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11th grade 

Variant 2 

Time allowed - 180 min 
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________________________________________________________________________ 

1. Just answers are expected for problems of the first block №№ 1-6. You may use blank space after 

the tasks for your notes. No other notes besides the answer will affect your mark. 

2. Solutions for problems of the second block №№ 7-8 should contain your answer and detailed 

scheme of your solution with all key statements and key proof steps listed. 

3. Full solutions for problems of the third block №№ 9-10 are expected: an answer and detailed full 

proof. Solutions containing just answer without proof would be considered as incomplete (or absent) 

and the problem would be considered unsolved. 

 



Pr♦❜❧❡♠ ✶✳

❈♦♥s✐❞❡r ❛♥ ♦♣❡r❛t✐♦♥ ✇❤✐❝❤ ♣r♦❞✉❝❡s r❡s✉❧t
a

a− b
❢♦r ❛♥② t✇♦ ✉♥❡q✉❛❧ ♥✉♠❜❡rs a ❛♥❞ b✳ ❲❡ ❞❡♥♦t❡

✐t ❛s f(a, b)✳ ❊✈❛❧✉❛t❡ f(f(1, 3), f(3, 1))✳

❆♥s✇❡r✿ ✭✼ ♣♦✐♥ts✮



Pr♦❜❧❡♠ ✷✳

❈♦♠♣✉t❡ t❤❡ ❡①♣r❡ss✐♦♥ (−1)1 + (−1)2 + . . .+ (−1)2023❄

❆♥s✇❡r✿ ✭✼ ♣♦✐♥ts✮



Pr♦❜❧❡♠ ✸✳

❆ ✇♦♦❞❡♥ ❝✉❜❡ ✇✐t❤ s✐❞❡ ❧❡♥❣t❤ ❡q✉❛❧ t♦ n ✐s ♣❛✐♥t❡❞ r❡❞ ♦♥ ❛❧❧ s✐① ❢❛❝❡s ❛♥❞ t❤❡♥ ❝✉t ✐♥t♦ n3 ✉♥✐t
❝✉❜❡s✳ ❊①❛❝t❧② ♦♥❡✲❢♦✉rt❤ ♦❢ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ❢❛❝❡s ♦❢ t❤❡ r❡s✉❧t✐♥❣ ✉♥✐t ❝✉❜❡s ❛r❡ r❡❞✳ ❲❤❛t ✐s
n❄

❆♥s✇❡r✿ ✭✼ ♣♦✐♥ts✮



Pr♦❜❧❡♠ ✹✳

❚❤❡r❡ ❛r❡ t✇♦ ✈❛❧✉❡s ♦❢ a ❢♦r ✇❤✐❝❤ t❤❡ ❡q✉❛t✐♦♥ 4x2 + ax+ 8x+ 9 = 0 ❤❛s ♦♥❧② ♦♥❡ s♦❧✉t✐♦♥ ❢♦r x✳
❲❤❛t ✐s t❤❡ s✉♠ ♦❢ t❤♦s❡ ✈❛❧✉❡s ♦❢ a❄

❆♥s✇❡r✿ ✭✼ ♣♦✐♥ts✮



Pr♦❜❧❡♠ ✺✳

▲❡t a, b, c, d✱ ❛♥❞ e ❜❡ ✜✈❡ ❝♦♥s❡❝✉t✐✈❡ t❡r♠s ✐♥ ❛ ❣❡♦♠❡tr✐❝ s❡q✉❡♥❝❡ s✉❝❤ t❤❛t a·b·c·d·e = 1024✳ ❖♥❡
♦❢ t❤❡ ♥✉♠❜❡rs a, b, c, d, ❛♥❞ e ❝❛♥ ❜❡ ❡✈❛❧✉❛t❡❞ ✉♥✐q✉❡❧② ❜② t❤❡s❡ ❝♦♥❞✐t✐♦♥s✳ ❲❤❛t ✐s t❤✐s ✈❛❧✉❡❄

❆♥s✇❡r✿ ✭✼ ♣♦✐♥ts✮



Pr♦❜❧❡♠ ✻✳

❆♥♥ ❛♥❞ P❡t❡ ❛r❡ ♣❧❛②✐♥❣ ❛ ❣❛♠❡ ✇❤❡r❡ ❆♥♥ r♦❧❧s t❤r❡❡ ❞✐❝❡s ✶ t♦ ✽ ✭❛❧❧ t❤❡ ♥✉♠❜❡rs ❛r❡ ❡q✉✐♣r♦❜❛❜❧❡
❢♦r ❡❛❝❤ ❞✐❝❡✮ ❛♥❞ ❝♦♠♣✉t❡s t❤❡ s✉♠ ♦❢ t❤❡ t❤r❡❡ r♦❧❧❡❞ ♥✉♠❜❡rs✳ P❡t❡ ❝♦♠♣✉t❡s t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡
r♦❧❧❡❞ ♥✉♠❜❡rs✳ ❆♥♥ ✇✐♥s ✐❢ ❤❡r ♥✉♠❜❡r ✐s ♥♦t ❧❡ss t❤❛♥ P❡t❡✬s ♥✉♠❜❡r✳ ❋✐♥❞ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t
❆♥♥ ✇✐♥s✳ ●✐✈❡ 1024× α ❛s t❤❡ ❛♥s✇❡r ✇❤❡r❡ α ✐s t❤❡ ❞❡s✐r❡❞ ♣r♦❜❛❜✐❧✐t②✳

❆♥s✇❡r✿ ✭✼ ♣♦✐♥ts✮



Pr♦❜❧❡♠ ✼✳

❚❤❡ r❛❞✐✉s ♦❢ t❤❡ ✐♥s❝r✐❜❡❞ ❝✐r❝❧❡ ω ♦❢ ❛♥ ✐s♦s❝❡❧❡s tr✐❛♥❣❧❡ ABC ✭AB = BC✮ ✐s ❡q✉❛❧ t♦ ✷✳ ❆♥♦t❤❡r
❝✐r❝❧❡ ✐s ✐♥s❝r✐❜❡❞ ✐♥t♦ t❤❡ ❛♥❣❧❡ B ♦❢ t❤❡ tr✐❛♥❣❧❡✳ ■t t♦✉❝❤❡s ω ❛♥❞ ❤❛s t❤❡ r❛❞✐✉s ❡q✉❛❧ t♦ ✶✳ ❈♦♠♣✉t❡
t❤❡ ❛r❡❛ ♦❢ t❤❡ tr✐❛♥❣❧❡ ABC✳

❆♥s✇❡r✿ ✭✶✸ ♣♦✐♥ts✮

■♥ t❤✐s ♣r♦❜❧❡♠ ②♦✉ ❛r❡ ❡①♣❡❝t❡❞ t♦ ♣r❡s❡♥t ❛❧s♦ ❛ s❝❤❡♠❡ ♦❢ ②♦✉r s♦❧✉t✐♦♥ ✭t❤❡s✐s ♣r♦♦❢✮ ❛❧♦♥❣ ✇✐t❤
t❤❡ ❛♥s✇❡r✳ ❚❤❡s✐s ♣r♦♦❢ ✐s ❛ ❧✐st ♦❢ ❛❧❧ ✐♠♣♦rt❛♥t st❡♣s ❛♥❞ ❦❡② st❛t❡♠❡♥ts ♦❢ ❛ ♣r♦♦❢ ✇r✐tt❡♥ ❞♦✇♥
✇✐t❤♦✉t t❡❝❤♥✐❝❛❧ ❞❡t❛✐❧s✳

❚❤❡s✐s ♣r♦♦❢✿



Pr♦❜❧❡♠ ✽✳

❆ ❝♦♠♣✉t❡r ♣r♦❣r❛♠ ❣❡♥❡r❛t❡s ❛ s❡q✉❡♥❝❡ ♦❢ ✐♥t❡❣❡rs ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿ t❤❡ ✜rst ♥✉♠❜❡r ✐s ✐♥♣✉t
❜② ❑✉rt ❛♥❞ s❛✈❡❞ ❜② t❤❡ ♣r♦❣r❛♠✳ ◆❡①t✱ t❤❡ ♣r♦❣r❛♠ ♣❡r❢♦r♠s ✐♥t❡❣❡r ❞✐✈✐s✐♦♥ ♦❢ t❤❡ st♦r❡❞ ♥✉♠❜❡r
❜② ✶✽ ✇✐t❤ ❛ r❡♠❛✐♥❞❡r✳ ❚❤❡ s✉♠ ♦❢ t❤❡ ✐♥❝♦♠♣❧❡t❡ q✉♦t✐❡♥t ❛♥❞ t❤❡ r❡♠❛✐♥❞❡r ✐s s❛✈❡❞ ✐♥st❡❛❞ ♦❢ t❤❡
♣r❡✈✐♦✉s❧② st♦r❡❞ ♥✉♠❜❡r✳ ❋♦r ❡①❛♠♣❧❡ ✐❢ ❑✉rt ✐♥♣✉ts 5291 t❤❡ ♣r♦❣r❛♠ ❝♦♠♣✉t❡s✿ 5291 = 293·18+17
❛♥❞ st♦r❡s 310 = 293 + 17 ✐♥st❡❛❞ ♦❢ 5291✳ ❚❤❡ ♥❡①t st♦r❡❞ ♥✉♠❜❡r ✐s ✷✶ ❛s 310 = 17 · 18 + 4 ❛♥❞
17 + 4 = 21✱ ❛♥❞ s♦ ❢♦rt❤✳ ❙❤♦✇ t❤❛t t❤❡ st♦r❡❞ ✈❛❧✉❡ st❛rts r❡♣❡❛t✐♥❣ ✐ts❡❧❢ ✐♥✜♥✐t❡❧② ❢♦r ❛♥② ✐♥✐t✐❛❧
♥✉♠❜❡r✳ ❋✐♥❞ t❤✐s r❡♣❡❛t✐♥❣ ✈❛❧✉❡ ♣r♦✈✐❞❡❞ t❤❛t t❤❡ ❑✉rt✬s ♥✉♠❜❡r ✐s 22023✳

❆♥s✇❡r✿ ✭✶✸ ♣♦✐♥ts✮

■♥ t❤✐s ♣r♦❜❧❡♠ ②♦✉ ❛r❡ ❡①♣❡❝t❡❞ t♦ ♣r❡s❡♥t ❛❧s♦ ❛ s❝❤❡♠❡ ♦❢ ②♦✉r s♦❧✉t✐♦♥ ✭t❤❡s✐s ♣r♦♦❢✮ ❛❧♦♥❣ ✇✐t❤
t❤❡ ❛♥s✇❡r✳ ❚❤❡s✐s ♣r♦♦❢ ✐s ❛ ❧✐st ♦❢ ❛❧❧ ✐♠♣♦rt❛♥t st❡♣s ❛♥❞ ❦❡② st❛t❡♠❡♥ts ♦❢ ❛ ♣r♦♦❢ ✇r✐tt❡♥ ❞♦✇♥
✇✐t❤♦✉t t❡❝❤♥✐❝❛❧ ❞❡t❛✐❧s✳

❚❤❡s✐s ♣r♦♦❢✿



Pr♦❜❧❡♠ ✾✳

❆ ♣❧❛②❡r ✇r✐t❡s ❞♦✇♥ ❛ ✸✲❞✐❣✐t ♥✉♠❜❡r ♦♥ ❛ ❧♦tt❡r② t✐❝❦❡t ✇❤❡r❡ ❡❛❝❤ ❞✐❣✐t s❤♦✉❧❞ ❜❡ ❡q✉❛❧ t♦ 1, 2, 3,
♦r 4 ✭t❤❡ ❞✐❣✐ts ♠❛② r❡♣❡❛t✮✳ ❚❤❡ ❧♦tt❡r② ❤♦st ❛♥♥♦✉♥❝❡s ❛ ✸✲❞✐❣✐t ♥✉♠❜❡r ♦❢ t❤❡ s❛♠❡ t②♣❡✳ ❆ t✐❝❦❡t
✇✐♥s ✐❢ t❤❡ ♥✉♠❜❡r ♦♥ ✐t ♠❛t❝❤❡s t❤❡ ❛♥♥♦✉♥❝❡❞ ♥✉♠❜❡r ✐♥ ❛t ❧❡❛st ✷ ♣♦s✐t✐♦♥s✳ ❚❤❡ ♣❧❛②❡r ✇❛♥ts t♦
❜✉② ❛♥❞ ✜❧❧ ✐♥ s❡✈❡r❛❧ t✐❝❦❡ts t♦ ♠❛❦❡ s✉r❡ t❤❛t ❛t ❧❡❛st ♦♥❡ ♦❢ t❤❡♠ ✇✐♥s✳ ❉❡t❡r♠✐♥❡ t❤❡ ♠✐♥✐♠✉♠
♥✉♠❜❡r ♦❢ t✐❝❦❡ts t❤❡ ♣❧❛②❡r s❤♦✉❧❞ ❜✉② ❛♥❞ t❤❡ ✇❛② t❤❡② s❤♦✉❧❞ ❜❡ ✜❧❧❡❞ ✐♥✳
◆♦t❡✿ ■❢ t❤❡ ❛♥♥♦✉♥❝❡❞ ♥✉♠❜❡r ✐s ✹✷✸✱ t❤❡ t✐❝❦❡t ✇✐t❤ ♥✉♠❜❡r ✶✷✸ ✇✐❧❧ ❜❡ ❛ ✇✐♥♥✐♥❣ ♦♥❡ ❛♥❞ t❤❡
t✐❝❦❡t ✇✐t❤ ♥✉♠❜❡r ✷✹✸ ✇✐❧❧ ♥♦t✳

✭✶✻ ♣♦✐♥ts✮

■♥ t❤✐s ♣r♦❜❧❡♠ ②♦✉ ❛r❡ ❡①♣❡❝t❡❞ t♦ ♣r❡s❡♥t ❛ ❢✉❧❧ s♦❧✉t✐♦♥✿



Pr♦❜❧❡♠ ✶✵✳

❉❡t❡r♠✐♥❡ ❛❧❧ ♣r✐♠❡ ♥✉♠❜❡rs p ❛♥❞ q ❛♥❞ ❛❧❧ s✉❝❤ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r ♥✉♠❜❡rs n > 1 s✉❝❤ t❤❛t ♥✉♠❜❡rs
pnq + 1 ❛♥❞ pqn + 1 ❜♦t❤ ❛r❡ ♣❡r❢❡❝t sq✉❛r❡s✳

✭✶✻ ♣♦✐♥ts✮

■♥ t❤✐s ♣r♦❜❧❡♠ ②♦✉ ❛r❡ ❡①♣❡❝t❡❞ t♦ ♣r❡s❡♥t ❛ ❢✉❧❧ s♦❧✉t✐♦♥✿


