNA BBITUCIATENIBHBIX OIMIUOOK, JIMOO Tpu
HEYETKOM Pas/IMdeHrn HabJIIoIaeMOi 1y 2Koil crpaTeruu u 4yKoro curtaja (HeHab/Ir01aeMoro),
TakyKe CHUMaJINCh 3a JIMIIHIO KoMbOuHanuio y Maitepcona (yBumers jeiicrBus Aymana
BaKIIMHUPOBAJICA U PyOuHINTeiHA He BaKIMHUPOBAJICS HEBO3MOYKHO).

e B nynkre 3: 3a mepsblil cydail MOXKHO OBLIO MOJYYUTh MAKCUMyM 3 OaJlia, B 3aBUCHMOCTH OT
HOJIHOTHI OO bACHEHU.

Samaua 6. Henpasusibnbiii mén (15 6aioB)

Bunnn-Ilyx, [Taradok u ociuk Ma-Ma cugar B jjomuke Bunnu B uzongiun or Kosuja, menkaior
operky (y KaxKJI0ro ux 1o MeIIKy), U 3BOHAT B GhupMy 1o jgocraske ebl. Vim roBopst, uto (B 06MeH
Ha [PeJJIaraeMblil Ipy3bsiME B BUJIE OILIATHI HAJ/LyBHON IIAPUK) KYPhEP MOXKET UM JOCTABUTH UTO-TO
oJiHO m3 crmcka: win kKouan Kamycrsr, nim kop3unky Bpiokser, nin 6anouky Memna. [Ipeanourenus
npy3seit TakoBbl: Bunnu nennt Mex = 10 opemkoB > Bproksbl = 5 operkoB > Kanycrsr = () openkos,
[Isaravok nenur BprokBy > Kamycrer > Mena = 0 opemikos, la-Na neanr Kanycry > Mena >
Bproksbl = () OpenikoB, U KaKIblil TOHIMAET MPEINOYTEHNS CBOU U JIpYy3eil.

Onn cobuparoTcs roJIocOBaTh — YTO U3 TPEX AJILTEPHATHB 3aKa3aTh — MO MPABUIY OTHOCHTEIHLHOTO
OOJILITMHCTBA: TOOEUT aJbTepHaTHBa, HaOpaBIIas OOJIbIIE IOJI0COB, U HA3BATH MOXKHO TOJIBKO OJIHY,
a IPU PaBEHCTBE TOJIOCOB OpocaeTcs KpeOuil ¢ paBHBIMU BEPOATHOCTAMU. BUHHU TOBOPUT, YTO Pa3
JIOMUK €TI0, U IMIAPUK €ro, TO y HEro JIOJIZKHO OBITh XOTs ObI ITOJITOPa T'0JI0ca, a y HUX 110 OJTHOMY, U
Jpy3bs coryiacHbl. Ma-Ma rosoput, 94To pas oH cTapiinii, TO OH HA30BET CBOW BHIOOD epBbIM, [IgTadox
[ocJjIe Hero, a IMoToM Ha3oBeT Mjaamuil — Bunnu, u apysbs cornmacuiauch. Tyt Bunnn nomgymast u
0ObSABUII, YTO BMECTO I'OJIOCOBAHUS OH (pa3 YK MOCJIEIHUN) MOAOPOCUT KyOUK ¢ TpeMsl CTOPOHAMH -
paBHOBepoATHO Ha Bpioksy, Karmycry, Me.

1. Parmmmonasuo yin Buraun-Ilyx moctynmt - oTkazasics oT BbIOOPA TMOCIETHUM - U TTOUeMY?

2. ITo cpaBHEHUIO C 9TUM €ro CJIyYalHbIM BBIOOPOM, CKOJIbKO Obl Bunnu-IIyx otnan Bemytiemy
OPEIIKOB 3a MPHUCYKIeHNe eMy, BuHHu, npasa 1mepBbIM HA3BATH BHIOOD?

Wrong honey. (15 points)

Winnie the Pooh, Piglet and Eeyore are sitting in Winnie’s house in isolation from Covid, cracking
nuts (each has a bag of them), and calling a food delivery company. They are told that (in exchange
for a balloon offered by friends as payment) the courier can deliver one of the items from the list: either
a head of Cabbage, or a basket of Rutabaga, or a jar of Honey. Friends’ preferences are: Winnie values
Honey = 10 nuts > Rutabaga = 5 nuts > Cabbage = 0 nuts, Piglet values Rutabaga > Cabbage >
Honey = 0 nuts, Eeyore values Cabbage > Honey > Rutabaga = 0 nuts, and everyone understands
everyone preferences.

They are going to vote which of the three alternatives to order according to the rule of relative
majority: the alternative with the most votes will win, and one can vote only for the unique alternative,
and if the votes are equally distributed, lots are drawn with equal probabilities. Winnie says that
since they are in his house and the balloon is his, then he should have at least one and a half votes,
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while the others have one each, and the friends agree. Eeyore says that since he is the eldest, he will
name his choice first, Piglet after him, and then the youngest Winnie, and the friends agreed. Then
Winnie thought and announced that instead of voting, he would throw a die with three sides - equally
likely on Rutabaga, Cabbage, Honey.

1. Did Winnie the Pooh act rationally when he refuses the choice and behaves randomly, and why?

2. Compared to this random choice, how many nuts would Winnie the Pooh give the host for
giving him, Winnie, the first order to make the choice?

Pemienne.

Bynem obosnavars B pemennn Kamycry 6yksoit (K), Bproksy 6yksoii (B), Mex 6yksoii (M).

Nrpok [Ipeanourenuss Ilennocts M [ennocrs B [ennocts K
Buran-Ilyx M>B>K 10 ) 0
[Taragok b>~K>~M 0 - -
Na-Na K>~M>b - 0 -

[TocnenoBarembuoctsb x0108: Ma-Ua, [Iaradok, Bunnu-1Iyx.

1. Pacemorpum urpy, korja Bunau-Ilyx rosocyer, a we mogadpacsiBaer kyouk. [lycrs Wa-Ua
BeIOpast Kamycry (K), Torga gacts jepeBa Urpbl Oyjier BbINJISIETh TaK.

ITaradok

b

Bunnn-ITyx Bunnn-ITyx Bunnn-ITyx

[Tycrs Na-Ua Beibpas 6prokBy (B), Torma gacts jgepeBa Urpbl OyeT BBIMJISJIETH TaK.

IIsaragok

b

Bunnn-ITyx Bunan-ITyx Bunnaun-ITyx

[Tycrs Na-Ua Beibpas mex (M), Torma gacts JepeBa Urpbl 6yJIeT BBIIISIJIET TaK.
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ITaragok

b

Bunnu-ITyx Bunnu-ITyx Bunnau-ITyx

Kak sumnm, Beibop Na-Ua onpenensier uexon urpsl, nosromy Ua-una Boibeper kamycry (K),
KOTOPYIO IPEJIIOYUTAeT BeeMy ocTtasibHomy. [lomydaercs, 4o mobe T Hauxy/as ajJbTepHATHBA
i Bunau-Ilyxa, a 3Ha4uT, OH HE CMOXKeT cJesIaTh cebe XyxKe, jesas BbIOOp CIydaiiHo.

Paccmorpum urpy, korja Bunan-Ilyx nogbpaceiBaer kyouk. 3zech (*) obo3HAYMEHBI CHUTYAINH,
KOTJIa MCXOJ TOJIOCOBAHUS OTPEJIEIIeT KyOuK.

Na-Na

b

IIaradok IIaradok

ITaragox

OrnenpHO paccmoTpuM curyanuio, kKorga Va-Ua eibpan kamycry (K). B weit [Iaradok memaer
BBIGOD Mexkty Karycroii (K) u caydailHbIM HCXOIOM, B KOTOPOM PABHOBEPOSITHO MOYKET MOJIY IUThCS
6o Kamycra (K), 6o 6poksa (B), 6o men (M). Tlaradok seibeper kamycry (K), Tosbko ecim

0 U(K) > 5 (U,(K) + Uy(B) + U (M)

Orkyna noxydaem coornomtenue 2U,(K) > U,(B). B takom ciyuae Ilaratok BeiGeper Karycry
(K), ecam Na-Na seibpas kamyery (K). A moburens kamyersr (K) Na-la Beibeper KamycTy Ha mepBoM
mrare. Bunnu-Ilyxy He cramer Jiydmie, HO 1 He CTAHET XyZKe.

Ecmm xe 2U,(K) < U,(B), To B Takom ciytuae Ilsratok ¢ moboit BepositaocTsio p € [0; 1] Gyzmer
BeIOUpaTh 6pokBy (B) wim mex (M), ecin Na-Ua seibpan kanycry (K). Torma Ma-Ma Bce pasHO
BeiOupath Kamycry (K) mwm men (M), a ucxon onpegenurest Kyoukom. [losryaaercs, 4To B 9TOM cirydae
Bunnu-Ilyxy craner sydrre.

Ecmn xe 2U,(K) = U,(B), To B Takom ciryuaae Ilaratdoky Bce pasmo, 1ro urpats, eciaun Va-1la
BeiOpast kKamycery (K). ITyers p. — BepositHocTh, KoTopoit [Tsaradok Beibupaer kamycry (K) B sToMm
ciyudae. Torpa Ma-Ua 6yuer soibupars kanycry (K), ecau p. # 0. A ecom p. = 0, 10 curyarusi
aHAJIOMYHA, [IPEJIbIIYIIEMY PacCMOTPeHHOMY ciydaro. [lomyuaercs, uro B 9ToM ciydae Bunnu-Ilyxy
craneT He Xyzxke. Emy Oyner takxke, eciim p. = 1, u Jiydiine B JII0OOM JIDYTOM CJIydae.
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Nrak, Bunnu-Ilyxy He cTaHOBUTCS Xy2Ke OT MEPEKJIIOUEHUs C TOJIOCOBaHUS HAa OPOCOK KyOmka, a
3HAYNT, OH MTOCTYTHJ PAIMOHATIBHO.

2. Pacemorpum urpy, korjga Bunan-ITyx xomur mepsbiM. [Tyers Bunau-Ilyx Bei6pan xamycry (K),
TOTJIa 9aCTh JlepeBa UI'PHI OyeT BBIIVIAIETh TaK.

Na-Na

b

ITsaradok IIaradok IIaradok

= e
~
~
~
3!
=~
=~

K M

[Tycts Bunuu-Ilyx Beiopas 6poksy (B), Torma gacts jiepeBa urpbl 6yJIeT BBINVIAIETH TaK.

Na-Na

b

ITsaradok IIaradok IIaradok

K b b b b b b b M

[Tycrs Bunnu-Ilyx Boibpas men (M), Torjga gacts jepeBa Urpbl OYIeT BbINISIIETh TaK.

Na-Na

[Mosygaercsi, 910 TOJIBKO 1porosiocoBas 3a 6piokBy (B) Bunuu-Tlyx mosyuur ucxos jaydiie, dem
kamycra (K). B Takom cirydae on mostydnT mosie3HocTs 5. B curyarym ¢ KyOHKOM OH MOT HOJIYIaTh
ot 0 j1o 5 B 3aBUcuMOcCTHU OT Ttosie3nocTu [larouka u, coorBercBenno, ucxozaa. [lomy4gaercs, uro on
roToB 3amaaTuTh OT () 10 5 OpEIKOB 3a IMPaBO T'OJIOCOBATH IIEPBLIM, B 3aBUCUMOCTU OT COOTHOIIEHUS
nosie3nocteit [larouka.

Kpurepun.
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4 6aJs1a 3a pacCMOTPEHHUE roJI0COBaHUs, B KOTOPOM BuHHE rojiocyer, a He KujgaeT KyOuk

— 1o 1 Gajuty 3a paccMOTpeHne KaxKJI0il 13 3X JacTeil jepeBa

— 1 6as1 3a onTuMaJsibHbIil BeIOOp Ma-Ma mpu TakoM roJiocoBaHIN

e 1 6aJwI 3a TE3UC O TOM, UTO IIPU TAKOM I'OJIOCOBAHUU MOOEKTaeT HAMXY/IIAasd aJIbTepHATHBA
g Bunnau-ITyxa

4 6aJy1a 3a pacCMOTPEHNE TOJIOCOBAHMS, B KOTOPOM BHHHU KujiaeT KyOukK

— 1 6aJur 3a cocTaBjeHre HepaBeHCTBa Jjisd BbiOopa Ilsrouka B ciaydae, korga Ma-Ia Boibpas
kamycry (K)

— 1o 1 6ajuty 3a pacCMOTPeHNe KarKJIOTO U3 3X CJIYYaeB U PEAJTU3AIUIO UTPHI B HEM

1 6aJ1i1 338 OTBET IIPO pallOHaJIbHOCTDL Bunnn nya, OCHOBAHHBINA Ha BEPHOM aHaJIN3€ U3MEHECHU A
€ro I10JIEBHOCTU

4 6aJw1a 3a pacCMOTPEHNEe TOJIOCOBAHMSA, B KOTOPOM BHHHU XOJTUT MEPBBHIM

— 1o 1 6asty 3a paccMOTpeHHe KaxKJI0#l n3 3X JacTeil jepeBa
— 1 6asur 3a onTUMAJIbHBIH BbIOOp BuHHM 1pu TaKOM T0JIOCOBAHUU U TIOJIE3HOCTH, KOTOPYIO

OH B TaKOM CJiy4da€ IIOoJIy4daeT

e 1 OaJLiI 33 oTBeT

Kommenmaputi no nposepke: Bajuibl 38 pacCMOTPEeHHE MOJIOCOBAHKUS, B KOTOPOM BuHHU Kujgaer
KyOHK He CTaBUJINCH, €CJIM OHO OBLIO HE PACCMOTPEHHO WU OBLJIO0 PACCMOTPEHHO HEBEPHO. 3a BBe/IeHNUe
IPEIIOCHLIKN O ToM, uTo y IIarouka n Ma-Ma momesnoctn ycrpoens! Takzke Kak u y Bunnu-ITyxa
CHUMAJIOCH 2 GaJuia.
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