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3anonnsemcs unenamu xcropu. Ilomemxu yuacmuuxog ne oonyckaromes! |

To be completed by the Jury. Please don’t make any notes here!

NP

3agaua | 3agada | 3amauva | 3amada | 3agaua | 3agaya | 3amada | 3amada | 3amada | 3amaua Hroro
1 2 3 4 5 6 7 8 9 10 0aJIoB
Max 7 | Max7 Max 7 Max 7 Max 7 Max 7 Max 13 | Max 13 Max 16 Max 16 Max 100

MATEMATUKA /| MATHEMATICS

10 kaace / 10™ Grade
Bapuaur 1/ Variant 1

Bpewms Boimonnenus 3aganuii — 180 munyt / Time allowed — 180 min
MakcumanbHas ornenka — 100 6amios / Maximum grade — 100 points

BAKHOE ITPUMEYAHHE! | IMPORTANT NOTE!

1. B 3adauax nepsoco 6aoka NoeNe 1-6 neobxooumo npusecmu auwe omeem. Ce00600HOe

Mecmo Ha CmpaHuye MOICHO UCNOJIb306amb 6 Kadecmee YepHOBUKA. ﬂOI’lOJZHumeJZbele
3anucu, noOmMumo omeema, HaA OYEeHK)Y no amum 3a0a4am He nOGIUSION. / Just answers are
expected for problems of the first block NeNe 1-6. You may use blank space after the tasks
for your notes. No other notes besides the answer will affect your mark.

Pewenust 3a0au emopoeo oO1oka NeNe 7-8 mneobxooumo 3anucame 8 eude omeema u
NOOPOOHOU CXeMbl PeueHUsi C NePeyUCieHUeM BCeX KIOUesblX YMEePIHCOeHUl U uae08
ookazamenvcmea. | Solutions for problems of the second block NeNe 7-8 should contain
your answer and detailed scheme of your solution with all key statements and key proof
steps listed.

B 3a0auax mpemvezo o610ka NoNe 9-10 neobxooumo npusecmu nonmnoe pewieHue. omeem
(eciu npeononazaemcs) u noiHoe doxkazamenvcmeo. bez dokazamenvcmea 3adaua 6yoem
cuumamocsi Hepewlénnoll oadxce npu naruuuu eeproco omeema. | Full solutions for
problems of the third block NeNe 9-10 are expected: an answer and detailed full proof.
Solutions containing just answer without proof would be considered as incomplete (or
absent) and the problem would be considered unsolved.
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3amaua 1. (7 6annos) | Problem 1. (7 points)

= 2009 + 2010.
Beraucnute az10 + azooe. / Consider a sequence a, such that the sum S, of its first n terms is

CyMMa 1miepBBIX N YWISHOB YHCIIOBOU MOCIIEN0BATEILHOCTH 8y paBHA S;,

2
given by S,, = —=—+ 2010 for every natural n. Find azoio + azo00.

OTtser / Answer:
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3anaua 2. (7 6annos) | Problem 2. (7 points)

MHOTO KopHe#. OmnpenennuTe 3Ha4Y€HHE &, MPU KOTOPOM 3TO BO3MOXKHO, M YKaXKHTE B OTBETE

Onmxaiiiee K Hemy memnoe uwmcio. / Given that the equation \/x2 +2V17x + 17 +

Vx2 + 24/3x + 3 = a have infinitely many solutions with respect to x, find a, round a to the
nearest integer and submit the result as an answer.

OtBer / Answer:
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3anaua 3. (7 6annos) | Problem 3. (7 points)

Bsrumciure mwiomans obuacty, 3agasaemoil yenosuem |X| + 2lv—1l < 4./ Find the area of
the figure, given by inequality |%|+2|v-1| = 4 in the Cartesian coordinate system.

Ot1BeT / Answer:
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3anaua 4. (7 6annos) | Problem 4. (7 points)

B npsMOyroapHOM TpEYrojbHUKE UIMHBI CTOPOH 00pa3yroT apu(METHYECKYIO MPOTPECCHUIO.
Haiinure cunyc ero Oosbmiero ocrtporo yria. / Given a right-angled triangle, such that the

lengths of its two legs and the hypotenuse form an arithmetic progression. Find the sinus of the
largest of its acute angles.

OTtser / Answer:
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3amaua 5. (7 6annos) | Problem 5. (7 points)

|2 —1] — |z — 3
2
HalizuTe B 5TOM Cillydae MHHMMAlIbHO BO3MOYKHOE 3HadeHMe BhIpaxkenus 4a’ + 5a + b. / Given

I/ISBGCTHO, YTO YpaBHCHHC —& =ar -+t uMeer POBHO 2 I[eflCTBHTCJ'II:HBIX KOpH.

that for a pair of real numbers (a,b) there are exactly two different values of x satisfying equation

jx = 1] — | — 3] '
2

above condition?

—z—axz+b Whatis minimal value the expression 4a? + 5a + b can take under

OTteer / Answer:
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3amaua 6. (7 6annos) | Problem 6. (7 points)

JIBe TOYKM HAYHMHAIOT OJHOBPEMEHHO [BUraThbCs paBHOMEpHO 1o mpsMbiM OX u Oy,
MepPECEKAOIINMCS TIOJT IPSIMBIM yTIJIOM. [lepBasi Touka JABHXKETCSI CO CKOPOCThIO 12 M/c mo
npsimoit OX or Toukn A B HampaBieHuu k Touke O, Haxopsmieiics Ha paccTossHUU 84 M OT
Toukn A. BTopas Touka ABHXKETCS CO CKOpOCThio 5 m/c mo mpsimoit Oy ot Touku B B
HamnpaBliecHuu K Touke O, Haxoxasmelcs Ha pacctosHun 100 m ot Toukm B. Haiitn
HAaUMEHbBIIIEe PACCTOsHUE (B METpax) MEXIy ITHMH TOYKaMU BO Bpems ABrkeHus. /| TWO
cars start moving with constant speeds along lines AO and BO, which form right angle
AOB. The first car starts at A and moves towards O with speed 12 m/s, |AO|=84 meters.
The second car starts at B and moves towards O with speed 5 m/s, |[BO|=100 meters. Find
the smallest distance (in meters) between these cars while moving.

OTtser / Answer:
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3apaua 7. (13 6arnoes) | Problem 7. (13 points)
CKOJIBKO CYHIECTBYET LCJIBIX HEOTPUHUATCIBbHBIX YHUCCII, UMCIOIIUX B ,I[CC?ITI/I‘IHOﬁ 3aIIMCH HEC
6osee 4 3HakoB, cymMmmy nudp He oonbine 10 u gensmuxes na 117 /
How many non-negative integers satisfy the following conditions: the number is a multiple of
11, it have at most 4 digits in decimal representation and the sum of its digits is at most 10?

OTtser / Answer:

B omoii 3a0aue, xkpome omeema, mpedyemcs 3anucamov cxemy peuenus (meszucroe
00Ka3ameﬂbcm60) — CNUCOK 6cex 6BasCHblx Wdadcoe U Kllo4eBsblx ymeepofcdenuzi
ookasamenvcmea Oez mexuuveckux oemaneti. | In this problem you are expected to present
also a scheme of your solution (thesis proof) along with the answer. Thesis proof is a list of
all important steps and key statements of a proof written down without technical details.

Te3ucHoe nokaszareancTBo / Thesis proof:
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3amaua 8. (13 6arros) | Problem 8. (13 points)

Han mecruyronsank ABCDEF , Bce yriel kotoporo paBubl 120°, anunsl ctopon AB =
CD =EF = 1 u BC = DE = FA = d. HU3BecTHO, YTO OTHOIIEHHUE ILIOIIAINA
tpeyroiapHuka ACE x mmomanu mecruyronsanka ABCDEF pasno 2/3. Haitgute Bce
3HAYCHUsI, KOTOPbIE MOXKET MpuHUMaTh d. /

Given a hexagon ABCDEF, all angles of which are 120°, side lengths AB = CD = EF =
1 and BC = DE = FA = d. It is known that the ratio of the area of triangle ACE to the
area of hexagon ABCDEF is 2/3. Find all the values that d can take.

OTtser / Answer:

B omoii 3a0aue, kpome omeema, mpebyemcs 3anucamv cxemy peuienus (mesucroe
()OKCBCZmeJZbCWlGO) — CNUCOK 6cex 6BadsCHblX Wacoe U  KIHO4YeBblx ymeepofcdeHuﬁ
ookazamenvcmea bez mexnuveckux oemadeti. | In this problem you are expected to present
also a scheme of your solution (thesis proof) along with the answer. Thesis proof is a list of
all important steps and key statements of a proof written down without technical details.

Te3ucHoe noka3arejabeTBo / Thesis proof:
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Zagaua 9. (16 6arros) | Problem 9. (16 points)

VY KanpKymsTOpa ecTh OECKOHEYHOE YHCIIO MPOHYMEPOBAaHHBIX sueek naMsaTtH. Kampkymstop
yMeeT COBepIIaTh apu(PMETHUYECKHUE OmNepalud C 3aliCaHHBIMH B s4YelKax 4YHCIaMU U
3alMChIBaTh pPE3yibTaT B 3aJaHHYIO sueiiky. IIpm 3TOM omepanuu CIIOXKEHHs, BBIYHTAHHUA,
YMHOKEHUS U JICJICHNs JeNafoTcs OecIuraTHo, a 3a Ka10€ M3BICYCHHE KBAJPATHOT'O KOPHS
npuaeTcs 3amiatuTh 1 pyOns (apyrux omepanuii Het). B mepBeie 4 syeiiku 3amucaHbl
HOJIOKMTENbHBIE uKcna @, b, ¢, d, Takue, uto @> > 4b u ¢> > 4d. TpeGyerca JOOUTHCS TOTO,
9TOOBI B COTOM sUeiKe OBIIO HAMHWCAHO YHUCIO XiY1 + XoYy2, TAE X1, X2 — HAMOONBIIAN H
HAaMMEHBIIMH KOPHH ypaBHeHHs X° —aX + b = 0 COOTBETCTBEHHO, a Y1, Y2 — HAUOOJBIINN U
HauMEHbIIMH KOpHM ypaBHeHus Y?> — ¢y + d = 0 cOOTBETCTBEHHO. 3a KaKO€ HaMMEHBIIEE
YHUCIIO PyOJIe 3TO MOXKHO caenaTh? /

The calculator has an infinite number of numbered memory cells. The calculator can perform
arithmetic operations with numbers in memory cells and write the result into a given cell. In this
case, addition, subtraction, multiplication and division operations are done free of charge, and
one have to pay 1 ruble for each square root extraction (there are no other operations). Initially
the first 4 cells contain positive a, b, ¢, d, such that a2 > 4b and ¢? > 4d. It is required to get the
number Xxiy:1 + Xay2, written in the hundredth cell, where x1,x; are the largest and smallest roots
of the equation x> —ax + b = 0 respectively, and y, y» are the largest and smallest roots of the
equation y? —cy + d = 0 respectively. What is the minimum amount of rubles this can be done?

Ot1Ber / Answer:

B smoii 3a0aue mpebyemcs npusecmu noJiHoe pemeHue/nokazareabcrso / In this problem
you are expected to present_a full solution:

10
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3amaua 10. (16 6anrnos) [ Problem 10. (16 points)

B ka3uno npeanaraetcs cieayroias urpa. Urpok HauMHaeT ¢ MyCThIM OaHKOM, Ka>KIbI payH[
Opocaercsi KyOUK C IIECTBbIO TpaHAMH (TpaHH BHINAJAIOT C PAaBHOH BEPOSTHOCTHIO), HA TPaHAX
HaIlMCAHO:

. Ha mepBbix Tpex: ka3uHo nob6asisier B 6aHk 1$, 28 u 3$ coorBercTBeHHO. M0OXHO
NPOAOJIKUTH UTDPY.

- Kasuno ynsamBaetr cymmy B OaHke. MOXHO MPOJIOJDKUTH UIPY.
+ HWrpa 3akoHYeHa, HO MOKHO 3a0paTh IEHLIH OaHKA.

+ Bce menbru B 6aHKEe BO3BpAIIAIOTCS B Ka3WHO, UTPa 3aKOHYCHA.

[Tocne wcmonHEHWs HAMMCAaHHOTO HAa KyOWMKE WTPOK MOXKET IOOPOBOJIBHO 3aKOHUUTH HUTPY,
3a0paB OaHk, MO0 HavaTh cieaylomnid payHn. KakoBo MaToXuMJaHWE BBIMTPHIIIA WUIPOKA
IpH ero Hawiy4ineil crpareruun? /

The casino offers the following game. The player starts with an empty pot, each round a die
with six sides is rolled (the sides appear with equal probability), on the sides it is written:

* On the first three: the casino adds $1, $2 and $3 to the pot, respectively. You can continue the
game.

* The casino doubles the amount in the pot. You can continue the game.
» The game is over, but you can take the pot before leaving.
* All money in the pot is returned to the casino, the game is over.

After fulfilling what is written on the die (if the game is not over yet), the player can voluntarily
end the game by taking the pot, or begin the next round. What is the player's expected payoff
given his best strategy?

OtBer / Answer:

B smoti 3a0aue mpebyemcs npusecmu nojiHoe pemenune/10kazareaberno / In this problem
you are expected to present a full solution:
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