cpne ¥ JIATA
W BLITTYCKHWMKOB

varrepvm OLIeHUBAHMA 3aJJaHMN 3aKJIIOUMTEIbHOI0 Tara
I10 HaIlIpaBJIEHUIO «HPI/IKJIa)]HaH MaTeMaTVKa 1 I/IH(i)OpMaTT/IKa»

3amaHus 110 HaIlpaB/IeHNIO COCTOSUIV M3 IBYX YacTell: MHBapMaHTHON (00s13aTesIbHOM
IS BCeX YUaCTHMKOB) ¥ BapMaTUBHOM (pa3ieIéHHON Ha TpeKn). [1J1s Toro, 4Toos!
npeTeHA0BaTh Ha crarycel guruioManTa I, II, III crenieny, ygactHKaM HeoOXoamMo
HaOpaTb HanOoJIbIIee YNCIIO 3a 3a/IaHNsl, yYUThIBaeMbIe B PeVITVHIe 110 KOHKPETHBIM
TpeKaM. [1j11 Toro, uToObl cTaTh MeAasIMICTOM, yYacTHMKAM HEOOXOIVIMO YCIIEeITHO
BBIIIOJIHUTB 3aJaHMs 110 JIBYM TpeKaM.

Homep Maxcu- Yuér B peniTuiHre o Tpeky Yuér B pevituiHre
3a/laHVs | MaJIbHBIV «AHam3 JaHHBIX 1 1o TpeKy «PrHaHCOBbIe
Oasut VICKYCCTBEHHBIVI MHTeJUTeKT» TeXHOJIOT VIV »

1 10 v v

2 10 v v

3 10 v v

4 10 v v

5 10 v v

6 10 v v

7 10 v v

8 10 v

9 10 v

10 10 v
11 10 v
12 10 v
13 10 v

Penrenue 3alaHUN I/IHBapI/IaHTHOfI gactTn

Samaune 1

Pacemorpum y(—z):

y(—z) = /_zijy(t)dt +1=— f Py dt+1 = —y(z) +2,

Huddepenupyst ypapHeHue, HOLy4acM:
(@) = 2%y(a) — (~D)ay(—2) = 2%

CaeioBaTebHO,

2
y(z) = 5:1:3 +C.

[TojcTasiss JaHHOE PellleHHe B YPaBHEHHE U Jleflast IIPOBEPKY, nosyudaeM, uto C = 1.
Orper: y = 223 4+ 1.
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Sanaune 2

Kpurepun oueHnBaHMsI:
10 6amoB  IlosmHOCTBIO OOOCHOBAHHOE pellleH e C IIPAaBVIIBHBIM OTBETOM

9 6a10B BepHo HavizieHb! cj1e1bl MATPUYHBIX CTEIIeHeV, HO OTBET HeBePHbIV

8 ba1oB BepHo HarmgeHbI cTeneHr MaTpiLl, HO HeBePHO HaViJIeH OIVH U3 CJIe[I0B

7 6an1oB BepHo HaveHbI cTelleHyr MaTpull, HO HeBepHO HawIeHbl [ABa Cjiefa,
VJIU IOITy1IleHa OIIVOKa IIpY BBIUMCIIEHVN OITpe e/ InTeIs

6 6a10B BepHo HamgeHb! cTelrreHy MaTplLl, HO HeBepHO HamAeHbI BCe TPY CJIeia

4-5 6asutoB  Hampena sepHo MaTpuiia A2 11 eé cief,

1-3 bay1a Pasjiiiurible TIOIIBITKY pelreHvis

Permrenme. M0O>XXHO 4eCTHO BBIUMCIINTD CTEIIeHV MaTPUIIbL A

23 -3 30 61 -9 78
A= —24 —2 30 |, A3=| —68 —10 6
24 -3 31 —62 -9 79

Torna tr(A) = 2, tr(A?) = 6, tr(A%) = 8 u MeI B mTOre NOMy9aem orser —12. OxHako,
MOKIHO 130€2KaTh HeOOXOANMOCTY BO3BOLUTH MATPHILYY B CTEIEHDb, BOCIOIL30BABIINCH
TOXKIECTBOM

(tr(A))® — 3tr(A?) - tr(A) + 2tr(A?) = 6det(A) = —12.

OTBET: -12

3amaune 3

3agaya ¢ HeOOJIBIINIM IIOBOXOM: TpeOyeTcs BCIIOMHWUTB, YTO (PYHKIIVS IUIOTHOCTU
PaBHOMEPHOIO paclipefesieHVsl He MeeT IIPOM3BOIHOV B KpavHMX TOYKax. Ecym Mer
BBIIIVIIIIEM IIPOM3BeNe s 3Ha4eHMI (PyHKITNU IUIOTHOCTY VIS peayIn3alil C.B., TO MbI
MIOJIy4YMM, UTO IIapaMeTp ¢ C OIHOW CTOPOHBI JOJDKeH OBITh OosIbllle, yeM mroboe 113
3Ha4YeHWUV peain3auyi Xy, ..., X,. C IPyroy CTOPOHBL, KaK MOXKHO OoJjlee MEHBIIIIM, TaK

Kak L = H?=1% pu x; € [0, ¢].

Taxmm obpaszom, @y, = max(xy, ..., Xy,).

S3amaune 4
Otsert: $n\ ne 2,3%
Pemenwne. [Tpu $n=1$ oTBeT 3aBUCUT OT CHICTEMBI OITPEIeIeHM Y TPUHMMAJICS JTII000T

m3 HuxX. [Tpu $n=2$ KoHTpIIprMepoM OyeT IIycToe OTHOIIEeHVIE, TPV
$n=3% --- KT IUTMHEL 3.
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Bocrionib3yemcst  olipesiesieHieM JIMHEHOTO IMOpsIKa --- 3TO aHTHpedIIeKCUBHOE,
AHTMCIMMETPUYHOE, CBSI3HOE 1 TPAH3UTMBHOE OMHapPHOEe OTHOIIIEHNE.

Ecm $n>1$, To $P$ normxaO OBITE aHTUpedieKCMBHO, MHave (ecyivt HeT mapkel $(a,a)$),
yIaJMM aJlbTepHATHBY, OTIIMYHYIO OT $a$.

Ecmm $n>2$, To $P$ mormkHO OBIT aHTMCMMMETPUYHO, VHa4Ye (ecyv ecTh mapsl $(a,a)$ n
$(b,b)$), ymarmm anmerepHaTHBY, OTIIMUHYIO OT $a$ 1 $b$.

Ecm $n>2$, o $P$ noroxeo ObITh cBsI3HO, MHa4e (et $a$ 11 $b$ He cBsi3aHbl), yoamim
aIbTepHATMBY, OTIIMYHYIO OT $a$ 1 $bS.

Ecm $n>3$ n $P$ He TpamHsuTiBHO, TO cymectByioT Takue $a$, $bd n $c$, uro $aPbs,
$bPc$, o $a\ overline{P}c$. Ecyin ymaymTe asibrepHaTUBY,

ommmuHyo ot $a$, $b$, $c$ (310 BO3MOXKHO, T.K. $n>3$), oTHOIIEHME OCTaHETCS He
TPaH3UTUBHBIM.

Beisop: ipu $n>3$ oTHOIIEHME $P$ 00513aHO OBITE JIMHEVTHBIM ITOPSTKOM.

Kpwurepun obmime:
e Pemenne comepXuUT HpoOesibl WM OMIMOKM, OIHAKO €ro MOXHO HpW3HAaTb
BEepPHBIM VIV IIOYTU BepHBIM — 7 OajlUIoB.
e HemoueTsI CIMIIIKOM CYIIIeCTBEHHBI, UTOOBI IIPU3HATE pellleHVie BepHbIM (HO caMo
paccy>kmeHne OCHOBaHO Ha 3paBbIX Mesax) — 5 OajUIoB.
e 3amaua He pellleHa, HO B TeKCTe eCTb MeW, KOTOpble MOTYT IPU HOJDKHOM
PasBUTHUM IIPUBECTU K pellleHno — 2-3 Oasria.

Kpurepumn gacTHbIe (MMEIOT IPMOPUTET HaZ OOIIMIMM):

e ITpomymen vwm HeBepeH cy4ant $n=2%: Beranraercs 2 6asvia.

e TlomHOCTBIO HeBEPHBIV (OTIIMYAIOIINIICS OT IIPaBWIBHOIO He MeHee, YeM TpeMs
3HavyeHMsIMM $n$) oTBeT: 0 GasuIoB.

e [IlpaBwibHOe pelleHVe HpU 4BHOM (QOPMYJIMPOBKe 3afauy 'CyllecTByeT
aJlbTepHATVBa, IIPU yOaIeHUM KOTOpoil..", a He 'Ipu yHaJeHuu 000w
asrpTepHaTVBHL': 3 DayuIa.

e Tompko mpumMeps! st $n=2,3$: 3 Savta.

e Tompko npummep mrs $n=2$ vom 3: 1 baswt.

e OOmme paccyXeHns, He MCIIOIB3YIOIIe OIIperieieHIe JINMHEHOro nopsiaka: 0
6asu10B.

e IIpoBepeHa TOIBKO CBA3HOCTH OTHOIIIEHVIS, HO HE TPAaH3UTUBHOCT: 3 OasUIa.

e B pokasaTesbCTBe IIOfpasyMeBaeTcs, YTO OTHOIIeHMe cBsA3HO (wm $a>b$ vm
$b>a$), a aT0 He Tak: He Oosiee 5 OasUIOB.

3amaune 5

Kpurepun onenmBaHms:
10 6astoB  TlomHOCTBIO OOOCHOBaHHOE pellieH e C IIPAaBWIBHBIM OTBETOM
8-9 6ayutoB  BepHO HameH omnpenemTellb, HO Ipy IIpeoOpa3oBaHMM AOMyIIeHa
apudMeTaeckass ommbKa IIPV BBIUMCIIEHWM ONHOTO WUIM IBYX
K03 pmimeHTOB MHOrOWIeHa
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6-7 basIoB

5 da1oB
4 darnia
1-3 dayu1a

Pemenne

BepHo HammeH ompenenuTeslb, HO OTBeT He IIpeoOpa3oBaH 0
MHOrowIeHa, JmbOo Oojlee AByX ero Ko3dpuIlMeHTOB HallIeHbl
HEBEPHO

Homymiensl  apudMeTrdeckiie  OmMOKM  OpM  BBIYMCIIEHUN
OIIpefeIIVTeIIs], TPV MCIIPaB/IeHNI KOTOPBIX TIOITYUMUTCS BEPHBIVL OTBET
BeruniciieHne onpenenmTessi OCTAaHOBWIIOCH Ha IIpeoOpa3oBaHmM CyMM
Y IIPOVI3BEIeHNTI, aHAJIOTVYHBIX IPVBEAEHHBIM B aBTOPCKOM peIleHMI
PasymdHbIe TONBITKY PeleH s

Anrebpa Canoxxuas ODo3HasMHM OLPEJIE/HTENL K3 YCJIOBHS 3aJa4 vepes 1), ¥ BLIMUCIHM

ero. Cuauasa BLIYTEM LEPBYIO CTPOKY M3 BCEX OCTAJILILIX, & 1IOTOM Pas/ieJuM i-blil
croaben (s @ > 1) na jeMenT JAIHoro ¢rojdia, JexKaAMil Ha riasioii Juaronaim
re. na (i +2)? — 4, nonyuaem

5

].U 4?_,1 52_,1 et m
n —5 1 0 0
is .z : : S 5
-5 0 0 ... L.

Tenepn npnbapum Kax<uplii crosder, nauMias O BTOpPOro, IATh pa3 K nepeomy. B
pesyiprare Mbl 10JYYMM BEPXIETPEyIOJIbIYIO MATPHILY U

T

e 25
Dn=g((1+2) — 1) (1n+z J+2‘)’2 )
Hauiee
- ((i+2)2 —4) = i(i+4) = (,,:!!)2 (n+ 1)(n + 2)(n + 3)(n + 4)

Z 25 95
G+22-4 4

bem (1 1\ 25/77 1 1 1 1
e =\ g4 C4\60 n+l n+2 n+3 n+4d)’

j‘.lliljl,[)lii].‘['().]l 15110,

(n!)? 50 1 1 1 1
~—(n+Dn+Dn+Nn+)| — — = - - -
4! (n+ )(n F2)(n+3)n+4) 48 4 \n+1 I_'n, + 2 I—-n, +3 I_n +4

1 1 1 1
M) — (- ’ ’ N(n a_ @
P(n)=(n+1)(n+2)(n+3)(n+4) (173 60 (n—l—l +n—|—2+n+3+n+4))

Dﬂ =

H

Packpbisasi CKOOKM, 110J1y1aeM

P(n) = 173r" + 14907 + 4255n* + 4450n + 1152.

OTBET: P(n) = 173n" + 1490n® + 4255n2 + 4450n + 1152.
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3anaune 6
Permrenmne:
def maxStudents (seats) -> int:
R, C = len(seats), len(seats[0])
matching = [[-1] * C for _
def dfs(node, seen):
r, Cc = node
for nr, nc in [[r-1,c-11,
11, [r+1l,c+1]]:
if 0 <= nr < R and 0 <=

eats[nr] [nc] == '.'":
seen[nr] [nc] = True
if matching[nr] [nc]
matching[nr] [nc]
return True
return False
def Hungarian() :
res = 0
for ¢ in range(0,C,2):
for r in range(R):
if seats[r][c] == '".
seen = [[False]
if dfs((r,c),
res += 1
return res

res Hungarian ()
count = 0
for r in range(R) :
for ¢ in range(C) :1
if seats[r][c] == '."':
count += 1

return count - res

in range (R) ]

[r,c-1],[r,c+1l], [r-1,c+1l], [r+1l,c—

nc < C and seen[nr] [nc]

== -1 or dfs(matching[nr] [nc],
= (r,c)

* C for  1in range(R)]

seen) :

False and s

seen) :



A
‘B
1>
v
IIpoBepka perenms:

[ 1 seats = [["#",".",".",".","#"],
[m.m, e, e, ],
[m.m, e, ],
[m.m, e, e, ],
["#"J"'"J"'"J"'"J"#"]]

[ ] maxStudents(seats)
1e

[ ] Seats = [["#",".","#","."J"#"],
["-"J"-","#","-"J"-"],
["I"J".","#"J"D"J"I"],
[u.uln.njn#n’u.u,u.u],
["#HJH'H,H#H,"."J"#"]]

[ ] maxStudents(seats)

le

mn mn mn mn mn
.

[ 1] seats = [

mn mn n n mn
.

wowm owmowmom

[ #
[ #
[".m, ", E E R,
[ #
[ #

mn mn mn mn mn

[ ] maxStudents(seats)
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Sananue 7

1 Tiling with dominoes

We want to cover a subset of the square grid with dominoes such that each
domino covers exactly two grid squares and no two dominoes overlap. Such
a covering is called a tiling. The subset is assumed to be simply connected,
that is, without hole. Fig. 1, left, depicts such a covering.

Figure 1: A domino tiling (left) and its encoding graph (right).

We encode any domino tiling by a weighted directed graph as follows.
The squares of the grid are colored in black and white as a checkerboard.
The edges of the squares are directed such that they turn clockwise around a
black square and counterclockwise around a white one. An edge gets weight
1 if it is on the boundary of a domino and —3 otherwise. Fig. 1, right,
illustrates this.

The height of a vertex is an integer defined as follows. First, the height
of an arbitrary vertex is set to 0. Then, whenever a directed edge goes from
A to B, the height of B is equal the height of A plus the weight of the edge.
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Question 1. Consider the encoding graph in Fig. 1, right, where the height
of an arbitary vertex of the boundary has been set to 0. What is the largest
and lowest heights of the vertices of this graph?

A flip is the operation which replace two adjacent vertical dominoes by
two adjacent horizontal dominoes, or conversely. For example, a flip can be
performed on the two bottom most vertical dominoes of the tiling depicted
in Fig. 1, left.

Question 2. How does a flip change the heights of the vertices of the
encoding graph? Prove that one can always assume that any vertex of
maximal height is on the boundary of the tiling.

Question 3. How does look the tiling around a vertex of maximal height
which is on the boundary of the tiling? Deduce an algorithm to construct
a tiling of a given subset of the square grid (if there is some). What is the
complexity of your algorithm?

2 Solution

Question 1. Computing the height of all the vertices (Fig. 2, left) shows
that the maximal height is 4 and the minimal one is —4.

Remark: The consistency of the definition of the height follows from the
fact that any cycle has weight 0 (by induction on the number of squares
inside the cycle): the height of a vertex is thus just the weight of any path
from the arbitrary vertex of height 0 to itself.

Question 2. A flip increase or decrease by 4 the height of the vertex at
the center of the 2 x 2 square covered by the two dominoes and does not
change any other height (Fig. 2, right).

The incoming edges of a vertex of maximal height are weighted 1 and
its outcoming edges are weighted —3. If it is not on the boundary of the
tiling, this means it has two incoming edges weighted 1 and two outcoming
edges weighted 1, that is, it its the center of a 2 X 2 square covered by
two dominoes. We can thus perform a flip and decrease by 4 the height of
this vertex. Since the height is bounded by below, only finitely many such
decreasing flips can be performed. When no such flip is possible, the vertex
of maximal height are on the boundary.

Remark: This proves that the set of possible tilings is connected by flips.



Figure 2: Heights of vertices (left) and action of a flip on heights (right).

Question 3. Consider a vertex of maximal height which is on the bound-
ary. It cannot be on a corner, otherwiser it would have one outcoming edge
of weight 1 which would points toward a higher vertex. It has thus two
incoming edge of weight 1 and one outcoming edge of weight —3, that is, it
is in the middle of the side of a domino (as the top most horizontal domino
in Fig. 2, left).

Given a subset of the square grid, color the squares black and white,
direct the edges clockwise around black square, and put weight 1 on all the
boundary edges (which must obviously be on the boundary of a domino).
Then, set to 0 the height of an arbitrary vertex on the boundary and compute
the heights of all the vertices on the boundary. Consider the highest vertex
on the boundary: one can assume that it is the highest in the whole tiling
(Question 2), so we know that it is in the middle of the side of a domino.
Put this domino. Continue with the remaining subset of the square grid
while it is not empty. This eventually yields a tiling.

The height of the vertices on the initial boundary are computed in O(n)
where n is the number of squares. Then, at each step a domino is added and
the heights can be updated in constant time (since only the heights around
the domino have to be computed). Since there is O(n) steps, this yields a
O(n) algorithm.
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3 Fast exponentiation

The naive way to compute z™ is to compute x X X ... X &, which requires
n — 1 multiplications. The Chandah-sutra method proceeds differently:

e If n =1 return z;

n/2

e If n is even, compute y := x"/“ recursively and return y X y;

e If n > 1is odd, compute y := z("1/2 recursively and return z x y X y.

Question 1. Find the number of multiplications performed by the Chandaj-
sutra method for n = 15, n = 23 and n = 33.

The factor method to compute 2™ works as follows:

o If n =1 return x;

1

e If n > 1 is prime, compute y := 2™ recursively and return = X y;

e If n is not prime, compute y := zP recursively, where p is the smallest
prime factor of n, then compute y™/? recursively as well and return it.

Question 2. Find the number of multiplications performed by the factor
method for n = 15, n = 23 and n = 33.

Question 3. Can you outperform both methods for n = 23, that is, com-
pute 223 with less multiplications than with any of these two methods?

4 Solution

Question 1. Respectively 6, 7, 6. More generally: 2v(1)+v(0), where v/(7)
is the number of bits 7 in the binary expansion of n. In particular: between
log, n and 2log, n multiplications. This is especially efficient when n has
many factor 2 in its decomposition in prime factors. See OEIS A014701.

Question 2. Respectively 5, 7, 7. It can thus be better or worse than the
Chandraj-sutra method, depending on the value of n. See OEIS A117497.
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Question 3. 2% can be computed with only 6 multiplications:
X2 =X*X

x3:=x2%X

x5 :=x2%x3

x10:=x5%x5

x20:=x10*x10

x23:=x20%x3

Chandraj-sutra and factor methods can also be outperformed for
n = 43,46,47,59,77,83,86,92,94,99. ..

See OEIS A003313.
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BapuaTtuBHas yacTb

Perrenme 3ajaHni Tpeka
«AHaIM3 JaHHBIX M MCKYCCTBEHHBIVI MHTEJIJIEKT»

S3amaune 8

OtBet: $n=6%.

Pemenwne: mpumep --- rpad-3pesma. [JononHenme k Hemy $K_5\ cup K_1$ ve roranapHo,
TaK KakK He IuiaHapeH $K_5%.

[Tpn $n<5$% He 1wiaHapHBIX TpadoB Ha $n$ BeprmHax He cymectByeT (T.K. $K_4%
IUIaHapeH), II03TOMY JOIIOJIHeH Ve K JII00oMy rpady IUlaHapHO.

ITpu $n=5% momorHeHMe K rpady --- rpad Ha 5 BepIMHAaX, COIep Kallnil He Bce pedpa.
OH conepxwTcs B rpadpe $K_5$ ¢ omHvM ynasieHHBIM pebpoM,

KOTOPBIV IUTAaHapeH (IIpoIlie BCero HaprcoBaTh COOTBETCTBYIOIINT ITTOCKUTL rpad).
OOGocHoBaHMe c wcronb3oBaHMeM TeopeMbl [loHTpsArmHa---Kyparosckoro cioxsHee,
II03TOMY [IOJDKHO OBITB IIPOBEIEHO OUYeHb aKKypaTHO VIS IIOJIHOTro OasIa.

Kpwurepun obmine:
e Pemenne comepXuUT mpoOesbl WM OIIMOKM, OIHAKO €ro MOXHO HpW3HAaTh
BEpPHBIM VIV TIOYTU BEpPHBIM — 7 OajUIoB.
e HemoueTsI CJIMIIIKOM CYIIIeCTBEHHBI, UTOOBI IIPU3HATE pellleHVie BEpHBIM (HO caMO
paccy>kmeHve OCHOBaHO Ha 3paBbIX mUesx) — 5 OajUIoB.
e 3amaua He pellleHa, HO B TeKCTe eCTb WeW, KOTOpble MOTYT IPU HOJDKHOM
PasBUTHUM IIPUBECTU K pellleHno — 2-3 Oasria.

Kpurepun gyacTHbIe (MMeIOT IIPMOPUTET HaJl, OOIIIMII):

e IIpu mpaBWIPHOM OTBETe HpVMep ¥ [IOKa3aTeIbCTBO, UTO IIPpM MeHBImMX $n$
HpuMepa He CyIIeCcTBYeT, CTOAT 110 5 6auIoB.

e He pgokassiBaercs, uro npu $n<5$ mroboe gorromHeHMe K CBSI3HOMY Irpady MOXHO
npencTaBuTh, Kak roarpad $K_5% ¢ omHvM ynaseHHBIM peOpoM: BEramTaercs 3
EVEY

e lcnosnb3oBaHue  HeBepHOV  OpMYyJIMpoBKM  TeopeMmbl  IloHTpsrmHa---
Kyparosckoro (rpad He riaHapeH Toraa, Korjga HO He comep KUT roarpada,

e romeomopduoro K_5 mwm K_3,3, a He mpocto copepxxut ntoarpad): 0 6ayu1os 3a
3Ty 4YacTh.

e VYTBepXIaercs, 4TO HomoiIHeHMe K rpady-3sesme 1o $K 5% (Ha camom merne
$K_5\cup K_1%): Berunraercs 1 6asi.

e IlombITKa OKasaresbcTBa TOro, 4ro $n>5$ mepedbopom: 0 GayUToB 3a 3TY YacTh.
[TepeGop He MOXeT OBITH IIOJIHBIM, a TeM OoJlee HeIb3s AOKa3aTh 3a pasyMHOe
BpeMsi, YTO OH ITOJIHBIN.

e [Ilpenmosiaraercsi, 4To IlepBasi IOJIOBMHA pellleHNs JIeTKO cilefyeT 13 TeOpeMbl
[TonTpsarnna---Kyparosckoro: Beranrtaercs 3 basuia.

e llcmonmp3yeTcss TIOHATME — «MVHWMAJIBHBI — HeIUIaHApHbWI Tpad»  Oe3
KOHKpeTu3allny, 94To 3To 3HaunT: 0 OaJUIoB 3a 3Ty 4acThb.

e HesepHoe nonmManme rwiaHapHoctu (Harpumep, $K_4$ rmranapen) (0 6asuios).
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e HeakkyparHoe [10Ka3aTelbCcTBO (HAlpMMep, He paccMOTpeH cirydam $n<5$):
BbIUMTaETCS 3 DasvIa.

e HeBepHbIVI OTBeT MJIM OTCYTCTBYIE UmciIeHHOTO oTBeTa: 0 6ayuIoB.

e OrtcyTcTByeT npoasroKeHye B perteHmt: 0 OaUtos.

¢ He nokasaHo, uyTo Ha 5 BepumHax TOJIBKO 3 JlepeBa: BeumTaercs 3 Oasvia.

3agaxne 9
OrTBer: 1a.
Perrenme: ripuiMep Takovt popMyIIbl

vx,y((~3u,x = fFw,w)/ (=3v,y = fF(v,v))) - 3w, f(x,y) = f(w,w)

B mepsom ciydae sTa dopmysia BblpakaeT BepHOe YTBepXKAeHMe «CyMMa IBYX
HeUYETHBIX uricesn yéTHa». Bo BTOPOM xe noadopMyIia
Ju,x = f(u,u) o3HaYaeT «Xx ecTh NOJIHBIV KBagpaT». COOTBeTCTBeHHO, Hallla (popMyJia
3HAUYUT «IIpOM3BefeHNe IByX Ulcesl, He gBJISIONIXCS ITOJIHBIMY KBaJpaTaMi, JOJDKHO
OBITH IOJIHBIM KBa/IpaTOM», UTO HeBepHO (Haripumep, x=3, y=5).

Kpurepurt: nonHoe penreHne = OIHBIN 6ajll, HpaBUIIbHBIN IIpUIMep 06e3 aKKypaTHOTO
000CHOBaHMS = II0JIOBMHA, TOJIBKO OTBET «a» = HOJIb 0aJIIoB.

Samaume 10
EL(§,y) = EE[L(3,y)|x]

= +m[)7= CTIL(C,CHp(y = CT,0)P(x) + [y = C*IL(CY,C)p(y = C7,x)P(x)dx

1

1 1
= f EL(C‘.C’f)P(y = C* x)dx + f EL(C”,C‘):D(y = C~,x)dx
. ,

.
1% 1t

= —f 40xdx + —f 20(1 — x)dx
2 J, 2.

— 1 21x" 2N

=3 (20x°]5 + 20x — 10x°];-)

1 *2 * *2
ZE(ZOx +5—20x"+10x"")

= 15x*% — 10x* + 5

Kakosa rpanuna npunsaTHs penieHus (3HadeHHe X ), KOTOpasi MUHHMH3HPYeT pHCK?

L(C*Cply = C7,x") = L(C™,CHply = CH,x")



.1

x —

3
ClenoBaTelbHO,

10
EL(H,y) = 3



<Bn

Pemenne 3aganmit Tpeka
«MDyHaHCOBBIE TeXHOJIOTM»

Samaume 11

OOY Yepes t cexyny xoopgunarnt xxeppu Gyayr (0,3t), a y Toma (z,y) (xoopmunara
TouKH TpackTopuu Toma). Tanrerc yria nakyona npsMoit, coeauitsioneii Toma u xkeppu,
pasent —(3t — y)/x, ciejoBaTeNbIO

dy
r— =1y — 3t.
dx y
Huddepennupys 1o z, nojydaem
d*y dt
r— = —-3—.
dr? dx

IycTn kK MoMenty Bpemenu ¢ ToM 1peosionen paccTosime s, KOTOpoe MOXKIO BLIMHCINTD

C o110 CTOPOIILI Kak § = 6, a ¢ JPyroi Cropolinsl ¢ HOMONILIO (hOPMYJILI JYIMIILI KPHBOI
1 1/2

s=[ 1+ 2 dz, e f = dy/dx. Takum oBpasom

dt dtds -1 12
—_—= —— = — (1 2 .
dz  dsdx 6 (1+ @)

B urore mMut noJiyacM CJICIYIOIIKEe ypaBIIClue

d2
oY
dz?

O6ozmaunm y' uepes p(z), nMeeM

= % 1+ )"

dp 1 o 1/2
T =3 (L+p%) ",

Hecnoxio HOJIY'IATEL, YITO PCHICIIHA 9TOrO YPaBIICIIHA 3aJlal0TCHA B BHJIC

1
log(p++/1+p?) = 5 logz + C.

Yrobor naiitn Koncranty C yureM, uro p = 0 npu & = 4. Taxum obpasom

1
log(p + /1 +p?) = 3 log(z/4)
U3 Uero cpasy cieyer

(/)" = (x/4)7'%)

p(z) =

B3| =
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Benomumnast, uro p = dy/dx, monygaem

33'3’!2
'y' = T —_ 23:]!!2 + C]_.

Yrobor naiiru kolcranry Cy yurem, uro y = 0 upu x = 4. CnelioBareinslio,

z3/2 8
=— 25"+ _.
Y 5 T +3

[ostyuaem, uro Tom jocrurier Ixeppu B Touke (0, 8/3), To ecrn Tom noiimaer Jlzxeppu,
a J>keppu npobexur 8/3 merpa.

OTBET: tpackropus y = %{2 —2z1/2 ¢ %, Tom noiimaet Ikeppu, JKeppu npobekuT
8/3 merpa.

Kpurepnun ouenmnsasms:

10 6ayutoB  TlostHOCTBRIO 0OOCHOBaHHOE pellleH e C IIPaBUIBHBIM OTBETOM

8-9 basutoB  BepHO HavimeHa TpaeKTOpmsl, HO HEBEpPHO HaWJIeHO pacCTOsSHUE,
npongeHHoe [Dkeppu

6-7 bayutoB  JlomymeHbl  OIIMOKM —TpPM  pelleHMr BEepHO  COCTaBJIEHHOTO
nnddepeHIIaIbBHOIO YpaBHEeHM Ha Y

4-5 6a;moB  BepHo cocrapiieHo AnddepeHIaibHOe ypaBHeHVe Ha i

1-3 banna PasyruHble TIONBITKN peleHust

Samaune 12

B Mopenu mapHom perpeccuu, ymosieTsBopsromier npenmockikaM l'aycca-Mapkosa ¢
HOPMAaJIbHO pacIIperielleHHbIMI OIIVIOKaMV, BBIITOIHSIOTCS CJIeIyIOIIyie CBOVICTBA:
g~N(0,0),Vi
Var(e;) = 02, Vi
Cov(si, sj) =0,Vi#j
Orcrona ciientyert, urto E(e;) = 0, Cov(ey, €3) = 0,P(g; > &) = 0.5,Var(es) =9,E(eZ) =9

3aganmne 13

3agada Ha HOHMMaHVe (PUKTUBHBIX IlepeMeHHbIX. /1 PUKTMBHOV IlepeMeHHOV YacTh
aJUIoLMpyeTcsl Ha KOHCTaHTY, a pyrasd 4yacTh Ha KoadduinenT opu x: y = 4 + 7,84x.



